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Strong limit theorems in the multi-color generalized
allocation scheme

By ALEXEY CHUPRUNOV (Kazan) and ISTVAN FAZEKAS (Debrecen)

Abstract. The generalized allocation scheme is studied. Its extension for coloured
balls is defined. Some analogues of the Law of the Iterated Logarithm and the Strong
Law of Large Numbers are obtained for the number of boxes containing fixed numbers
of balls.

1. Introduction

The generalized allocation scheme is widely studied (see [4], [5], [7]). The
scheme contains several special cases such as the usual allocation scheme (see [9],
[8], [6]) and the random forests (see [4], [7]).

In the generalized scheme of allocations of balls into boxes, the distribution
of the contents of the boxes is represented as the conditional distribution of inde-
pendent random variables given that their sum is fixed. More precisely, the gen-
eralized allocation scheme is defined as follows. Let 71,...,nny be non-negative
integer-valued random variables. If there exist independent random variables
&1, ..., &N such that the joint distribution of 7, ..., ny admits the representation

P{m =Fki,....oxn =kn} =P{& =Fi,... .y =kn | &+ + & =0}, (1.1)

where k1,...,ky are arbitrary non-negative integers with k1 4+ - -+ + ky = n, we
say that the distribution of 7y,...,ny is represented by a generalized allocation
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scheme with parameters n and N, and independent random variables &1,...,&N.
In view of independence of the random variables &1, ..., &N, the study of several
questions of the generalized allocation scheme can be reduced to problems of
sums of independent random variables. Let pg,n be the number of the random
variables 71, ...,ny being equal to s, s =0,1,...,n. Observe that
N

fsnN = ijl L =s) (1.2)
is the number of boxes containing s balls. Here I } denotes the indicator of a set.

In [3] an exponential inequality for the tail of the conditional expectation of
sums of centered independent random variables was obtained. That inequality
was applied to prove analogues of the Law of the Iterated Logarithm and the
Strong Law of Large Numbers for conditional expectations. As corollaries, certain
strong theorems for the generalized allocation scheme were obtained.

In the present paper we introduce the multi-colour version of the generalized
allocation scheme. Then we prove analogues of the Law of the Iterated Logarithm
and Law of Large Numbers for the numbers of boxes containing fixed numbers of
balls. Our theorems are extensions of the results of [3]. To prove our theorems,
we use some basic inequalities of [3].

2. The multi-colour scheme and the main results

Now we introduce the multi-colour version of the generalized allocation
scheme. Let K be a fixed positive integer, it will denote the number of differ-
ent colours. n; denotes the number of balls of i¢th colour, ¢ = 1,2,..., K. Then
n =ny+---+ng is the total number of balls. Let N denote the number of boxes.
The generalized allocation scheme of allocation n balls into N boxes when there
are K different colours among the balls is the following.

Let &1,...,&N, 1 <i < K, be an array of independent non-negative integer
valued random variables. Denote by n;,...,ny5 a set of K-dimensional random
vectors with the following property. The joint distribution of n¢, ...,y admits
representation

P{n, =ki1,....,ny =kn}
K
= HP{fn =kit,.. ., &n =kin [ &+ -+ &n =ity (2.1)
i=1
for arbitrary non-negative integers valued vectors k; = (kij, koj,. .., kxj), 1 <

j < N with k;1 +---+ kin =ng, t = 1,..., K. Then we say that n;1,...,7:n,
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i =1,..., K, obey a multi-colour generalized allocation scheme of placing of n;
ith colour balls (1 <14 < K) into N boxes. n;; = k;; means that after allocating
n balls into N boxes, in the jth box there are k;; balls of 7th colour.

The number of boxes containing s; balls of ith colour for any 1 <i < K is

N N K
pany = Y _Lin—sp = Y [ Lny=si} (2:2)
j=1 j=1 i=1

where s = (s1, $2,...,8k) and n = (n1,n9,...,nK).

Let ¢ be fixed. Let the random variables &;1,...,&n be identically dis-
tributed. In Kolchin’s generalized allocation scheme usually power law distri-
butions are considered (see [2]). For our model it means that the random vari-
ables &1, ..., &N are distributed as follows: g;x = P{&;1 = k} = (b:;x0%)/ (k! B;(0))
where by, b;1,... is a certain sequence of non-negative numbers, and B;(f) =
> neo bkt /k! for each fixed i € {1,2,...,K}.

Ezample 2.1. The usual (that is not generalized) multi-colour allocation.
k
Let ¢&;; have Poisson distribution, i.e. for each ¢ and j let P(&;; = k) = %e‘*i

k=0,1,.... Then

)

K at ni! 1 i
[1P{&: = ki, v = kin |€i1+"'+£iN:ni}:Hk7 <)
i=1

=1 11']171]\]' N

if ki1 + -+ -+ kiny = n;. That is for each fixed i the vector {n;1,...,n;n} has poly-
nomial distribution. Now {n;1 = k;1,...,n;n = k;n } means that the box contents
are ki1,...,k;n after allocating n; balls into NV boxes during the usual random
allocation procedure. Moreover, the allocations of balls of different colours are
independent. We see that s, n is the number of boxes containing s; balls of ith
colour (i =1,2,...,K).

We see that the parameter 6 used in the generalized allocation scheme is the
same as A in the above usual allocation procedure.

We remark that in [1] using direct methods, we proved the following. If
n, N — 0o so that n/N — )y, then

.
HrnN ®67>\0

N 7! (2:3)

almost surely. Here p,.,y is the number of boxes with r balls (after allocating n
balls into N boxes in the usual random allocation procedure). In [2] we extended
this result to generalized allocations.
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In what follows, we consider sequences of non-negative numbers b;qg, b;1, - . .
with b;g > 0,b;; > 0 and assume that the convergence radius R; of the series

o b..ok
(o)=Y (2.4)

is positive for each fixed i. Let us introduce the integer-valued random variable
&:(0) (where 6 > 0) with distribution

P{&(0) = k} = k?l;@(’;) k=0,1,2,.... (2.5)
By [4], one has
mil) = B&i(6) = )
T e - CHO e mer
The last equality implies that
o2(0) = 0 (0). (27)

Let 0 < ) < 0/ < R;. If 02(f) = 0 for some 0 € [0},0/], then the random
variable &;(0) is a constant. Since bjg > 0,b;; > 0, the random variable &;(0) is
not a constant. Therefore o2(6), 6 € [0.,0"] is a positive continuous function.

Consequently,

0<Cy= inf ¢?)< sup 0?(f)=Cy<o0, 1<i<K. (2.8)
0e[67.67] 0c[6/,6]

By (2.7) and (2.8), we have

0

inf mi(0) < sup mif)=— <o, 1<i<K.

1

< —
1 /

07 oclol.0y] 0e(0],07] 0;

So m;(0), 6 € [6;,0/], is a positive, continuous, strictly increasing function. We
will denote by m; ' the inverse function of m;.

We see that the random variable &;(6) has all moments, if § < R;.

Throughout the paper let &1(6),...,&n(0) be independent copies of &;(6)
where &;(0) has distribution (2.5).

We shall prove limit theorems when the number of boxes and the number of

balls converge to infinity (the number of colours is fixed).
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First we study the asymptotic behaviour along a fixed subsequence. The
subsequence will be indexed by ¢ (¢ can be considered as the discrete time ¢ =
1,2,..., and t will go to o).

Let n;; denote the number of balls of ith colour at time ¢. Let n; =
(nit, ... nx¢). Let Ny be the number of boxes at time ¢, assume that NV; < Nyiq,
t € N. Let oy = (@14,...,akt) = (n1¢/Nt,...,nge/N¢) be the ratios of the
numbers of balls and the number of boxes, and let 0;; = mi_l(ozit),

o b, 05 N
_ isi Vit 2 _ _ _
Pst = Zl;[l 781'!31'(9%)’ 05t = Pst(1 = pst) and g = ;:1 ]I{m:s}' (2.9)
At time ¢, pg is the number of boxes containing si, so, ..., sx balls of colours

1,2,..., K, respectively.

We remark that if b;5, = 0 for some 1 < ¢ < K, then pug = 0. So we can
concentrate on the case b, > 0 for all 1 <14 < K.

We will prove the following analogue of the Law of the Iterated Logarithm
for pg¢.

Theorem 2.1. Let 0 < o, < ol be such that m; '(a)/) < R;, 1 <i < K.
Suppose that 0 < of < a;z < o for allt € N, 1 <i < K. Let s be fixed and we
assume that b;s, > 0 for each fixed 1 < ¢ < K. Then we have

. |,Ust - ]E,U'st| K
limsup ————— < 44/1+ — almost surely.
t—o0 \/Nt h’l(Nt)O'st 2 7
Now, we turn to a version of the previous theorem. We shall consider the
asymptotic behaviour in a sector instead of along a subsequence. More precisely,

the number of boxes and the numbers of balls will tend to infinity, while their
ratios remain bounded. Let o; = n;/N be the ratio of the number of balls of ith

colour and the number of boxes, and let 0;,, = m; *(a;), i = 1,2,..., K. We
shall use the notation
5 bZS‘Le:(; 2
PsnN = H — OgnN — pan(l - pan)~ (210)

SZIBIL(GM)%) ’

i=1
We can again concentrate on the case b;s, > 0 for all 1 <i < K.
Theorem 2.2. Let 0 < o, < ol be such that m; '(a)/) < R;, 1 <i < K.
Let s be fixed and assume that b;s, > 0, 1 < ¢ < K. Then for pisnn defined in
(2.2), we have

snN — Eltsn 3K
lim sup [t = Eptsniv] <44/14+ — almost surely. (2.11)
n—oo, N—oo, Nh’l(N)O’an 2

a;<ai<agl, 1<i<K
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Corollary 2.1. Let 0 < o} < o/ be such that m; *(//) < R;, 1 <i < K.
Let s be fixed. Assume that b;s, > 0,1 <i < K. Let dy € R, N € N be such
+/NIn(N)

that limpy_ o0 0 — =0. Then for pisnn defined in (2.2) we have
sn - ]E sn
lim HonN = BHsnN _ o almost surely.
n, N—oo, dN

aj<a;<al, 1<i<K
Using Corollary 2.1, we obtain the following SLLN.

Theorem 2.3. Let N — oo, n; — oo such that n;/N = «; — ay,
M;i(0a,y) = io and 0 < O, < R;, 1 < i < K. Then for jignn defined in (2.2),

we have
K

1 bis~9gzi’0
- _isiTai e
N HenN - };[1 5i!B;i(0ay0) | |

almost surely as N — oo, n; — oo such that n;/N = o; = ayp, 1 <i < K.

Ezample 2.2. We apply Theorem 2.3 to the usual (that is not generalized)
multi-colour allocation mentioned in Example 2.1. Let &;; have Poisson distribu-
tion with parameter A\. Then b;; = 1, B;(\) = e*. As m;(\) = E&; = A, the
parameter n;/N = «a; coincides with ;. Therefore, by (2.12),

K .
1 . AL
~HsnN | I :
Nl = siledo ’

as N — o0, n; — oo such that n;/N = .

Ezample 2.3. Consider the allocation of ni + ns balls into NV boxes with the
following method. First we allocate n; indistinguishable balls into IV boxes. Then
we allocate no distinguishable balls into the same IV boxes. Assume that the two
allocations are independent. So we have the following allocation scheme

2
P{n =ki,....ny =kn}= HP{fn = ki1, &in = kin | St +H&in = 1)
i=1

We know, that the first allocation is the same as the partition of the positive
integer number n into N positive integer addends. Therefore it is easy to prove
(see [4], Example 1.2.2) that in the generalized allocation scheme

P{nu=kit,....mn=kin} =P{&u=ki,....&v=kin [ &1+ +&v =m ),
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we should choose geometrical random variables &5, j = 1,..., N. That is with
the usual notation P{&; = k} = p*(1 —p), k =0,1,2..., 0 < p < 1. Therefore
bir = k!, Bi(p) = 1/(1 —p), mi(p) = E&; = 1/p. So the relation of our
parameters is § = 1/a. The second allocation scheme

P{no1 = k1,...,mn =kn} =P{o1 = ko1,...,{an = kin | {21+ -+ Eon = na},

—aAF

is the usual one with Poisson random variables &;;. That is P{&,; =k} =e e

k=0,1,2..., 0 < A. Therefore, by Theorem 2.3, we have

1 1™ 1 32
~—HsnN = | — 1— — ) e@20220  aipost surely,
N Q10 310 52!

as n;, N — oo such that n;/N = a; — «a,0, i = 1,2, where 1 < aqp, 0 < agp.

Remark 2.1. For each fixed ¢ € {1,2,..., K} let (;;, j € N, be independent
identically distributed random variables with finite expectation m; = E(;;. As-
sume that {(;; : j € N}, 1 < i < K, are independent sets of random variables.
By the Kolmogorov Law of Large Numbers we have

| MK K

N Z HQj — I_Imi7 almost surely as N — oo.

j=1 i=1 i=1
Theorem 2.3 is an analogue of this assertion for an independent sequence of sets
of dependent indicators.

Now return to scheme (2.1). Let s be a fixed non-negative integer number.
Denote by psnny the number of boxes containing altogether s balls regardless of
their colour. Then we have

HsnN = Z HsnN

8=(81,82,...,8K ),81+82+ " +sKk=s

N K
= > ST =s3- (2.13)
s1t+sa2+-tsx=sj=1 i=1
Since the number of vectors s = (s1, $2,...,Sk) such that s1 +so+ -+ sxg = s
is finite, Theorem 2.3 implies the following.

Corollary 2.2. Let N — oo, n; — oo such that n;/N = «; — «;o and
m;(0a,,) = o for some 0 < 0,,, < R;, 1 < i < K. Then for psnn defined in

(2.13), we have

0

1 K b, 05
18i 7 aio
— lbsnN — — 2.14
N’u N Z H si!Bi(Ha,o) ( )
s1t+s2+-+sk=s i=1 v

almost surely as N — 00, n; — oo such that n;/N = a; — a0, 1 <i < K.
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Remark 2.2. Consider again the usual (i.e. non-generalized) allocation. That
is the case when §;; has Poisson distribution with parameter A\. Then b;; = 1,
B;(\) = e*, m;(\) = \. Therefore the limit in (2.14) has the following form

K Si s
Z H >\ZSO _ e*(>\10+>\20+"'+>\1<0) (>\10 A0+ + )\KO) )

s;leXio s!

s1t+so+-+sxg=s i=1

This limit coincides with the limit of % lsnn at the usual random allocation of n
balls into N boxes when & — Ao 4+ Aoo + -+ + Ako (see (2.3)).

So the following problem arises: what kind of distributions of &;; = &;;(6)
satisfy the above property. More precisely: which power series distributions sat-
isfy that for each K the multi-colour limit in (2.14) is the same as the single
colour limit when & — a0 + a2 + -+ + axo.

If it is valid, then for B; = B, s = 0 and aj9 = agp = -+ = ago = 7 using

(2.14), we obtain
bo \* b
(B(%)> - By (2.15)

b K
( 0 ) — e~ br/bo)a g K o0,
B(%)

from (2.15) it follows that B(a) = bye(’1/%) therefore &;; has a Poisson distri-
bution.

Since

Remark 2.3. Now we show that in scheme (1.1) the distribution of 7y, ...,nx
determines the underlying power series distribution (up to a multiplicative con-
stant). To this end consider scheme (1.1) both with P(§; = k) = % and

P& =k) = ]j’%e(l;). Let n, N — oo such that & — a, where a < co. By
Theorem 2.3, with K =1, % HonN — % almost surely and at the same time
..EO

B(a)

%uom\/ — El%a) almost surely as n, N — oo such that n/N — «. So Bb(fl) =

which implies B(«) = (b /bo) B(«).

3. Proofs

In order to prove Theorem 2.1 we need the following lemma. Consider the
events

Ain(ni) = {&i1(0ia;) + &i2(bia,) + - + &in(0ia,) = ni} (3.1)

where 0,4, = mi_l(ai), a; =n;/N.
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Lemma 3.1 (Lemma 3.1 in [2]). Let 0 < o/ < o/ be such that m; ' (o)) <
R;. Then there exists Ny € N with the following property: if n;, N are positive
integers such that N > Ny and o < o; < o, then we have

1

]P)(ALN(’I’LZ)) > m,

(3.2)

where o;(0) is defined by (2.6).

PROOF OF THEOREM 2.1. We want to apply Theorem 3.1 of [3]. By the
independence of the random variables &;;, 1 <i < K, 1 < j < N, and by (2.1),
we see that the general framework of that theorem covers our model.

Let Ay = N& | Ain(ni). Using first (2.1) and (3.2), then (2.8), we obtain

1 X "

(4\/@)1{ };[1 oi(0it) = NtK/Q'

P(A;) >

As C” > 0, condition (3.1) of [3] is valid with 8 = £. We have 02, = ps:(1 —pst).

Here
K K

= b"sfolsg bis, (9;)31
e 11;[1 SZ'Bz(e’Lt) > z];[l 31'31(9;’) >0

as b;s, > 0. Since b;0, bj1 > 0, therefore we have

o bis, 03
_ _ 18i 7 qt
1—pst > ¢I=|1 (1 Si!Bi(git)) >c> 0.

So for some ¢y > 0 the relation o2, > ¢y is valid for each ¢, i.e. (3.2) of [3] is
satisfied. Thus Theorem 2.1 follows from Theorem 3.1 of [3]. O

In order to prove Theorem 2.2, we need the following corollary of Theorem 2.1
of [3]. We shall use the following notation. o2 is the variance of Lier; o brs)=s1s
p is the variance of (Ij(¢,,, . ex;)=s} — ]If{(&j7”.)5}(]_)23})27 where ]I/{(Elj;‘-waj):s} is
an independent copy of g, . ¢x)=s}- Ann = NE,A;n(n;) where A;n(n;) is
defined in (3.1). Z is a centered Gaussian random variable with variance 1.

Lemma 3.2. Let ¢ > 4v/20. Then we have

|,uan - E,uanl } \/i _ e
P TR > e < ——— e 1607 (1 4 B), 3.3
{ vV N HJ)(AnN) ( ) ( )
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where

B=B(N,o,e) = (804})2]0 (sjiﬁ> +0 (i‘;) (3.4)

fa(x) = 2B{Z® exp(z|Z|)} —

PrRoOOF OF THEOREM 2.2. First we remark that limsup exists and it is unique

and

for a multiindex sequence in a sector. That is

I ‘,U/an - E/anNl
im sup —_
n—oo, N—oo, NIH(N)USHN
al<a;<al, 1<i<K
is well-defined.

Since bis, > 0, bip >0, b1 > 0 and of < a < af, for all 1 <i < K, therefore
we have 0 < ¢; < U.an < 1/4, and p = pspy < 1/2. Let z be a fixed positive
number. Therefore for B from (3.4), we have B(N,0,2In(N)ognn) < L < 00 as
N,n — oo such that o < a; < af, 1 <i< K.

Now let z > 44/1+4 3£ Then f—z — &£ — K > 1. Therefore, by (3.3) and
(3.2), we have

= |Nan - Eﬂan‘
> 3 et )

N=No+1 Na)<n;<Na}, )0’an
1<i<K

= -E
>y p{le Bl e

N=No+1 Nai<n;<Na,

1<i<K
K
]\]K/2 _ In(N)2?
16

( sup 1+B> Z Vo [TV (et = af))e
Na;li;ijiolifa;’, N=No+1 =1
1<i<K

V2 [ oo P
(o 0em) 5 (Tler-ap) > NEIE <o
>No, L - K
Na§<ni<oNa;’, =1 N=Ny+1
1<i<K

IA

Consequently, by the Borel-Cantelli lemma, we have

i |Hfan - E,uan|
im sup —_

n, N—oo, NIH(N)O'an
af<a;<af 1<i<K

<z almost surely.

This and the choice of z imply (2.11). O
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In order to prove Theorem 2.3, we need the following lemma.

Lemma 3.3 (Lemma 4.2 of [2]). Let i € {1,...,N} be fixed. Let 0 < o} <
o be such that m; '(c!) < R;. Let 0,, = m; '(a;). For any 0 < s; < oo, as
N,n; — oo, uniformly for o/, < a; < o we have

1
E <N:u3imN) = P{nij = Si}

(7L1-—5i— (ni—si— g (N-1))" i(N—-1))2

9@ / v eXp 200, ) (N—1) }*O“(l)
SllB - \/— + 021(1) ’

where 01;(1), 02;(1) — 0. Here us,n,n is the number of boxes containing s; balls
after placing n; balls into N boxes.

PROOF OF THEOREM 2.3. Observe that

1 —E 1
N,Uan = w +E (Man) . (3~5)

By (2.2) and Lemma 3.3, we obtain
]E <N/~Lan) HP{"%] — 87,
(nj—s;— =L (N— 1))2
B ﬁ b%ﬁfxl [ N \/127 exP{ 202 (0. N)(N 0 } +015(1)
5:!B;( N -1 L )

Ot \/ﬂ_'_OZz( )

Therefore we have
K
1 b;s. 0%
E — o .
(Nuan> %HSZ'B (9 ) (3 6)

as n;, N — oo such that n;/N = a; = ayp, 1 <i < K. By Corollary 2.2,

HsnN — E,U,an

I — 0 almost surely (3.7

as n;, N — oo such that n;/N = a; = ayp, 1 <4 < K. From (3.5), by (3.6) and
(3.7), follows (2.12). O
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