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A note on the arithmetic properties of Stern Polynomials

By MACIEJ GAWRON (Krakéw)

Abstract. We investigate the Stern polynomials defined by Bo(t) =0, Bi(t) = 1,
and for n > 1 by the recurrence relations Ban (t) = tBn(t), Bant+1(t) = Bn(t) + Bnyi(t).
We prove that all possible rational roots of that polynomials are 0,—1,—-1/2,—1/3.
We give complete characterization of n such that deg(Br) = deg(Bn+1) and deg(Bn) =
deg(Bn+1) = deg(Bn+2). Moreover, we present some results concerning reciprocal Stern
polynomials.

1. Introduction

We consider the sequence of Stern polynomials (By,(t))n>0 defined by the
following formula

tB,,5(t) for n even,

Bn41)/2(t) + Bn—1),2(t) for n odd.

This sequence was introduced in [2] as a polynomial analogue of the STERN
[5] sequence (s, )nen, where s, = B, (1). Arithmetic properties of the Stern poly-
nomials and the sequence of degrees of Stern polynomials e(n) = deg B,,(t) were
considered in [6], [7]. Reducibility properties of Stern polynomials were considered
in [4]. The aim of this paper is to resolve some open problems and conjectures
given in [6].

In Section 2 we prove that the only possible rational roots of the Stern

L —%} We prove that each of those numbers

polynomials are in the set {0, -1,—3,
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is a root of infinitely many Stern polynomials. We also give some characterization
of n such that B, (¢) has one of these roots.

It was proven in [6] that there are no four consecutive Stern polynomials with
equal degrees. In Section 3 we characterize the set of n for which e(n) = e(n+1),
i.e. those n for which two consecutive Stern polynomials has the same degree. We
also characterize the set of n for which e(n) = e(n+ 1) = e(n + 2).

In Section 4 we investigate reciprocal Stern polynomials, i.e. polynomials
such that B, (t) = t*™ B, (1). It was observed in [6] that B, (t) is reciprocal for
each n of the form 2™ — 1 or 2™ — 5. We give two infinite sequences (uy), (vy,)
such that B, (t) is reciprocal for each n of the forms 2™ — u,,, and 2™ — v,,.

For n € N we denote by bin(n) the sequence of its binary digits without
leading zeros. Let w = (wo, w1, ..., w,) be a finite sequence of zeros and ones,
we denote by W = Wowy ... Wy, the number wg - 2" +wy - 2”1 + -+ + w,,. For a
finite sequence w of zeros and ones, we denote by wF concatenation of k copies
of w. For a set A C Z and an integer n, we denote by A + n the set {a + n |
a € A}. For a subset A C N of non-negative integers we say that it has lower

#(AN[1,n
n

density § if liminf,,_, D =5 We say that it has upper density § if

w = . If lower and upper density are both equal J then we

lim sup,,_, o
say that our set has density . The symbol log means always binary logarithm.

We use standard Landau symbols.

2. Rational roots of Stern polynomials

We prove the following theorem, which can be found as a conjecture in [6,
Conjecture 6.1].

Theorem 2.1. If a € Q and there exists a positive integer n such that
By(a) =0 thena € {0,—1,—3,—}.

PROOF. Let k > 4 be an integer. We define a sequence {b,}5°, by the

formula b,, = Bn( — %) We prove that the following inequality holds

1
b2n+1 > §max{|bn|, |bn+1|} > O (1)

for every integer n > 0. In order to prove (1) we use induction. For n = 0 we
get 1 =1by > 2 max{|bo|, |b1|} = 2 > 0. Suppose that the statement is true for all
m < n. Let us consider two cases n = 25+ 1 and n = 2s.
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If n = 2s then we have

1 1
bast1 = bas + bos11 = _%bs + bosy1 > bag1 — Z|b8| > basy1
1 1
§b23+1 = §b2s+1~ (2)

Moreover, bas1 > 1|bs| and thus max{|ba|, [bosi1|} = max {%|bs|, |bosi1]|} =
bas+1 > 0. So in this case our inequality is proved.
If n = 2s 4+ 1 then we have

1 1
bast+3 = bos1 + basyo = basy1 — %bs-i-l > bogt1 — Z|bs+l| > bogt1

1 1
§b2s+1 = §b25+1~ (3)

Moreover, bogy1 > %|bs+1| and thus

1
max{[bza, [bosal} = max { byl [baesa |} = baeis > 0.

So in this case our inequality is also proved.

Now let a € Q be a root of the Stern polynomial B, (t). If a # 0 then we
can assume that n is odd. Moreover Basy1(0) =1 for each integers s > 0, so a is
of the form :l:% for some integer k. But all coefficients of Stern polynomials are
non-negative, so a = —%. Now our theorem follows from inequality (1) . a

Now for each a € {0 -1, 75, 77} we want to characterize those n for which
B,(a) = 0. Let us denote R, = {n € N | B,(a) = 0}. One can check that
B,(0) = n (mod 2) and B,(—1) = (n + 1) (mod 3) — 1, so in this case our
problem is easy and we get Ry =2N and R_; = 3N. The problem is much more

complicated when a € { — 1, —1}.

Theorem 2.2. The sets R_ 1 R_1 satisfies the following properties
_1CR_ 1 2R %CR_é,

3

(a) 2

(b) 1C5NR1C21N
)
)

I\D

(c) If bne R_ 1,and2k>5nthen5(2k:|:n)€R 1.
(d) If 2ln € R_y, and 2* > 21n then 21(2kin)ER .

w

PRrROOF. Part (a) is obvious. We can look only for odd elements of R_i,
R_%. Looking at the reductions modulo 5 we get B,, ( — %) =B =n (mod 5)
o R_1 C 5N. By looking modulo 7 we get Bn( — %) =B, ) (mod 7). By

2
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looking modulo 2 we get B, ( — ) = B, (1) (mod 2). One can easily prove that

B, (1) is even if and only if n is divisible by 3, so R_1 C 21N. Let us prove part

1
3
(¢). We prove by induction on n that B5,2kin(— %) = :F%Bn(— %), when 2F > n.
For n =1 then we have to prove Bg.or41 ( — %) = ¥%, which can be easily proven

by induction on k. Now if n = 2s then

1 1 1 1 1 1 1 1
By ok 195 (—2) = —535‘2'6—115 <—2) =73 <:|:4Bs <—2>) = :FZBQS (—2) .

If n =2s+1 then

1 1 1
B5'2’“i(25+1) <_2> = Bs.or-144 <—2> + Bs.zkflﬁ:(erl) <—2)

1 1 1 1 1
= :FZ (Bs <—2) + Bsy1 <—2>) = :FEBQs—i-l <—2) -

Which completes the induction step, and part (c) follows. In the same manner
one can prove that for 2 > n we have le.gkin( — %) = :F%Bn( - %) which
implies part (d). O

Using previous theorem we can check that no other reductions of our se-
quences are eventually periodic.

Corollary 2.3. (a) For each prime number p # 2,5 the sequence (Bn(f %)
(mod p))n>0 is not eventually periodic.

(b) For each prime number p # 2,3,7 the sequence (B, (— ) (mod p)) _, is
not eventually periodic. B

PROOF. Let us prove part (a). Suppose that for n > N we have B, (—1) =
By i2u2041)(— 3) (mod p). Let us take n such that Bs, (—3) =0 (mod p). We
choose k such that 28 — 1 = (2v + 1)s for some integer s, and 2K+ > 5. 2un,
From previous theorem we have that B5(2un+2k+u)( — %) = 0 (mod p), so 0 =
By(auntartuy—s2e20+1)9) ( = 3) = Bs@entzn) (= 3) = Bsan( — 3) (mod p),
hence all numbers M divisible by 5 greater than N satisfy By (—3) =0 (mod p).
But one can check that Bisys.9n ( — %) = —% for n > 3 and this number is not 0
(mod p). We get a contradiction. Proof of part (b) can be done in the same
manner. (]

Using reductions modulo prime numbers we prove that the sets R_%, R_%

have lower density 0. Before we stete the next result we recall definiotion of a
2-automatic sequence [1],
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Definition 2.4. A 2-automaton consists of

e a finite set S = {s; =1, sa,...,s,}, which is called the set of states. One of
the states is denoted by I and called the initial state,

e two maps from S to itself Fy, I,
e a map (the output function), say = from S to a set Y.
The automaton generates a sequence (un)n>o0 With values in Y (called a 2-

automatic sequence) as follows: to compute the term w,, one expands n in base 2,
say n = Z?:o n;27, then u, is defined by w, = 7(Fp, (Fny (.. (Fro(1))...))).

Now we are ready to prove the following

Theorem 2.5. Let p > 3 be a prime number, t be a fixed constant from the

set { — 3,11 and d,, , = #LOSk<nIBi (=0 (mod p)} Yy have that

lim dyop +do1p+---+dony < 2 .
n—00 n+1 log p

PROOF. We denote by b,, the sequence B, (t) (mod p). Let us consider two
operators Ey, By : (N — Fp) — (N — F)) defined by formulas Ey((an)n>0) =
(a2n)n>0, and Eq((an)n>0) = (a2n+1)n>0. Let us observe that the set {(ab, +
Bbpt+1)n>0 | @, B € Fp} is closed under action of Ey, E7 because

Eo((abn + Bbyt1)) = (aban + Bbant1) = ((ta + B)bn + Bbny1)
and

Ey((abn + Bbng1)) = (abang1 + Bbani2) = (abp + (o +18)bpy1).

Therefore (b,) has a finite orbit under actions of Fy, E; so our sequence is 2-
automatic. We construct automaton with states labeled with (a, 8) for each
a, € Fp, and edges (o, §) 2 (ta+ B, 8) and («, B) EN (o, t8 + ). The initial
state is (1,0). For each state («, 3) we define its projection m(a, ) = 8. One can
observe that if bin(k) = wow; ... ws then by = ((Eyw, © By, © -+ 0 Ey_)((bn)))os
so to compute by we start at initial state then go through the path wsws_1 ... wo
and finally use projection function.
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1
2

Automaton for t = —5 and p = 3.

We call a state reachable if it is reachable from initial state. Let us observe
that the state (0, 1) is reachable. We have

L) S 1, +1,) S @+t+1,0) % S @24 +t+1,1) = (0,1).

Now we can see that the state («, ) is reachable if and only if the state (8, @)
is reachable (just go to (0,1) and then use opposite arrows) . Now observe that
if for some u € T the state (u,0) is reachable then the following different states
are also reachable

(0,u) 9, (u,u) 9, (u(t+1),u) 9,

S @@ +t+1),u) S D O 1))

Where ord(t) is the order of ¢ in group F,. It is not hard to see that ord(t) >

2K
log p

the number of those states which are reachable from the initial state. Moreover

logsp > % log p, whence at most states are of the form (u,0). Here K denotes
from each reachable state there is a path to initial state. Indeed, from state (a, )
we can go to (§1)(3) or to (19)(3), those matrices has finite order in GLy(F,)
so we can go backwards.

Let M be adjacency matrix of strongly connected component of our au-
tomaton as a directed graph containing initial vertex. Let A = %M . Using
a straightforward application of Frobenius—Perron theorem (see for example [3,
Example 8.3.2 , p. 677]) we get that there is a limit

T+ A+ A+ + AF
lim =
k—o0 k+1

G. (4)
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Of course AG = GA = G. As every vertex of our strongly connected component
has inner and outer degree 2, one can observe that each element of the matrix G,
namely g; ;, is an arithmetic mean of g; j, and g; j, where j LN Jjo and j L 71, and
on the other hand an arithmetic mean of g;, ; and g;, ; where iy 2 i and iy - i.
Hence using strongly connectedness we get that

111 -1
G=—
T EEE N

where K is the cardinality of our component.
Number dan ;, is the number of paths of length n from initial state to one of
states of the form (u,0) divided by 2". We know that A7 . is the number of

paths of length n from s; to sg, divided by 2™. Therefore from equation (4) we
get that

lim dop +dgop +dorp+---+domy

_ #{ reachable states of the form (u,0)} < 2
N K ~ logp’

Our theorem is proved. O

The above result implies the following

Corollary 2.6. The sets R_% ,R_1 has lower density 0.

1
3
PROOF. Let t be a fixed constant from the set { - %, —%} Let
_ #{0<k <n|By(t) =0}

- .

dn

Of course d,, , > d,, for each p. From our lemma we get

d20+d21+"'+d271< 2

lim sup

n—00 n+1 ~ logp’
therefore
. d20+d21+"'+d2n
lim =0,
n—oo n -|— ].
and finally
liminfd, = 0. O
n—oo

We expect that R—%vR—é has upper density 0.

Conjecture 2.7. The sets R_%,R_ has density 0.

1
3
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3. Consecutive polynomials with equal degrees

In this section we will characterize those n for which e(n) = e(n + 1). Re-
solving conjecture posted in [6, Conjecture 6.3]. We also characterize those n
for which e(n) = e(n + 1) = e(n + 2). We recall the recurrence satisfied be the
sequence (e, )nen of degrees of Stern Polynomials

e(0) =1
e(2n) =e(n) +1
e(dn+1)=e(n)+1
e(dn+3)=e(n+1)+1
Let us the define sequences (py,)nn, (¢n)nyn as follows
4mn —1 54" —2
= = — > 0.
Pn 5 3 N2 0

Theorem 3.1. We have the following equality

{nle(n) =e(n+1)} = {2* 0+ pp | kyn e Ny}
U{2pr | keN U2 In 4 g | k,n €N, k> 0},

PROOF. We will use binary representations of integers. We write bin(m) for
sequence of digits of m in base two. Let us observe that bin(py) = 1(01)¥~1, and
bin(gx) = 1(10)* for each k > 0. We consider eight cases depending on the binary
expansion of n.

(i) If n = 4k then we have

e(n) =e(dk) =e(2k) + 1 =e(k) + 2
and
e(n+1)=e(dk+1)=e(k)+ 1.
In particular e(n) # e(n + 1) in this case.
(ii) If n = 4k + 3 then we have

e(n) =e(dk+3)=e(k+1)+1
and
en+1)=e(dk+4) =e(k+1)+2.

We thus get e(n) # e(n + 1).
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(iii) If n = bin(m)0(01)*, where m, k € N4 then we have

e(n) = e(bin(m)0(01)*) = e(bin(m)0) + k = e(m) + k + 1

and

e(n + 1) = e(bin(m)0(01)k~110) = e(bin(m)00(10)*—211) + 1
— ¢(bin(m)00(10Y*—311) + 2 = - - - = e(bin(m)01) + k = e(m) + k + 1.

Our computation implies e(n) = e(n + 1).
(iv) If n = bin(m)11(01)*, where k,m € N, k > 0, then we have

e(n) = e(bin(m)11(01)¥) = k + e(bin(m)11) = k + 1 + e(bin(m + 1))

and

e(n+ 1) = e(bin(m)11(01)k-110)
= e(bin(m)1(10)F—111) + 1 = e(bin(m)1(10)F211) + 2
= e(bin(m)111) + k = e(bin(m 4+ 1)0) + k + 1 = e(bin(m + 1)) + k + 2.

We get e(n) # e(n + 1) in this case.
(v) If n = (01)*, where k € N, then we have

e(n)=e((01)F)=e(l)+k—-1=k—1
and

e(n+1) = e((01)F~110) = e((01)F~11) + 1 = e((01)F~2011) + 1
e((01)F21) +2=e(II) + k — 1 =k,

and thus e(n) # e(n + 1).
(vi) If n = bin(m)00(10)*, where m, k € N, then we have

e(n) = e(bin(m)00(10)¥) = k + 2 + e(bin(m))
and

e(n + 1) = e(bin(m)0(01)*¥1) = e(bin(m)0(01)k=11) + 1

= e(bin(m)01) + k = e(bin(m)) + k + 1.

Similarly as in the previous case we get e(n) # e(n + 1).
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(vii) If n = (10)% where k € N4, then we have

e(n) =e((10)%) =e((0)k)+1=e(1)+ k =k
and

e(n+1)=e((10)k=111) = e((10)k211) + 1 = e(11) + k — 1 = k,
and thus e(

n) =e(n+1).
(viii) If n = bin(m)1(10)* where m,k € N, k > 0, then we have

e(n) = e(bin(m)1(10)F) = e(bin(m)11(01)*~1) + 1 =e(bin(m + 1)) + k + 1

and

e(n+ 1) = e(bin(m)1(10)¥=111) = e(bin(m)1(10)k-211) + 1
= e(bin(m)111) + k — 1 = e(bin(m + 1)) + k + 1.

and thus e(n) = e(n + 1).

All numbers of the form 4k 4+ 1 can be written uniquely in one of the forms
(iii), (iv), (v), and all numbers of the form 4k + 2 can be can be written uniquely
in one of the forms (vi), (vii), (viii). Therefore all cases were considered. In cases
(i), (vii), (viil) we have that e(n) = e(n + 1), and one can observe that the
numbers in this cases are exactly the elements of the set {22**1n + py | k,n €
Ny U {2pk | k € N YU {220 + g, | k,n € N, k > 0}. So our theorem is
proved. (Il

In the next theorem we characterize the set of n for which e(n) =e(n+1) =
e(n+2).

Theorem 3.2. We have the following equality
nlen)=en+1)=en+2)}={2"%"n4p. | k,neNy, k>2}
U{2pr —1]k>2 U{2% T n4q—1|kneN, k>2}.

PrOOF. Let A = {2%*lpn +p, | k,n € N}, B = {2p, | k € Ny}, and
C ={2?*t1n 4+ q. | k,n €N, k> 0}. We want to compute

(AUBUC)N((AUBUC)+1)) —1.

But as every element of A equals 1 (mod 4) and every element of B U C equals
2 (mod 4), it is enough to compute ((A+ 1) N B) U ((A+1)NC). First let us
compute (A + 1) N B, we have

22k+ly 4 opp +1=2p;, forn, k,l> 1.
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By a simple computations we get

3.2% 1 k=24 4.
Looking modulo 4 we get that k = 1 or [ = 1. When k£ = 1 then our equality
became 12n + 4 = 4!. For each [ we have exactly one n such that this equality
holds, but as n > 2 we have [ > 2. If [ = 1 then our equality became 22*t1n+p;, +
1 = 2 which contradicts n,k > 1. Summarizing (A+1)NB = {2p;— 1|1 > 2}.
Let us compute (A+ 1) N C. We have

22kt ly 4opp +1 =224, forn,k,01>1, m>0.
By a simple computations we get
2L 3 4k = 221 . 3m 4 5. 48 — 4,

Looking (mod 8) we get that k =1 or [ = 1. In the first case we get 8n + 2 =
224+1m + ¢;. For each [, m such that [ > 2 we have exactly one n such that this
equality holds. So we get {2%F'm 4 ¢, [ m, I €N, [ > 2}. In the second case we
get {2%+n + pp + 1| k,n € Ny, k > 2} in the same way. Summarizing we get
(A+1)NC = 22 m+q | m,l € N, I > 2}u{2%*+n4pe+1 | k,n € Ny, k> 2}
And our result follows. O

4. Reciprocal Stern polynomials

Let us recall that the polynomial B, (t) is called reciprocal if it satisfies
equality B, (t) = t*" B, (4). It was observed in [6] that for each n polynomials
Bon_1(t) and Ban_5(t) are reciprocal. We define sequences (uy,)nen and (vp,)nen
as follows

{uo =1 oy =282y, 2% 1,

vo="5 w,=28"T2y, | —24nF2 11,

and show that whenever 2 > w, (or 28 > v,) then Bax_, (or Bax_,, ) is
reciprocal.

Theorem 4.1. For each integer n > 0 all polynomials in the sequences
(Bak _y, Jk>an2+6n+3, and (Bak_y, )k>an24ont1 are reciprocal.
PROOF. Let us observe that bin(u,) = 1021%0°...0*"~21%" and bin(v,) =

10%1*...1%m0%+11, Using recursive formula for e(n), binary representations and
induction we will get that e(2¥ —u,,) = k—2n—1 and e(2* —v,,) = k—2n—2. Let
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us prove our theorem. We proceed by induction. For ug = 1 we have Byr_; =
th=1 4 ¢k=2 1 ... 4 ¢t + 1 and our conditions are satisfied. For vy = 5 we have

Bor_5(t) = (1 +t)Bar-2_1(t) + tBar-3_1(1)
= (1 + )" 3Byr—a_ (1) +t* 3 Bok—s_, (t71)
=t"2 (L4t )Byr—2 () + ¢ Bors 1 (t71)) =" 2Bax_5(t71).

Let us compute

Bok ., (t) = By _gzyage gm—zya= (1)

= BQk—l_1021406“_04n—214n—1(t) + B2k—1_1021406_“0471—3104n—1(t)

= Byi1_igerage gmmepmam(t) + t4n_1B2k*4"—W(t)
- B (8) + " Byr-an o, (1)

- 2k—1_1021406...04n—214n—1

= Biyian_tgrrage gz (t) + (" 4+t 4+ 1) Borman_yy (1)
=t 2Bk snia_y, (1) + " 4+t + 1) Bokan_y, (1)
= (%)

Using induction hypothesis we get

(*) = tk76n+132k78n+2_un_1 (til) + (t4n71 4+t 4+ ]_)tkfﬁnBQkaln_vn_l (til)

k—2n—1 2—4n —1 t4n —1 1—4n -1
== t t sz—8n+2,un71 (t ) + ﬁ t B2k747l7vn71 (t )

_ tk_Qn_lng,u” (t_l).

So Bak_,,, is reciprocal. In the same way one can prove that Bgr_,, is reciprocal.
We omit the details. O

Corollary 4.2. Let Rec = {n | B,(t) = t*™B,(t~')}. We have that
#(RecN[1,n]) = Qlog(n)3/?).

PROOF. Let n > 2F we have that

#(Rec[1,n]) = #{(i,m) | um <2, i <k} = 3 (k=1 [log(um)])

m<32k
S (k- (4m® +2m)) = %kxf— g <¢2E> +o(kVk) = 0(kVE),
4m24+2m+1<k

and our result follows. O
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We expect the following conjecture about density of the set Rec

Conjecture 4.3. The function f(n) = #(RecN[1,n]) is O(log(n)*) for some

constant k.

(1]
(2]
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