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A note on pseudorandom subsets formed by generalized
cyclotomic classes

By HUANING LIU (Shaanxi) and ERPING SONG (Shaanxi)

Abstract. Recently Z. Chen has constructed a family of pseudorandom subsets
by generalized cyclotomic classes, and studied the well-distribution and correlation mea-
sures. In this paper we further studied the correlation measures of the subsets.

§1. Introduction

Let subset R C {1,2,..., N}. Define the sequence

EN:EN(R)=(€1,€2~-~76N)E{ _“]\3;7_“]\37}]\,
by
1_‘—? for neR,
e, =
_|T7\37| for n g R.

C. DARTYGE and A. SARKOzY [2] introduced the following measures of pseudo-
randomness: the well-distribution measure of the subset R is defined by

t—1
g 6aJrjb )
Jj=0

W(R,N) = max

a57
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where the maximum is taken over all a,b,t € Nwith 1 <a<a+ (t—1)b < N.
The correlation measure of order k of the subset R is defined by

M
§ En+dy " Entdy
n=1

where the maximum is taken over all D = (dy,...,d;) and M with 0 < d; <
oo <dp <N - M.
Later many pseudorandom subsets were given and studied. For example,

Cr(R,N) = max
M,D

b

suppose that p, ¢ are two distinct primes satisfying “RSA type” with 2 < p < ¢ <
2p. Let N=pq,d=(p—1,g—1)ande=[p—1,g—1] = (p—1)(¢g—1)/d. There
exists a common primitive root g of both p and g. There also exists an integer x
satisfying

r=g (modp), =1 (mod q).

The generalized cyclotomic classes of order d are defined by
Di:{gsxi:S:(),].,...,e*]_}’ 1:07177d71

It is obvious that

D,ND; =0 fori#j, |Di|=€¢ for0<i<d-—1,
and
d—1
UDi:{n:O§n<pq, (n,pq) = 1}.
i=0

Z. CHEN [1] presented a large family of subsets formed by generalized cyclotomic
classes, and studied the pseudorandom measures.

Proposition 1.1 (CHEN, 2010). Let f(z) = ajz' + - + a1z + ag € Z[z]
with (a;, N) =1 and 0 <l < p(< q). Assume that f(z) as a polynomial over
[, has no multiple roots in F, and f(x) as a polynomial over F, has no multiple
roots in Fq. Define

R={n:1<n<N, [f(n)(modN)] € D,}
for some fixed v with 1 < u < d — 1. Then we have
W(R,N) < >PN'Y2(1 +1og N), Ca(R,N) < I2N3*(1 +log N).

In this paper we further study the correlation measures of the subsets. The
first purpose of this paper is to give sharper estimates for C3(R, N) and C5(R, N).
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Theorem 1.1. Define R as in Proposition 1.1. Then we have

Cy(R,N) < IN3/4, (1.1)

C3(R,N) < IN3/%, (1.2)
Since C2(R, N) < IN3/* and C3(R, N) < IN3/4, it is natural to expect that
Cx(R,N) < IN®/* for k > 4.

However, in Section 4 we shall prove that C4(R, N) is very large if p, ¢ are known.

Theorem 1.2. Define R as in Proposition 1.1. Then we have

1
C4(R,N) > N. (1.3)

82. Some lemmas
To complete the proof of theorems, we need the following lemmas.

Lemma 2.1. Let k,d € N and let p be a prime number with d | p — 1. Let
r<k0<d <---<d.<p,1<Dq,...,D. <dand(Dy,...,D,)=1. Suppose
that f € F,[z] is a polynomial of degree | with no multiple roots in F,. Define

F(n)=f(n+d)P - f(n+d.)Pr

and write
Fn)=bn—x1)" - (n—xs)*

where x; # x; for i # j. If one of the following assumptions holds:

(i
(ii

is a prime divisor of p — 1 and (4k)! < p;

F,,
)
i) d
i)

the polynomial zP~% + - .-+ x + 1 is irreducible in F,,[z] for all prime factors
w of d.

Then we have
(d,uy,...,us) =1.

PRrROOF. See [3]. O
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Lemma 2.2. Let p be a prime number, and let x be a non-principal character
modulo p of order d. Suppose that f(z) € Fp[z] is not the constant multiple of
the d-th power of a polynomial over F,,. Then for all a € Z we have

> x(se ()

nel,

< spt/?,

where s denotes the number of distinct zeros of f(x) in Fp.

PROOF. See Lemma 2 of [5]. O

83. Proof of Theorem 1.1

Let Zz\*v be the set of all Dirichlet characters modulo N. For any x € Z]\i, we
write X the inverse of x. By the definition of R we have

e—1
neR < [f(n)(modN)] € Dy = ——3" 3 x(Fm)x(g°s") =1
(’b(N) s=0x mod N

1
— -

x(f(n))x (=) = 1.
x mod N
x(9)=1

Define
H={xmod N:x(g)=1} and Gz{g,gQ,...,ge}.

Then H is the annihilator of G in Z]\’Q, By Theorem 5.6 of [4] we know that the
order of H is % = d. Denote H* = H\{xo}. It is easy to show that any x € H*
can be expressed as x = xpXq, Where X, is a primitive character modulo p, and
Xq is a primitive character modulo g.

Let ? )
a:%, B==-—a.

From [1] we know that
a=1/d+O(*PN"Y?), B=0(*N"'/?),
and

3 REONm) + 0N, (), N) = 1

en = XEHT (3.1)

S OENT?), it (f(n),N) > 1.
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For M € N, dq,d2 € Z with 0 < dy < do < N — M, by (3.1) we have

M
Z Cn+d, Cn+ds
n=1
M 1
= ) (d > E)xa(f(n+di) +0 (l"’N“z))

n=1 X1EH*
(f(n+dy) f(n+dz),N)=1

X (Clz Z X2(x“)X2(f(n+d2))+O(l2N_1/2)>
X2E€EH*

M
+ O( Z 1)
(F(ntds) F(ntda),N)>1

M
-2 Y e Y x 730+ bl + )

a x1EH* x2EH*
Mo

offiy ) ot
n=1 " xeH*

M
+0 ( Z 1)
(F(ntdn) f(n +do),N)>

_1 Y owen Y x ZX1 f(n+di))x2(f(n+da))

2
X1€M* X2EH*
+0 <Z2N1/2) . (3.2)
Noting that # is cyclic. For x1, x2 € H*, there exists x' € H* such that
x1=0D" x2=0K)" 1<a, aa<d—1
Define
ag

* n(a1,a2) 51 = ay 5o — .
X (X ) ’ 1 (a17a2)a 2 (a17a2)

Then
X1 = (X*)617 X2 = (X*)62a 1 S 61762 S d— 17 (61762) = 17

and the order of x* is a divisor of d. Therefore the last sum of (3.2) can be
reduced that

M
ZXI fn+dy))xa(f(n+dz)) Z f(n+dy)° f(n+d2)52)

n=1
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- R a3 ()

u1H<

= \

_ ! f:( >ZX Fn+d) f(n+d2)52)e<‘;\’;). (3.3)

o< u=t

=|

Definition 3.1. For a € Z and g € N such that (a, ¢) = 1, let iy(a) denote the
unique integer b such that 0 <b < ¢g—1and ab=1 (mod q).

Write x* = xpXq With X, is a character modulo p of order ¢, > 1 and x4 is
a character modulo ¢ of order ¢, > 1, where t,,, are divisors of d. We have

Zx (n+dy 51f<n+d2>62)e(3”v1>
-1 1

— X*(f(up+vq+dl)‘;lf(uerqurdg)‘sZ)e(
0

Q
]
|

a(up ; vq))

v

Qe
Il
= o

X (f(up + d1)® fup + d2)*)e (aqu)

=0

e

X
M1
L

1 v 252 e %
Yo (F(vg + ) F(vg + d2)®) <p)

0

51 f(y 5o aiq(p)u
o (£ ) f(u 4 do) )e(q )

S
Il

Il
X 1S
1M1
E?

flv4d)o flo+ d2)52)e<(”p;q)”>.

We Con51der dl, do in three cases.

Case I: di # dy (mod p) and d; # dy (mod ¢). By Lemma 2.1 and Lem-
ma 2.2 we have

qu (u + dy 61f(u+d2>52)e(W) <l

pr f(o+di) Jlf(v+d2)52)e<m”](f)v> <ip'?.

Then

N
> X (f(n+dy)’ f(n+d2)52)e(‘;3> < I’NY/2, (3.4)
n=1
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Combining (3.2), (3.3) and (3.4) we immediately get

M
Zen-l-d]en-i-dz
n=1
1 1
<z . 2 N >

X1EH* x2€H* la|<&

I2N1/2 N
< <M+ > ) +I2NV? < PN'?1og N. (3.5)
a

M
au 2871/2 2a71/2
E —— |- I*N N
e( N) l +1

u=1

N

N
1<a<im

Case II: dy = dy (mod p) and dy # dy (mod q). According to Lemma 2.1
and Lemma 2.2 we have

qu Flutdi)’ f(u+d)™) e (alq;p)u> <lg'/?.

On the other hand, we get

ZXp (v+di)” f(v+d2)*)e <mp > zj S1-+82 ( U+d1))e<aip(q)v>

p
O(lp1/2) if th(cSl + 52,
=2 /ai (q)v
Ze<7’p‘1> +0(0), if t, |0 40,
v=0

O(Ip*/?), if t, 161 + 02,

- O(l)7 if tp ‘ (51 +52 and pJ[a,
p+O(), if t,|61+02and p]a.

_ JO(p), if t,]|01+02 and p|a,
O (lpl/Z) , otherwise.

Then we can have

N
* 01 8o an
SO (fn+ da) f(n + d) )e<N)

n=1

_ {O(qu/Qp)7 if t,]6,+6,and pla 56)

O (12N1/2) , otherwise.
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Now from (3.2), (3.3) and (3.6) we have

M M
1 1 au 1/2
Sevnenn <y 3 5 X | Xe( -5
n=1 X1EH* x2EH* la|]< ¥ lu=1
pla
1 1 M au
- - e C12a71/2 2a71/2
ra XXy e )| ey
X1EH* xX2€H* laj< X lu=1
lg"/%p N\ [I2N/2 N
M — M — ) +2N1/2
<=5 + > — )+ + > — )+
1<a<f 1<a<¥
pla
< IN®/4, (3.7)

Case III: dy # dy (mod p) and d; = do (mod ¢). Using the similar methods
we have
M
> entdenia, <IN/ (3.8)

n=1
Now combining (3.5), (3.7) and (3.8) we immediately get

M

C3(R,N) = max < IN®/4,

M,D

€n+d1 €7l+d2
n=1

This proves (1.1).
Let M € N, dl,dz,dg, € Z such that 0 < d; < dy <d3 < N — M. From (31)
we can deduce that
M
Z en-‘rdl 81’L+d2 en+d3

n=1

x Y xa(f(n+d)xa(f(n+da))xs(f(n+ ds))

n=1
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+0(Zd2 ) ZZN1/2)+O(Z SN )

X1EH* x2€H* n=1 " xeH*

FOUPNT) L 0N = & 3 ) Y wl) Y %)

X1EH* X2€EH* X3EH*

xZXl (n+d1))x2(f(n+ do))xs(f(n + d3)) + O(I*N'/?). (3.9)

There exists x* € H* such that

x1=0"" x2=0K"" x3=(K"",
1<61,00,03 <d—1, and (d1,02,03) =1

D oxa(f(n+di)xa(f(n+d2))xs(f(n+ ds))

3 L [ au
=YX (Fn )™ fn+ do) fn+ds)™) = — D0 Ze< _ N)

n=1 |a|<% u=1
N
X ; X (fn+d)" f(n+d2)* f(n + dg)és)e(‘;\? . (3.10)

Write x* = xpXxq- We have

= an
SO (o di) fn+ do)* f(n+d3)53)e<N)

n=1

= 3 (Flu ) o)t day)e o2 )

. pr (v+d) ‘hf(v+dz)‘szf(v+d3)53)e(aip(Q)v).

v=0 b

We consider dy, ds, ds in several cases.

I. Suppose that d; # d; for 1 <i < j < 3. By Lemma 2.1 and Lemma 2.2
we easily get

pr fw+dy) ‘”f(v+dz)“2f(v+d3)53)e<%z(f)v> <
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II. Assume that d; = dy # d3 (mod p). Then from Lemma 2.1 and Lem-
ma 2.2 we have

Z Xp(F(0+d)" f(v+d2) f(v+ d3)5s)e<0”p](;’)”) < Ip'/2.
IIL. If dy = do = d3 (mod p), we get the following results

81 f(y 82 (0 LEA aip(q)v
ZXp (v+di)” f(v+d2)” f(v+ ds) )< » >

O(lp1/2), if tpj(él +52 +55,
=4 0(), if t, |61+ 02+ 093 and pfa,
p+O(l), if t,|d1 402+ 3d3 and p]a.

~ JO(p), if t,|014+02+3d3and pla
O(Ip'/?), otherwise.

Noting that d; # d; (mod N) for all 1 <7 < j < 3. We have

Mz

)P+ ) o+ ) )e( 7 )

n=1
O (IN3/%), ity | 61 4 82 + 03,1 | a,
= or tg|d1+9d2+963,¢q]a, (3.11)
O (I2N'/2) | otherwise.

Then from (3.9), (3.10) and (3.11) we get

M M
Z€n+dlen+dzen+d3 << Z Z Z Z Ze( ) JIN3/4
n=1 XleH* X2 EH* X3€7~l* \a\<% u=1
pla
D SED SID DI 3l S (R | RASE
X1EH* x2€H* XgeH* la|]< & lu=1

qla
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DYDY

X1E€EH* x2€H* xs€H*

% Z '12N1/2+Z2N1/2
lal<5

M
of _au
(-¥)
=1

u

267

IN3/4 N N
M i -
S CEDVETI WY
1<a<¥ 1<a<®
pla qla
[2N1/2 N ,
M =) + BNY? <« [N3/4,
+—y ( + > a>+ <
1§a<%
Therefore
M
C3(R,N) = max Z €ntdy €ntdyCntds| K IN3/4,
’ n=1

This proves (1.2).

84. Proof of Theorem 1.2

Let M € N, dl,d27d3,d4 € Z such that 0 < d; < dy <dg <dy < N—M.
Suppose that

di=dy (modp), dz=ds (modp), di#ds

dy # do

(mod p), (4.1)

dy =ds (modq), de=ds (mod q), (mod gq). (4.2)

From (3.1) we can get

M
E €n+di En+dsCn+ds En+dy

n=1
M
n=1
(L, F(ntd;).N)=1
SR

n=1
(ITL, f(ntd;).N)>1

= DI LD SEACDID S ACDID PE AL

X1EH* X2EH* X3EH* X4EH*

I1(5 X we i a+o (By2)

7=0 XjEfH*

+0
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XZXl (n 4+ di))x2(f(n + da2))xs(f(n + d3))xa(f(n + ds))

+ O(FNW). (4.3)
For x1, X2, X3, Xa € H*, there exists ¥’ € H* with

xi=0)" 1<a<d-—1, i=1,234.

Define
N O LRV M " R— Y I 7
(a1,a2,a3,a4)
Then
x1=0N" x2=05" xs=K"" xa=K"",
and

1<01,02,03,04 <d—1, (01,02,03,04) = 1.

Write x* = xpXxq With X, is a character modulo p of order ¢, > 1 and x,4 is a
character modulo ¢ of order ¢, > 1, where t,, t, are divisors of d. We have

Z xa(f(n 4 di))x2(f(n + da))xs(f(n + ds))xa(f(n + ds))

N
<N (Fn+ di)™ f(n+ d2)® f(n + d3)* f(n + d4)54)e(‘;\’;>

n=1
1 S au
:N\ <Nu—1e<_N>
qg—1
X > Xg(Flut d)™ fu+ d)® f(u+ ds)® f(u+ ds)™) (%ép)u>
u=0
p—1 51 alp(q)v
3> Xp(F(+d0)* f(v + do)® f (v + ds)® f (v + da)™) ;
v=0
1 S au
()
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XZX(] Flu+di)° T f(u+do)?2t0)e (aiq(P)u>

q

v 01402 v 63+04 aip(q)v
xzxp +dy) flv+d3)%» e ( ) ) (4.4)

By Lemma 2.1 and Lemma 2.2 we easily have
ZXP F(o 4 d)P 0 flo 4 dg)s o) e (aip(Q)v)
p

_Jp+O(), if t, 61+ 02, tp |03+ 04 and p|a,
O(lpl/g), otherwise,

and
Z Xg (f(u+di)* % fu+ dp)*>T)e (aiq(p)u)
q
_Ja+0@), if ty]61+6s, ty|02+3dsand q]a,
O(lq*?), otherwise.
Therefore

Z X (F(n+di) f(n+ do) fn + ds)* f(n + d4>‘5“)e((zlg>

N+O (INY2) | if t, |01+ 02,tp | 03+ da,
tq | o1+ 53) tq | 02 + 54,N|(1, (45)
O (ZN3/4) , otherwise.

Combining (4.3)-(4.5) we get
M
Z €n+dy €n+ds Cntds Cntdy

n=1

d4 DD Z% M (N +0(NY2)

X1EH* x2€H™ x3EH" Xx4€EH*
tp|61+02, tp|03+04
tql|d14+0d3, tq|d2+04

(i T T X YAy

X1EH* x2€H* x3€H* xa€H* la]< 5 N

>e(-5)

u=1

lN3/4>



270 Huaning Liu and Erping Song
L O(12N2)

:%Z S Y Y o (ingN).

X1€EH* XzE’H* XgE’H* X4EH*
tp|01+02, tp|dz+da
tq|01+03, tq|d2+d4

On the other hand, we have

d—1 d—1 d—1 d—1 d-1
DIED DD DD DI = 1
X1EH* x2€EH* x3€H* xa€H* a=lai=1laz=1laz=1las=1
tp\51+62, tp|63+64 ((Ll,(LQ,(Lg,a4):Oé
tq|01403, tq|02404 dlai+az, dlaz+as
dlai+az, dlaz+as
d—1 d—1 d—1 d-1
= § 1= 1>d.
a=1 a1=1 a=1 a=1
(a1,d—a1)=a (a,d)=cx
Therefore
M
E Entdy Entdy CntdsCntds > Tz
n=1

Suppose that p, ¢ are known, then we can take
dy=0, dy=p, dz=q, di=p+q, M=N-p—gq

It is obvious that di, dg, d3, d4 satisfy (4.1) and (4.2). So we have

1
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