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Groups, partitions and representation functions

By SANDOR Z. KISS (Budapest), ESZTER ROZGONYI (Budapest)
and CSABA SANDOR (Budapest)

Abstract. Let X be a semigroup written additively and h > 2 a fixed integer. Let
z be an element of X and Ai,..., A, be nonempty subsets of X. Let Ra,y...44, (z)
denote the number of solutions of the equation a1 + - -+ + ap, = x, where a; € A;. In
this paper for X = N we give a necessary and sufficient condition such that the equality
Ra,14,(n) = Rx\4,+x\4, (1) holds from a certain point on. We study similar questions
when X = Z,, and in general when X = G, where G is a finite additive group.

1. Introduction

Let X be a semigroup, written additively. Let A;p,..., A, be nonempty
subsets of X and let « be an element of X. We denote by |A| the cardinality of
the set A. We define the ordered representation function

Rayyota, () ={(a1,...,an) € Ay X - X Ap ra1 + -+ +ap =}
If A, =Afori=1,...,h, then we write
ng)h(a:) =l{(a1,...,an) 1 a; €A, a1+ -+ ap =z}

Let X be an abelian semigroup, written additively. For A C X, let A" denote
the set of all h-tuples of A. Two h-tuples (a1,...,as) € A" and (a},...,a}) € A"
are equivalent if there is a permutation a : {1,...,h}—={1,...,h} such that
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Qi) = a; for ¢ = 1,...,h. Two other representation functions arise often and
naturally in additive number theory. The unordered representation function
Rf)h () counts the number of equivalence classes of h-tuples (ay,...,ap) such

that aq + ...+ ap =x. The unordered restricted representation function Rii)h(m)
counts the number of equivalence classes of h-tuples (aq,...,a;) of pairwise dis-
tinct elements of A such that a;+---4a, = x. It is easy to see that the definitions
of the unordered and the unordered restricted representation functions make sense
only in Abelian groups.

Alternative definitions for Rf’)z(x) and Rf’)z(x) are the following. Denote by

Dy(x)={a:a€ A, a+a=uz}

then

1 1
Ry () = SR (@) + 5 Dala) (1)

and 1 1
Ripy (@) = 5 R4H(@) = 5Da(@). (2)

Let N be the set of nonnegative integers. Let X = N. Sédrkozy asked if there
exist two sets A and B with |[AAB| = oo such that RX?z(n) = Rg?z(n), for
i = 1,2,3 and for all sufficiently large n. For i = 2 DomBI [3] proved that the
answer is positive and for ¢ = 1 the answer is negative. For ¢ = 3 CHEN and
WANG [1] proved that the set of natural numbers can be partitioned into two
subsets A and B such that R(j’g(n) = Rg?z(n) for every n large enough. LEV
[6] and independently SANDOR [6] characterized all subsets A C N such that
Rf)Q(n) = RI(\,Q\)A’Q(n) or Rf)z(n) = Ré?\)A’Q(n) for big enough n. The precise
theorems are the following.

Theorem (LEV, SANDOR, 2004). Let X = N. Let N be a positive integer.
The equality Rf’)z (n) = RI(\?\)AQ(n) holds forn > 2N —1 if and only if |AN[0,2N —
ll=Nand2meAsmeA 2m+1e Ao mgAform>N.

Theorem (LEV, SANDORN, 2004). Let X = N. Let N be a positive integer.
The equality Ry (n) = RS, ,(n) holds forn > 2N —1 if and only if | AN[0, 2N —
ll=Nand2meAsmgA 2m+1e Ao meAform>N.

TANG [4] gave an elementary proofs of LEvV and SANDOR’s results. In [7],
[8], [9], [10]. CHEN and YANG studied related problems about weighted represen-
tation functions. Similar statement to the above theorems can not be formulated

for the representation function RSL(n) because REL‘{)Q(n) is odd if and only if

5 € A, therefore either Ri&@m) or RI(\,l\) 4.2(2m) is odd. A nontrivial result is the
following in this direction.
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Theorem 1. Let X = N. The equality RSLB( ) = RI(\II\)A+N\B( ) holds
from a certain point on if and only if [N\ (AU B)| = |AN B| < .

The modular questions were solved by CHEN and YANG [3].

Theorem (CHEN, YANG, 2012). Let X = Z,,. The equality RS)Z(TL) =

RM ., (n) holds for all n € Z,, if and only if m is even and |A| = m/2.

Zm\A,2
Theorem (CHEN, YANG, 2012). Let X = Z,,. For i € {2,3}, the equality

R(l)( ) = R(Zi) \A( n) holds for all n € Zy, if and only if m is even and t € A &

t+m/2¢ Afort=0,1,...,m/2—1.

We extend the first theorem to arbitrary finite group G and the second the-
orem to finite Abelian group.
Theorem 2. Let X = G be a finite group. Then
(i) If there exists a g € G for which the equality Rayp(9) = Re\a+ra\B(9)
holds, then |A| + |B| = |G]|.
(ii) If [A| + |B| = |G|, then the equality Rayp(9) = Re\a+a\s(g) holds for all
g€ G,

We generalize Chen and Yang’s theorems in the following way.

Theorem 3. Let X = G be a finite group and h > 2 a fixed integer.

(i) If the equality RS),L( )= RgiA,h(g) holds for all g € G, then |G| is even and
Al = 1G]/2.

(i) If h is even and |A| = |G|/2 then R, (g) = Ry, ,,(g) holds for all g € G

The case when & is odd is still open.

Problem. Let h > 1 be a fixed odd positive integer. Let G be an Abelian
group and A C G be a nonempty subset. Does there exist a g € G such that
1 1
R30,(9) # B4 n(9)7

When h is odd we can only prove the following weaker result.

Theorem 4. Let X = Z,, and h > 2 be a fixed odd integer. If A C Z,, such

that |A| = m/2 then there exists a g € Zy, such that Rfj’)h( ) # R(Zl)\A w(9).

It would be interesting to characterize all that partitions of a finite Abelian
group G such that R(l) n(9) = Rillj)vh(g) for every g € G.

Problem. Let G be an Abelian group and h > 2. Characterize all the
partitions of G into pairwise disjoint sets Ay, Ao, ..., Ay, such that for every g € G
and for every 1 < 1,5 < h, Rl(élli)’h(g) = RSJ_)’h(g).
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For the two other representation functions we have the following result.

Theorem 5. Let X = G be a finite Abelian group. Fori € {2,3} the equality
Rg) (9) = R(C;)\A,Z(g) holds for every g € G, if and only if Da(g) = D\ a(g) for
every g € G.

2. Proofs

PROOF OF THEOREM 1. Let A(z) =, ., ® be the generating function of
the set A and let B(z) = >, 2’ be the generating function of the set B. It is
easy to see that

A(z)B(z) = < > :c> (beszb> = ;mw(n)x”.

acA

Since

1 - n a __ a
l_x—A(ac):nzz:ox —Zm = Z x?,

a€A a€N\A

and similarly

e LR YLD WL W

beB beN\B

it follows that

(-1 - 4@) (=~ B@) = 3 Reuassmp(n)a™

1—x 1—=z
n=0

Hence the condition R4y p(n) = Ry a+w p(n) holds from a certain point on is
equivalent to

A@BG) ~ (72— — A@) (2 - B)) = pla),

1—x

where p(z) is a polynomial with integral coefficients. This is equivalent to

Alz) + B(@) = —— 4 p(a)(1 - 2). 3)

1—=z

Let
1 [eS) N 9]
0 = Y Yt = Y
n=0 n=0 n=0
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where ¢, = 0,1 or 2. As ij:o d, = 0, it follows that the equation (3) holds if
and only if ¢, = 1 except for finitely many integer n and the number of n for
which ¢, = 0 is equal to the number of n for which ¢,, = 2. This is equivalent to

the condition [N\ (AU B)| =|4AN B| < . O

PrOOF OF THEOREM 2. For a given S C G we denote by xg its character-
istic function, that is xs(g) =1if g € S and xs(g) =0 if g € S for every g € G.
It follows that xo\s(g) =1if g€ G\ S, ie., g¢Z S and xo\s(g9) =0if g € G\ S,
i.e., g € S. Thus we have

Xa\s = 1 — Xxs- (4)
It is easy to see that

Rarglg) = Y, xal9xs(d) =Y xale)xs(—c+g),

ct+d=g ceG
c,deG

Ra\ata\B(9) = Z xe\a(e)xa\s(d) = Z xa\ale)xa\B(—c+ g).
c—tid:(g ceG
c,de

It follows from (4) that for every g € G we have

RayB(9) — Renava\B(9) = Z xale)xs(—c+g) — Z xa\ale)xa\s(—c+g)

ceG ceG
D xal@xs(—c+9) = > (1= xa(0)(1 = xp(—c+9)
celG celG
=> xal))+ > xsl—c+g)— > 1=|A|+|B| - G|
ceG ceG ceG

Hence if there exists a g € G such that Ra;p(9) = Re\a+6\B(9) then |A|+|B| =
|G| and if [A] + |B| = |G| then Ra;B(g9) = Re\a+a\B(g) for every g € G. O

PrOOF OF THEOREM 3.

Ry (9) = RS, 1 (9) (5)

)

holds for all g € G. It is clear that

ST RY, (9) = 1A,

geG

and

SRS () =G\ A"

geG
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It follows from (5) that |A|"* = |G\ A|* which implies |A| = |G|/2, which proves (i).
In the next step we prove (ii). Assume that h is even. For h = 2 the statement
follows immediately from Theorem 2. Let h > 2. Then we have

qul’)h(g) = [{(ay,a2,...,an) 1 a; €A, a1+ ... +ap =g}

= Z H(ay,a2,...,ap) 1 a; € Ajay +as = g1, ...

91se-9n/2€G
gi+...+3gnh/2=9

S Qp—1+ap = gpy2,01 + ... +ap = g}
Y. Hlaa2)€A: artaz=g1}| - [{(an-1,an)€A : an_1+an=gn)o}]

91,90 /2€G
gi+...+9gn/2=9
1 1 1 1

= > B RO = >0 BY (a0 RO 5 (0n2)
915--:9n/2€G 91,--:9n/2€G

gi+...+3gn/2=9 gi+...+9gn/2=9g

= Y Hana)eG\Aia+a =gl

g15--9n/2€G

g1+...+3gnh/2=9
Hlan-1,an) € G\ At ap_1 +an = gnsa}|

= Z H(a1,az,...,an) 10, € G\ A, a1 +a2=g1,...

91,--,9n/2€G
g1+...+9n/2=9

Q1+ ap = gpy2,01+ ... +ap = g}l
= [{(a1,02,...,an) 10 € G\ A, ay+... +an =g} = Ry, , (9). O

PrOOF OF THEOREM 4. We prove by contradiction. Assume that for every
g € Ly, R(l) W (9) = R(Zl)\A »(9). It is easy to see that

R, (9) = {(ir i, .. i) s aiy + ... +a;, = g mod m}]
:Z\{(il,iz,...Jh).a“—i— .4 ai, =g+ jm},

thus we have

m—1 m—1

L .
Z R;,)h(g)z Z (ZH 11,02, .51 ) tag et ag, :g+]m}|>zg'
g=0 g=0

It is clear that
h .
= {(ir,i2, .. 0n) s asy + ... + @i, = g+ jm}z9H™
g=0

|
—
H

m—

<.
Il
=)
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m—1 h—1

= Z Z|{(i1,i2,...,ih) tap, + ...t ay, :g+jm}|zg+jm.

g=0 35=0

It follows that there exist p;(z) and pa(z) polynomials with integral coefficients
such that

AM(z) = (1= 2™)pi(2) + Z R, (9)27,
and similarly
(T4 42" AR =1 —2")p +ZRm\Ah
Thus we have
(A~ (B2 40)) =) ()l S (B ()R 0.
g=0

As Ri)h( )= R(Zl)\A ,(9) for every g € Z,,, we have

- - (- A(z))h.

Since 1 |1 — 2" and h is odd, we have

1— 2™
1—

—2(A(2))".

As the polynomial 117_2::/ =1+4... 4+ 2™ ! has no multiple roots, we have

1—2zm

|A(2),

which is a contradiction. ([l
PROOF OF THEOREM 5. We only prove the case i = 2, because the proof of
case ¢ = 3 is very similar. For every fixed g € G we have
Al ={(a,y):a € A,y € G, aty=g}|
=H(a,y):a€A, yc Aja+y=g}+|{(a,y):a€ A yeG\ A, a+y=g}

= R a(9) + Rascnalg) = 2R$%(9) — Dalg) + Raranal9),
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thus ) ) )
2
Ry (9) = 5141+ 5Dal9) = 3Rararalg):

Replace A by G'\ A and using also the fact that Ra e\ a(9) = Ra\at+a\(c\4)(9)
we get

1 1 1
RgiAyg(g) = §|G \ Al + §DG\A(9) - iRA+G\A(g)'

Hence for every g € G we have

A(9) = 3141+ 5Da(0) - (3161 41+ 3Devalo))

A1 = 5161 + 5(Da(9) ~ Deal9))

Suppose that R(2) 5(9) = R(C?QA ,(g) for every g € G. Then we have

<|A| + 1) ZR@) =" R L(0) = (IG\;q + 1>7

therefore |A| = |G\ A|, that is |A| = |G| — |A|]. Hence we get that Da(g) =
Den\ a(g) for every g € G.
Finally, suppose that Da(g) = Dy a(g) for every g € G. Then we have

|A| = |Ugeg {a:a € A, a—l—a:g}|:z:|{a:a6A7 a+a=g}
geG

= Z Da(g) = Z Denalg) = |G\ A,

geG geqG

therefore |A| = |G| — |A], thus we get that Rf’)z(g) = R(G?A ,(g) for every g € G,
which completes the proof. ([
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