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On a pure ternary exponential Diophantine equation

By MAOHUA LE (Zhanjiang), ALAIN TOGBE (Westville)
and HUILIN ZHU (Xiamen)

Abstract. Let r be a positive integer with 7 > 1 and m a positive even integer.
Let a = |[V(m,r)|, b = |U(m,7)|, and ¢ = m? + 1, where V(m,r) + U(m,r)y/—1 =
(m ++/—1)". In this paper we prove that if m > max{1015, 2r3}, then the equation
a® + b¥ = ¢® has only the positive integer solution (z,y,2) = (2,2, 7).

1. Introduction

Let Z, N be the sets of all integers and positive integers respectively. Let a,
b, ¢ be fixed coprime positive integers with min{a, b, ¢} > 1. In 1933, K. MAHLER
[21] used his p-adic analogue of the Thue—Siegel method to prove that the ternary
exponential Diophantine equation

a®+b =c* x,y,z€N (1.1)

has only finitely many solutions (z,y, z). His method is ineffective in the sense
that it gives no indication on the number of possible solutions. An effective result
for solutions of (1.1) was given by A. O. GEL’FOND [7]. In analogy to a con-
jecture of L. JESMANOWICZ concerning Pythagorean triple (see [10]), N. TERAI
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[24] conjectured that (1.1) always has at most one solution (z,y, z). Simple coun-
terexamples to this statement have been found by Z.-F. Cao [2], who suggested
that the condition max{a,b,c} > 7 should be added to the hypotheses of Terai’s
conjecture. However, it turns out that this condition is not sufficient to ensure
the uniqueness. A family of counterexamples has been found by M.-H. LE [12],
and he also stated the following form of Terai’s conjecture:

Conjecture 1. For any fixed a,b, and ¢, (1.1) has at most one solution
(x,y,z) with min{x,y, z} > 1.

This problem relates to the famous generalized Fermat conjecture for fixed a,
b and ¢ (See Problem B19 of [8] and its references). It was verified for some special
cases. But, in general, the problem is not yet solved. It seems that Conjecture 1
is a very difficult problem.

Let r be a positive integer with » > 1 and m a positive even integer. Let us
define U(m,r) and V(m,r) by

V(m,r) +U(m,r)vV—1=(m++v/—-1)". (1.2)
Then V(m,r) and U(m,r) are coprime nonzero integers satisfying
V2(m,r) + U%(m,r) = (m* +1)". (1.3)
Most known results on Conjecture 1.1 relate to the case
a=|V(m,r)|, b=|U(m,r)|, c=m?+1. (1.4)

Obviously, using (1.3), if a, b, and ¢ satisfy (1.4), then equation (1.1) has the
solution (x,y,2) = (2,2,r). Recently, T. MIYAZAKI [22] stated the following
conjecture which amounts to Conjecture 1 in this case.

Conjecture 2. If a, b, and c satisfy (1.4), then equation (1.1) has the
solution (z,y,z) = (2,2,r).

Many authors have verified Conjecture 2 under certain assumptions on r and
m (see [2]-]6], [9], [11]-[18], [22], [24]-][30]). In the above papers, the conjecture
was established mainly under one of the following additional hypotheses:
(i) (M.-H. LE [18]). r =5 (mod 8) and either m > r?, r < 11500 or m > 2,
r > 11500.
(ii)) (M. Crpu and M. MIGNOTTE [5]). 7 =3 (mod 4) and m =2 (mod 4).
3

(iii) (T. Mrvyazaki [22]). r =4 (mod 8) or r =6 (mod 8) and m > foga-
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To the long list of papers that treated various particular cases, we will add two
recent papers. F. LUCA [19] considered the system (1.1) and (1.4) and proved that
if m > 2 is an even integer and r > 1 is an integer, the system admits a solution
(z,y,2) # (2,2,r) only in finitely many instances (m,r) and that there exists a
computable constant ¢ such that all such solutions satisfy max{m,r,z,y, z} < co.
Also, the second author, S. YANG and B. HE [31] studied equations (1.1) and
(1.4). They mainly proved that if m > 24650 r%(logr)?, then equation (1.1) has
only the positive integer solution (x,y,z) = (2,2,7). They also considered some
particular cases. In fact, they showed that if =5 (mod 8) or r = 3,19 (mod 24)
and m > 2r, or if 7 is a prime, 7 =5 (mod 8) or r = 19 (mod 24), and m > 2r,
then equation (1.1) has only the positive integer solution (z,y,z) = (2,2,7). In
this paper, using the Gel’fond—Baker method, we prove the following more general
result. It is good to specify that the method used in the present paper is slightly
different to that used in [31].

Theorem 1. For any r, if a, b and c satisfy (1.4) with m > max{10'%,2r3},
then (1.1) has only the solution (x,y,z) = (2,2,7).

Our theorem proves Conjecture 2, for any fixed r, except for a finite number
of m. We organize this paper as follows. In Section 2, we only recall some useful
results particularly a result of LE [12] on lower bounds of linear forms in two
logarithms and a result of BUGEAUD [1] on upper bounds of linear forms in p-adic
logarithms. In Section 3, we prove all necessary results that we will need to get
our main result. The proof of Theorem 1 will be done in Section 4 by the means
of the results cited or proved in Sections 2 and 3.

2. Preliminaries

In this section, we will only recall some important results obtained by other
authors that will be useful for the proof of our main result.

Lemma 1 ([32]). Let n be a positive integer and let X, Y be coprime nonzero

X;:§" satisfies p | (X —Y),

integers with X # Y. If every prime divisor p of
then n < 6.

Lemma 2 ([17], Lemma 2). Ifm > 22, then U(m,r) and V (m,r) are positive
integers.

Lemma 3 ([23], pp. 12-13). Every solution (X,Y, Z) of the equation

X24+Y?=2% X,Y,Z€N, gd(X,Y)=1,2|Y, Z>0 (2.1)
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can be expressed as
X:f2_927 Y:2f97 Z:f2+g27 f»g€N7 f>ga ng(f7g):]—v2|fg

Lemma 4 ([12], Lemma 5). Let ay, o, 81, B2 be positive integers with o,
o multiplicatively independent and min{ay, ap} > 103. Further let

A = Brloga; — B2log as.
If A+#0, then

log|A| > —17.61(log a1)(log a2 (1.78 + B)?,

B:max{8.45,0.23+1og( b, P )}

logas  logay

where

Lemma 5 ([1], Theorem 2). Let a1, a2 be positive odd integers with
min{ay, as} > 1 and let 81, B2 be positive integers. Further let

AN = oz?l — a§2

and let vy(A’) denote the order of 2 in A, namely 2°>A)||A’. If A’ # 0 and
a3 =1 (mod 4), then

va(A") < 208(log vy ) (log o) (log B')?,

1ogB’:max{10,0.04+log( b + b )}

logas  logay

where

3. Further lemmas on exceptional solutions of (1.1)

In this section, we assume that r > 7, m > ‘;—T and a, b, c satisfy (1.4). Using
Lemma 2, we have

a=V(m,r), b=U(m,r), c=m>+1, (3.1)

and by (1.3), we get
a+ b =c". (3.2)

Now we suppose that (z,y,z) is a solution of equation (1.1) with (z,y,2) #
(2,2,7), called an exceptional solution of (1.1). We will prove the following se-
quence of results.
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Lemma 6. Ifr >3 and m > 2, then U3 (m,r) > V(m,r) > U(m,r) > 0.

PRrROOF. Let «a = m++/—1 and § = m — +/—1. Then we have

a=+vm?2+ lee‘/jl, B=+vm?+ 16_9\/jl, (3.3)

where 6 is a real number satisfying

1 m
0 = arctan — < —. A4
0< arctan — < o (3.4)
Since m > 2, equation (3.4) implies
11 1 1 I (=1) 1
— < —(l-——=)<b0=— - < —. 3.5
12m — m ( 3m2> m ZZ:% (20 +1)m? "~ m (3:5)
By (1.2) and (3.3), we get
V(m,r) = (m* +1)% cos(rf), U(m,r) = (m* 4 1)2 sin(r6). (3.6)

Using m > 4* and Lemma 2, we have V(m,r) > 0 and U(m,r) > 0. Further, by
(3.5), we get

T T
< — < —. .
o<r <m<4 (3.7)

Therefore, from (3.6) and (3.7) we deduce that ‘%ZZ:; = tan(rf) < tan () =1
and V(m,r) > U(m,r) > 0.

We now assume that V(m,r) > U2 (m,r) > 0. So V2(m,r) > U3(m,r) and
we use (3.6) to get

1> cos?(rf) > (m? +1)2 sin®(r6). (3.8)

Since 0 < rff < 7, we have

T e N (r)? 2
sin(rf) = 7“9; ————>7rf(1- 3l >rf|1-— 342 > 0.89r6.

(2i+1)!
(3.9)
Therefore, as r > 3, from (3.5), (3.8), and (3.9), we get
3
0.89 x 11r
1> m” sin®(rg "(0.89r0)° > m" | ————
> m" sin®(rf) > m'( r)>m< Tom )

> 0.53m" " 3r® > 0.53r® > 0.53 x 3% > 1. (3.10)

This is a contradiction. Thus we have U2 (m,r) > V(m,r). The lemma is proved.
(]
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Lemma 7. rx # 2z and ry # 2z.

PROOF. We first consider the case that 2 | 7. Since 2 | m and 2 | r, we see
from (1.2) and (3.1) that 21 a and 2 | b. Therefore, applying Lemma 3 to (3.2),
we get

a:f2_92a b:2fgv C%:f2+g2a f7g€N7
f>g, ged(f,9)=1,2]fg. (3.11)
Thus we obtain
¢z +a=2f2 (3.12)
Equation (3.12) implies
¢ =—a (mod 2f). (3.13)
If rz = 2z, then z = ZF. Hence, by (1.1), we get
W=c"—a"=c% —a" = (c?)® —a® (3.14)

In (3.11) we know that 2f | b, so from (3.13) and (3.14) we see that

(mod 2f). (3.15)

Since 2f > 2 and ged(a,2f) = ged(a,b) = 1, congruence (3.15) implies that x
must be even. Therefore, we use (3.2) and (3.14) to get

@) =@ = @ ey (L) (L) g
Thus we obtain y > 2 and

3.17
¢ —a? ( )
When y = 2, equation (3.17) implies that x = 2 and z = % = r, which
contradicts the definition of exceptional solutions of (1.1).
When y > 2, equations (3.2) and (3.17) give
1 o o
0= = ((® +1)7 — (a*)7) = gaH (mod b). (3.18)

As ged(a,b) = 1, we get from (3.18) that b | § and

b< g (3.19)
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On the other hand, since ¢" —a? = b2, applying Lemma 1 to (3.17), we get 5 <6.
Hence by (3.19), we have b < 6. But, since r > 7 and m > 4—7:, by Lemma 6, we
get b > a? and 252 =63 +62 > b3+ 0% > a2+ b2 =" > ¢ > 57 = 78125, which
is a contradiction. Thus we have rx # 2z.

Now suppose that 7y = 2z. Then we have z = % and
a® =& — b =c7T b = (7)Y —bY. (3.20)
From (3.11), we deduce (f + g) | a and
2 +b=(f+9)> (3.21)
Hence (3.20) and (3.21) imply
0=a"=(c2)" =¥ = ((-1)V = 1) (mod f + g). (3.22)

Thus, since f + g > 2 and ged(f + g,b) = ged(a,b) = 1, we see that y must be
even. Therefore, by (3.2) and (3.20), we obtain
Y Y N _ (p2)%
o = ()= ()% = (¢ =) ((C S — (&) ) (3.23)

Crin

But, using the same method as in the proof of the conclusion that ra # 2z, we
can prove that (3.23) is impossible. It implies that ry # 2z. Thus the lemma
holds for 2 | r.

We next consider the case that 2 {r. If ro = 2z, then

x=2n, z=rn, neN (3.24)

When n = 1, from (1.1), (3.2), and (3.24) we see that (x,y,2) = (2,2,r), which
is a contradiction.

When n > 1, by (1.1), (3.2) and (3.24), we have

™ __ 2n rn o __ .2n
W=c*—a"=c"—a* = (c" —ad?) (ca) = b? (ca2> . (3.25)

" —a? cr—a

Thus we get y > 2 and

2n
o " —q
Since ‘ergz =na?""? (mod b?), we deduce that b | n and

b<n. (3.27)
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On the other hand, applying Lemma 1 to (3.26), we get n < 6. Hence, by (3.27),
we have b < 6. But, from Lemma 6 we deduce b® > a? and

252 =63+62>b>+b>>a’+b>=c" > > 5" = 78125,
which is a contradiction. Thus, we have rx # 2z. Using the same analysis, we
can prove that ry # 2z for 21 r. The lemma is proved. O
Lemma 8. If a® > bY or bY > a”, then rx > 2z or ry > 2z, respectively.

PROOF. If a® > bY, then from (1.1) we get 2a” > c¢*. Hence, by (3.6) and
(3.1), we have
2¢7 cos®(rf) > ¢*. (3.28)

Now we assume that rz < 2z. By Lemma 7, we have rz # 2z. This implies that
re < 2z and 2z — rz > 1. Therefore, by (3.28), we get 2 > 2cos®(rf) > /c =
vm?+1>m > 2, which is a contradiction. Thus, we have rz > 2z.

Using the same method, one can prove that if oY > a”, then ry > 2z. The
lemma is proved. (Il

Lemma 9. If 2 | 7 and m > 2r®, then
L 3
z4 §T(T — x> mr”. (3.29)

PROOF. Since 2 | r, by (1.2) and (3.1), we have

i=0
b=U(m,r)=(-1)2"'m ;(_1)i <2i . 1)m2i. (3.30)

Hence, we use (3.1) and (3.30) to get
= (-1)% (1 - <;) m2x> (mod m*), ¢ =14+ m?z (mod m*). (3.31)
The substitution of (3.31) into (1.1) gives

by

¢ —a"=(1-(-1)7) + (z +(-1)F (;>x> m?  (mod m%).  (3.32)
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Equations (3.30) help to see that 2m | b, so congruence (3.32) implies that % must
be even and it becomes

1
bY = (z + §r(r - 1)33) m?  (mod m?). (3.33)
When y > 4, since bY = 0 (mod m?), from (3.33) we see that
1
z 4 ir(r — 1Dz =0 (modm?).

This implies that

1
z+ 57“(7“ — 1)z >m> (3.34)

As m > 2r3, we immediately get inequality (3.29).
When y = 3, we use (3.30) and (3.33) to have
r 1
(D)2 3 = 2 4 57“(7“ — 1)z (mod m?). (3.35)
If 2 | £, then from (3.35) we get

1
(z + §r(r - l)x> +mr® > m? > 2mr®. (3.36)
Hence, we immediately obtain (3.29). If 2{ £, then we have
1
mrd =z + ifr('r — 1z (mod m?). (3.37)

Since mr3 < m?, from (3.37) we see that (3.29) is true.
When y = 2, from (3.30) and (3.33) we deduce that

r2=z4 %r(r — 1)z (mod m?). (3.38)

As (z,y,2) # (2,2,r), we use (3.2) to get © # 2. If z =1, then
a+b? =c* (3.39)

Comparing (3.2) with (3.39), we have z < r and a(a — 1) =0 (mod ¢*). Further-
more, as ged(a,¢) = 1, we get a—1 =0 (mod ¢?). Since a > 1, we have a—1 > .
Equation (3.39) gives ¢* = a+ b2 > a > ¢* + 1, which is a contradiction. If x > 3
r(rgl)z > 37‘(271) > 2.

and as r > 7, then we have Therefore, the congruence
r(r—1)z

(3.38) implies z + = 5=% > m? + 1 > m? > mr® and (3.29) holds.
When y = 1, we use (3.30) and (3.33) to have

(-2 lr = (z + W;l)m) m  (mod m?). (3.40)

Therefore, we get m | » and » > m > 2r3. This gives a contradiction and
completes the proof of Lemma 9. O



404 Maohua Le, Alain Togbé and Huilin Zhu
Lemma 10. If 247 and m > 2r3, then
1 3
z+ §T(T — Dy > mr>. (3.41)

PROOF. The proof of this lemma is similar to that of Lemma 9. Since 217,
by (1.2) and (3.1), we have

1=0
b=U(m,r) = m;(—l)i (22, n 1) m?. (3.42)

Using (3.1) and (3.42), we get

By = (_1)4@_21” (1 - (g) mQy) (mod m?), ¢*=1+m?z (mod m?). (3.43)

We substitute (3.43) into (1.1) to obtain

o =t b = (1 —(~1) ”31”’)+ (z + (1) = (;) y) m? (mod m%). (3.44)

Asm > 2r3 and m | a (see (3.42)), then the congruence (3.44) implies that @

must be even. Hence, (3.44) becomes

1
a® = (z + 57’(7’ - 1)y> m?  (mod m*). (3.45)
When z > 4, since a® =0 (mod m*), we get from (3.45) that z+4r(r—1)y =0
(mod m?) and z + ir(r — 1)y > m? > mr3.
When z = 3, equations (3.42) and (3.45) give
r—1 r(r—1)y

(-1) = mrd =2+ 5 (mod m?). (3.46)

As m > 2r3 and m? > mr3, from (3.46) we see that (3.41) is true.
When z = 2, we hav -1
rez =z+ w (mod m?). (3.47)
From the beginning we consider (z,y, 2) # (2,2,r), so y # 2. If y = 1, then from
(1.1) we get
a®+b=c". (3.48)

Comparing (3.2) and (3.48) implies z < r,b(b — 1) =0 (mod ¢*) and b — 1 > ¢*.
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Hence, by (3.48), we get ¢* = a® +b > b > ¢* + 1, which is a contradiction. If
y > 3, since r > 7, then we have z + w > r2. Therefore, (3.47) implies that
(3.41) is true.

When = = 1, we have

(—l)rglr = (z + 7’(7’—21)y> m  (mod m?). (3.49)

But, since 2 1 r and 2 | m, congruence (3.49) is impossible. This completes the
proof of Lemma 10. U

Lemma 11. Let min{a,b,c} > 103, If a® > b7 or b¥ > a'%, then x <
7215log c or y < 72151og ¢, respectively.

PROOF. If a® > b¥ | then from (1.1) we get

W 1 oo\
1 =1 T+b0Y) =2l
zlog c = log(a® + bY) xoga+2a$+by;e%+1(2a$+by)
1 1 1\* 2
<x10ga+a—%;2i+1 <2a§> <xloga+£. (3.50)
Let
A = zlogc— zloga.
We see from (3.50) that 0 < A < % and
a
x
log |A] < log2 — 3 log a. (3.51)
On the other hand, by Lemma 4, we have
log|A| > —17.61(log ¢)(log a)(1.78 + B)?, (3.52)
where
z x
B = max ¢ 8.45,0.23 + log +— ). (3.53)
loga = logc
Combining (3.51) and (3.52) yields
log 2+ 17.61(log c) (log a) (1.78 + B)? > % log a. (3.54)

Since min{a, b, ¢} > 103, from (3.54) we deduce

52.85(log ¢)(1.78 + B)* > . (3.55)
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When 8.45 > 0.23 + log (@ + ﬁ), we immediately get B = 8.45 and
x < 5550 log c.
When 8.45 < 0.23 + log (== + ﬁ), we have

loga
z x 2 x
52.85 | 2.01 + log + > —. (3.56)
loga  logc log c
; 2 g 2 6
Since Taa < lo"éc + PR T 51013;6, we see that

2
52.85 (2.80 +log [ —— ) ) > 2. (3.57)
log ¢ log ¢

A straightforward computation gives z < 7215logec.
By using the same method, we can prove that if b¥ > a’s , theny < 7215logc.
Therefore, the lemma is proved. O

Lemma 12. If 2 | r, then

y < 104(log ¢)(log a)(log B')?, (3.58)
where
log B = max 4 10,0.04 + log SRR S (3.59)
loga  logc
PROOF. Let

AN =¢* —a”.

Then we have A’ = ¥ # 0. From (3.30), we know that 4 | b, so 2y < va(A’). Thus,
as ¢ =1 (mod 4), applying Lemma 5, we immediately obtain the result. O

Using the same method, we can get the following lemma.

Lemma 13. If 21 r, then

x < 208(log ¢)(log b)(log B")?, (3.60)
where
log B” = max { 10,0.04 + log (| —— + —— ) | (3.61)
logb logc

4. Proof of Theorem

Now we suppose that (1.1) has an exceptional solution (x,y,z). By the
results of [4], [20], and [22], this solution does not exist for 2 < r < 6. It will
suffice to assume that r > 7. Moreover, we suppose that m > max{10'% 2r3}.
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Then, ¢ =m? +1 > 10% b? > a > b (see (3.1)). Hence (3.2) implies a > /< >

Ve > /U8 > 101 and b > a3 > 1099,
First we consider the case that 2 | r and r > 8. We will separately study the
following four cases.

Case I: a® > b%.

In this case, Lemma 8 helps to see that rx > 2z. Therefore, with Lemma 9,

2 —
Weget%>z+w>mr3 and

x > 2mr. (4.1)
On the other hand, Lemma 11 implies
x < 7215logec. (4.2)
The combination of (4.1) and (4.2) yields
m < 450.9375log(m? + 1). (4.3)

So m < 8119. This is a contradiction to the fact that m > 101°.

Case IT: b% > a™ > bY.

Since a® > bY and as in Case I, x satisfies (4.1). Using Lemma 12, one can
see that y satisfies (3.58).

I£ 10 > 0.04 + log (525 + oe) then (3.58) and (3.59) give

, y < 10400(log a)(log ¢). (4.4)
Since a® < b2, we have
xloga < 3ylogh. .
221 3ylogh 4.5

Therefore, combining inequalities (4.4) and (4.5) we get
x < 15600(log b)(log c). (4.6)
Moreover, from (3.2) we know that max{a?,b*} < ¢", so we have

max{2loga,2logb} < rloge. (4.7)
Therefore, we get
x < 7800r(log ¢)?. (4.8)

The combination of (4.1) and (4.8) yields

m < 3900 (log(m® +1))°. (4.9)
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Then we have m < 3.6 - 108, which contradicts the condition m > 10%°.
If 10 < 0.04 + log ( ‘;a + lo%gc), then we have

lo

2
y < 104(log a)(log c) <0.04 + log (loZa + b;)) . (4.10)

As a” > bY, we get 2a” > a® + bY = ¢* and

z x log 2 2x

. 4.11
loga < loge  (loga)(logc) < log ¢ (4.11)
Therefore, we obtain
. 2
y < 104(log a)(log c) (1.14 + log <logc>) . (4.12)
Combining (4.5) and (4.12), we get
2
L < 156(logh) (1.14 + log | —— (4.13)
log ¢ ' log ¢ ' '

Let X = 2=, f(X) = X — 156(log b)(1.14 + log X)?, and
Xo = 3120(log b)(loglog b)?. Since b > 10%, we have f(Xy) > 0 and f/(X) =
1 — 3120ce b)(;('MHOgX) > 0 for X > X,. Therefore, we obtain

X
< 3120(log b)(log log b)2. 4.14
Togc < (log b)(log log b) (4.14)

As b > 10, we have logb > (loglogb)? and
x < 3120(log b)?(log c). (4.15)
Then (4.7) and (4.15) imply
x < 780r%(log ). (4.16)

With (4.1), we get
m < 390r(log c)®. (4.17)

Using m > 2r3, we have m3 >r and
m5 < 390(log(m? +1))°. (4.18)

A straightforward computation gives m < 3 - 10!, This contradicts m > 10'°.
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Case III: a’s > bY > a”.
Since a > b (see Lemma 6) and b¥ > a*, we get y > x. In addition, by
Lemma 8, we have ry > 2z. Therefore, Lemma 9 helps us to see that

y > 2mr. (4.19)

On the other hand, by Lemma 12, y satisfies (3.58).
Now, if 10 > 0.04 + log (525 + ooz ), then y satisfies (4.4). The combination
of (4.4) and (4.19) yields

mr < 5200(log a)(log c). (4.20)
Inequality (4.7) helps to get
m < 2600(log(m? 4 1))%. (4.21)

This implies that m < 2.3-10%, which is a contradiction to the condition m > 105,
If 10 < 0.04 + log (155 + 50 )+ then y satisfies (4.10). Again here, we see
that the following inequalities a > b, bY > a®, 2bY > ¢, and log2 + yloga >

log2 + ylogb > zlogc are true. This implies that

z z Y log 2 2y

loga < log b < loge  (logb)(loge) ~logc’ (4.22)
Recall that y > z. So (4.10) and (4.22) yield
Y < 104(log a) (1.14 +log <y>)2 . (4.23)
log c log c
Similarly, we get
y < 2080(log a)(loglog a)?(log ¢) < 2080(log a)?(log c). (4.24)
Also using (4.7) and (4.24), we have
y < 52012 (log ¢)3. (4.25)
Since m > 273, we use (4.19) and (4.25) to obtain
m3 < 260 (log(m® +1))°. (4.26)

Thus m < 3-10''. Again we have a contradiction to the fact that m > 10'°.
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Case IV: bY > a5 .

Since bY > a®, then ry > 2z (see Lemma 8). Moreover, b¥ > a3 and a > b
imply y > 37’” Therefore, by Lemma 9, y must satisfy (4.19).

On the other hand, ¥ > a’® and Lemma 11, give

y < 7215loge. (4.27)

Again here, we use (4.19) and (4.27) to come to a contradiction. Thus, the
theorem is proved for 2 | r.

Finally, we consider the case 2 1 r. Using a method similar to that in the
proof of the case 2 | r and replacing Lemmas 9 and 12 by Lemmas 10 and 13
respectively, we come to the same conclusion. This completes the proof of the
theorem.
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