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Asymptotic behavior of solutions to neutral functional
differential equations with infinite delay

By YONG-KUI CHANG (Lanzhou) and XIAO-XIA LUO (Lanzhou)

Abstract. In this paper, we first introduce some classes of u-pseudo almost au-
tomorphic type functions and establish some properties of such functions. And then,
we apply the obtained results to investigate the existence of u-pseudo almost automor-
phic solutions to a first-order partial neutral functional differential equation with infinite
delay.

1. Introduction

The concept of almost automorphy is an important generalization of the clas-
sical almost periodicity. It was introduced by BOCHNER [6], [7], for more details
about this topic we refer the reader to [15], [16], [23], [24] and the references
therein. Since then, almost automorphy has become one of the most attractive
topics in the qualitative theory of evolution equations, and there have been several
interesting, natural and powerful generalizations of the classical almost automor-
phic functions. The concept of asymptotically almost automorphic functions was
introduced by N’GUEREKATA in [22]. LIANG, X1A0 and ZHANG in [20], [27] pre-
sented the concept of pseudo almost automorphy. In [25], N’GUEREKATA and
PANKOV introduced the concept of Stepanov-like almost automorphy and applied
this concept to investigate the existence and uniqueness of an almost automor-
phic solution to the autonomous semilinear equation. Blot et al. introduced the
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notion of weighted pseudo almost automorphic functions with values in a Ba-
nach space in [4], which generalizes that of pseudo-almost automorphic functions.
X1A and FAN presented the notation of Stepanov-like (or SP-) weighted pseudo
almost automorphy in [26]. ZHANG, CHANG and N’GUEREKATA further investi-
gated some properties and new composition theorems of Stepanov-like weighted
pseudo almost automorphic functions in [29], [31]. Recently, BLoT, CIEUTAT and
EzzINBI in [5] applied the measure theory to define an ergodic function and they
presented the concept of p-pseudo almost automorphic functions, and thus the
classical theory of pseudo almost automorphy becomes a particular case of their
approach.

In recent years, the existence of pseudo almost periodic type or almost auto-
morphic type solutions to some neutral differential equations has been considered
in many publications such as [1], [2], [3], [8], [9], [10], [11], [12], [13], [14], [30].
Motivated by above mentioned works, the aim of this work is to introduce the
notion of u-pseudo almost automorphic functions of class p and the notion of
p-pseudo almost automorphic functions of class infinity, we first establish some
basic results not only on the completeness of the space that consists of p-pseudo
almost automorphic functions of class p but also on the composition theorems
of such functions. And finally, the previous results, are, subsequently utilized
to investigate existence results of pu-pseudo almost automorphic solutions to the
following first-order neutral functional-differential equations with infinite delay:

L u(t) + £t u)) = Ault) + gt ), (L1)
where (X, ||-]]) is a Banach space, A : D(A) C X — X is the infinitesimal generator
of a uniformly exponentially stable semigroup of linear operators on X, the history
ug : (—00,0] = X given by u(0) := u(t + ), belongs to an abstract phase space
B defined axiomatically, and B is a fading memory space, f, g : R x B — X are
some suitable functions.

The rest of this paper is organized as follows. In Section 2, we introduce some
basic definitions, lemmas, and preliminary results which will be used throughout
this paper. In Section 3, we first establish some composition theorems of p-
pseudo almost automorphic function of class p, and then we further investigate the
existence of p-pseudo almost automorphic mild solutions to the neutral functional
differential equation (1.1).
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2. Preliminaries

This section is devoted to some preliminary results needed in the sequel. In
particular, to deal with infinite delay, we need to introduce some new classes
of p-pseudo almost automorphic function. Throughout the paper, the notation
(X,]|-]l) is a Banach space and BC(R, X) denotes the Banach space of all bounded
continuous functions from R to X, equipped with the supremum norm ||f||cc =
supep || f(¢)]|. From now on, A : D(A) C X — X denotes the infinitesimal
generator of an uniformly asymptotically stable semigroup of linear operators
(T(t))i>0 on X and M, w are positive constants such that

IT(t)]] < Me™**
for each ¢t > 0.
We denote by B the Lebesgue o-field of R and by M the set of all positive
measure p on B satisfying pu(R) = +oo and p([a, b)) < +o0, for all a,b € R(a < b).
For p € M and 7 € R, we denote p, the positive measure on (R, B) defined by

pr(A)=pula+7:a€ A) for A€ B.

From pu € M, we suppose the following hypothesis ([5]) holds throughout this

paper.
(HO) For all 7 € R, there exist v > 0 and a bounded interval I such that

pir (A) < yu(A),
when A € B satisfies AT = 0.

Definition 2.1 ([24]). A continuous function f : R — X is said to be al-
most automorphic if for every sequence of real numbers {s] },cn there exists a
subsequence {s, }nen such that

glt) == Tim f(t+ sn)

n—oo

is well defined for each t € R, and

lim g(t — ) = £(1

n—oo

for each ¢ € R. The collection of all such functions will be denoted by AA(R, X).

Definition 2.2 ([20], [24]). A continuous function f : R x X — X is said to
be almost automorphic if f(¢,x) is almost automorphic for each ¢ € R uniformly
for all x € B, where B is any bounded subset of X. The collection of all such
functions will be denoted by AA(R x X, X).
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The notation PAAy(X) stands for the space of functions

1 m
PAA)(R,X) = {¢ € BCO(R,X) : w}i_r)noo%/m p(t)||dt = o}.

To study issues related to delay we need to introduce the new space of func-
tions defined for each p > 0 by

PAAG(R,X,p) = {qSeBC’(R,X): lim —— m( sup ]||¢(9)||>dt0}.

M=00 2M J_m \ 0€[t—p,t

In addition to the above-mentioned spaces, the present setting requires the
introduction of the following function spaces

1 m
PAA R x X, X) = {gb € BC(R x X,X) : liin %/ lo(t, z)||dt = O}
and

1
PAAG(R x X, X, p) = {(;SEBC(RXX,X): lim —

m—0o0 LM

- /—m, (66?;11;,)5] ||¢(9’$)|>dt = 0}

Definition 2.3 ([21], [28]). A continuous function f : R — X (respectively R x
X — X)) is called pseudo-almost automorphic if it can be decomposed as f = g+ ¢,
where g € AA(R, X)(respectively AA(RxX, X)) and ¢ € PAA((R, X)(respectively
PAA(R x X,X)). Denote by PAA(R,X) (respectively PAA(R x X, X)) the set
of all such functions.

Definition 2.4 ([5]). Let u € M. A bounded continuous function f: R — X
is said to be p-ergodic if

1
lim —— FO) |l du(t) = 0.
n [ 1@l

A )
We denote the space of all such functions by (R, X y1).

Similarly, we denote ergodic functions related to delay by

. 1
eR, X, pu,p) := {f € BC(R,X) : TLHEOO m

) /[] <9£2“‘_2,ﬂ I (9)>du(t) = o};
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(R x X, X, p, p) := {f € BORXXX): lim —m=n

<[ ( sup ||f<a,z>||)du<t>—o}.
[=r,r] \O€lt—p,t]

In view of the previous definitions, it is clear that e(R,X, u,p) and (R x
X, X, i, p) are continuously embedded into e(R, X, ) and e(R x X, X, i), respec-
tively. Furthermore, it is not hard to see that e(R, X, u, p) and e(Rx X, X, u, p) are
closed in (R, X, 1) and (R x X, X, u). Consequently, by PAA(R, X, i) respec-
tively, PAA(R x X, X, u)) € BO(R, X) (respectively, BC(R x X, X)), one obtains
the following result from [5, Proposition 2.13.]:

Lemma 2.1. Let u € M, then the spaces (R, X, i, p) and e(R x X, X, p1,p)
endowed with the uniform convergence topology are Banach spaces.

Definition 2.5 ([5]). Let u € M. A continuous function f : R — X is said
to be p-pseudo almost automorphic if f is written in the form: f = g+ ¢, where
g € AAR,X) and ¢ € (R, X, u). We denote the space of all such functions by
PAAR, X, ).

Obviously, we have AA(R,X) C PAA(R, X, ) € BC(R, X).

We now introduce the following new classes of u-pseudo almost automorphic
functions.

Definition 2.6. Let u € M. A continuous function f : R — X is said to be u-
pseudo almost automorphic of class p if f is written in the form: f = g+ ¢, where
g € AA(R,X) and ¢ € e(R, X, u,p). We denote the space of all such functions by
PAA(R, X, u, p).

Definition 2.7. Let p € M. A continuous function f: R x X — X is said to
be p-pseudo almost automorphic of class p if f is written in the form: f = g+ ¢,

where g € AAR x X,X) and ¢ € e(R x X, X, u,p). We denote the space of all
such functions by PAA(R x X, X, u, p).

To deal with infinite delays, we need to introduce the following new spaces
of functions:

e(R,X, p,00) := ] e(R, X, p, p),

p>0
eR x X, X, p,00) := () e(R x X, X, 1, p).
p=>0

Obviously, (R, X, 1, 00) and (R x X, X, 1, 00) are respectively closed subspaces
of (R, X, u,p) and (R x X, X, p1, p), and hence both are Banach spaces.
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Definition 2.8. Let u € M. A continuous function f: R — X is said to be u-
pseudo almost automorphic of class infinity if f is written in the form: f = g+ ¢,
where g € AAR,X) and ¢ € (R, X, u,00). We denote the space of all such
functions by PAA(R, X, p, 00).

Definition 2.9. Let p € M. A continuous function f : R x X — X is said
to be p-pseudo almost automorphic of class infinity if f is written in the form:
f =g+ ¢, where g € AAR x X,X) and ¢ € ¢(R x X, X, yt,00). We denote the
space of all such functions by PAA(R x X, X, p, 00).

In this work we will defined the phase space B axiomatically, using ideas and
notation developed in [19](see also [18]). More precisely, B will denote the vector
space of functions defined from (—oo, 0] into X endowed with a seminorm denoted
| - Iz and such that the following axioms hold:
A Ifx: (—o00,0 +b) - X with b > 0, is continuous on [o,0 + b) and z, € B,
then for each t € [0, 0 + b) the following conditions hold:

(i) x¢ is in B,

(i) [z < Hllzel|s,
(ii) [|lz¢lls < K(t = o)sup{[lz(s)[| : 0 < s <t} + M(t = 5)[|lo | 5,
where H > 0 is a constant, and K, M : [0,00) — [1,00) are functions such that
K(-) and M(-) are respectively continuous and locally bounded, and K, H, M
are independent of z(-).
Al. If z(-) is a function as in (A), then a; is a B-valued continuous on [0, 0 + b).
B. The space B is complete.
C2. If (¢™)nen is a sequence of continuous functions with compact support defined
from (—o0,0] into X, which converges to ¢ uniformly on compact subsets of
(—00,0], then ¢ € B and ||¢" — ¢|lg — 0 as n — oc.

Remark 2.1 ([18]). Throughout the rest of the paper, £ denotes a constant
such that [|¢||s < £-supy<q [|0(0)]| for every p € BC((—o0,0]; X), see [19, Propo-
sition 7.1.1].

Definition 2.10 ([13]). Let S(t) : B — B be the Cp-semigroup defined by
S(t)p(0) = ¢(0) on [—t,0) and S(t)p(d) = ¢(t + 0) on (—oo,—t]. The phase
space B is called a fading memory if ||S(t)¢||g — 0 as t — oo for each ¢ € B with
(0) = 0.

Remark 2.2 ([18]). In this paper we suppose that there exists a constant
K > 0 such that max{K(t), M(t)} < K for each t > 0. Observe that this condition
is verified, for example, if B is a fading memory, see, e.g., [19, Proposition 7.1.5].
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We give the following basic assumptions:
(H1) The function s — T'(s)x belongs to C([0, 00),X) for each x € X. Moreover,
the function s — AT (s) defined from (0, c0) into L(R,X) is strongly measurable,
and there exists a non-decreasing function H : [0,00) — [0,00) and § > 0 such
that e 9 H(s) € L'([0, 00)) with [|AT(s)| zrx) < e °*H(s) for each s > 0.
(H2) B is a uniform fading memory space, f,g € PAA(R x B, X, i, 00) and there
are continuous and bounded functions L¢, L, : R +— [0, c0) such that

£t u) = f(t,0)|| < Le(t)]lu —vs,
and

lg(t,w) = g(t, )| < Lg(@)][u = vl|s,

for all u, v € Band ¢t € R.

3. Main results

In this section, we first prove some composition theorems for p-pseudo almost
automorphic functions of class p, and then apply these theorems to investigate
some existence results for the problem (1.1).

3.1. Composition theorems for y-pseudo almost automorphic functions
of class p.

Theorem 3.1 (). Let u € M and f = g+ h € PAAR x X, X, u,p) with

g€ AAR x X,X), h € e(R x X, X, p, p). Assume that the following condition (i)
and (ii) are satisfied:

(i) f(t,z) satisfies a Lipschitz condition in € X uniformly in t € R, that is,

there exists a constant L > 0 such that

It 2) = f(& )l < Lllz =yl

forall xz, y € X and t € R.
(ii) g(t,z) is uniformly continuous in any bounded subset K’ C X uniformly for
teR.

Ifu = uy +us € PAA(R, X, p,p) with u; € AAR,X), uy € e(R,X, u,p). Then
the function f(-,u(-)) belongs to PAA(R,X, p, p).

ProoF. Since f € PAAR x X, X, u,p) and u € PAA(R, X, u,p), we have
by definition that f = g+ h and u = u; + ug, where g € AAR x X,X), h €
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eR x X, X, i, p), up € AA(R,X) and uy € (R, X, u,p). The function f can be
decomposed as

f(t,u(t) =
Define
G(t) =g(t,w (1), F(t) = f(t,u®) — f(t,u(t), H(t) = h(t, ui(t)).

Then f(t,u(t)) = G(t) + F(t) + H(t). Since the function g satisfies the condition
(ii), it follows [20, Lemma 2.2] that the function g(-,u1(-)) € AA(R,X). To show
that f(-,u()) € PAAR, X, u, p), it is sufficient to show that F+H € (R, X, , p).

Initially, we prove that F' € e(R,X, p,p). Clearly, f(¢,u(t)) — f(t,ui(t)) is
bounded and continuous. Now, by (i), we have

1f (@) = f{tua(®))] < Lljut) —ui(®)]] < Lljua(®)]]-

Hence, by the fact that us € (R, X, u,p), we obtain

1
lim 7/ ( sup ||F(‘9)||)du(t)
r=too u([=r,7]) JiZr0 \ o€lt—p,1
< lim ———— sup |lu2(8)|| Jdu(t) =0,
r—+oo u([—r,r]) Crr] \6elt—ps] llu2(0)]| (1)

which shows that F'(-) € e(R, X, u, p).

Next, we show that H € e(R, X, u, p). Since u(t), u1(t) are bounded, we can
choose a bounded subset B € X such that u(R), u1(R) C B. Since g satisfies the
condition (ii), then for any € > 0, there exits a 6 > 0 such that z, y € B and
|z — y|| < ¢ imply that ||g(t,x) — g(¢,y)|| < € for all t € R.

Put §p = min{e, 0}, then

[n(t, ) = At y)| < It 2) = f(& )l + gt z) —g(ty)ll < (L +1e.

for all z, y € B with ||z — y|| < do.

Set I = uy([—r,r]). Then I is compact in R since the image of a compact
set under a continuous mapping is compact, and so one can find finite open balls
Oy, (k =1,2,...,m) with center z; € I and radius ¢ small enough such that
1 Q U;anl Ok and

1h(t,ur(t)) — h(t,zp)| < (L+1)e, ui(t) € Ok, t € [—r,7].



Asymptotic behavior of solutions to neutral functional differential. .. 9

Suppose ||h(t, z4)|| < maxi<g<m |h(t, 2x)||, where ¢ is an index number among
{1,2,...,m}. The set By = {t € [-r,7] : u1(t) € Oy} is open in [—r,r| and
[—r,7] = Uj—, Bi. Let
k—1
E\ =B, E,=B\ UBj (2<k<m).

j=1

Then E; N E; = () when i # j, 1 <4,j < m. Observe that

m /[_ | (G;tu_p ] Ih(ﬁm(f)))ll)du(t)
1
) m / w1 Er <Ge?tulzm] 1A (@, Ul(ﬁ))”)du(t)

1 m
- m Z/E <9e?§“;,ﬂ(”h(9’“1<">> ~ H(B.20)] + 201 )due)
—r,7]) Z/E (L + 1)edu(t) =) Z/E(Oe?;u;tﬂhemk)) du(t)

1
<@rver s (@;Fzﬂ .2 )

Using the same arguments as above, we obtain

. 1 _
e, (o, e oo -o

That is, h(t,u1(t)) € e(R, X, u, p). Hence f(t,u(t)) € PAA(R,X, i, p), which ends
the proof. O

Theorem 3.2. Let u € M, let F € PAAR x X, X, i, p) and
h € PAA(R,X, u,p). Assume that there exists a function Ly : R — [0, 00) satis-
fying

|F(t,z1) — F(t,z2)|x < Lr(t)||z1 —22|x, VEER, Vai, zo€X.  (3.1)

If

1
limsupi/ < sup LF(H))du(t) < 00 (3.2)
r—-+o0 ,LL([—’I",’I"]) [=r,r] \0€t—p,t]

lim /[]( sup LF(O))g(t)du(t):O (3.3)

rtoo pu([—r,7]) oe(t—p,1]

for each £ € e(R,X, 1), then the function t — F(t,h(t)) € PAAR,X, u, p).

and
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PROOF. Assume that F=F+ ¢, h=hi+ hg, where F; € AA(R x X,X),
peeRxX, X, pu,p), h1 € AAR,X) and hy € e(R, X, i, p). Consider the decom-
position

F(t,h(t) = Fu(t, ha(8) + [F (8 h(2) = F (8 ()] + @(t, ha (1)),
In view of [20, Lemma 2.2], Fy (¢, hi (1)) € AA(R,X), it remains to prove that both

[F(t, h(t)) — F(t,h1(t))] and (¢, h1(t)) belong to e(R, X, u, p). Indeed, by (3.1) it
follows that

1
/[]( S 'F<"7h<9>>—F(e,m(e))n)dum

/,L([—T, TD 0€(t—p,t]

IN

L (s e )auc)

w([=r,7]) o€(t—p,1]

< /[] (ee?iii,ﬂ Li @) (9;31; . @) )auto)

which implies that [F'(¢, h(t)) — F(t, h1(t))] € (R, X, i, p) from (3.3).

Since hi(R) is relatively compact in X and F is uniformly continuous on
sets of the form R x K where K C X is compact subset, for € > 0, there exists
0 € (0,€) such that

|Fi(t,z) — Fi(t,T)|| <€ x, T € hi(R),

with ||z — Z|| < 4.

Now, fix x1,...,2, € hi(R) such that hy(R) C U, Bs(x;,X). Obviously,
the sets E; = hy ' (Bs(z;)) form an open covering of R, and therefore using the
sets By = By, Bo = E> \ By and B; = E; \ U;;ll Ej;, one obtains a coverage of R
by disjoint open sets.

Fort € Bi, hl(t) € B(s((Ei),

@, ha () < I1F (@t ho(8)) = F(& @)l + || = F(E ha (1) + Fu(t ) || + [[e(t, )|
< Le(®)]|ha(t) — il + €+ [0t 2i) || < Le(t)e + e+ [t z:)|.

Now using the previous inequality it follows that

1
) / (9;;11;7t] (2, hl(t))H)du(t)

[=rr
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IA

S [ (e
ileiﬁ[fr,r] et

siormy | (Lo, eenon]Juo

A
=
1=
3

)=
—
VRS
o
L
]
5

Z:lB-ﬁ[f'r' 7] t=pHNB;
e (e
n sw | w10 -F0.)]] )du()
p([=r,r]) ;Bﬂ[_m] j=1,...n LO€[t—p,t]nB; ’

Ol | (s | sw et Jauto

j=1,....,n LO€[t—p,t]NB;

<ty | (o mres )
7] '

*Zm / <9;Fpp,t] ||<p(97xj)>du(t)-

=1 [—r,7]

In view of the above it is clear that ¢(t, hy(t)) belongs to (R, X, u, p). Hence,
F(t,h(t)) € PAA(R,X, p,p). This completes the proof. a

Lemma 3.1. Let p € M, let u € PAA(R, X, p,00). Assume that B is a uni-
form fading memory space. Then the function s+ us belongs to PAA(R, B, u, 00).

PROOF. Assume that u = ¢+ ¢ where ¢ € AA(R,X) and ¢ € (R, X, p, 00).
Clearly, us = ¢s + @s.

First, we need to prove that ¢, € AA(B). For a given sequence (s!,)nen of
real numbers, fix a subsequence (8, )nen Of (8),)nen and a function v € BO(R, X)
such that u(s + s,) — v(s) for each s € R. Since B satisfies axiom C2, from [19,
Proposition 7.1.1], we infer that usys, — vs in B for each s € R. Let L > 0, for
e >0, fix N 1, € N such that

[u(s +sn) —v(s)[ <€, |lu—pts, —v-Lll <€,
whenever n > N, 1. In view of the above, for t € R and n > N, 1, we get

[ttts, —vells < M(L +t)|Ju—r4s, —v-LllB

+K(L+t)- sup |u(@+ sn) —v(0)] < 2Ke,
0c[—L,L]
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where K is the constant appearing in Remark 2.2.
In view of the above, usys, converges to v, for each ¢ € R. Similarly, one can
prove that v;_, converges to u; for each t € R. Thus, ¢, € AA(B).

Now, we shall prove that ¢, € (R, B, 1,00). Let p > 0 and € > 0, since B is
a uniform fading memory space, from [10, Remark 2.14], we know that there is
o > p such that M(o) < € for every o < .. Under these conditions, for r > 0
and o < o, we find that

: /
sup ||¢qllBdp(t)
p([=r,7]) Ji=rr oelt—p.]

1 / (
< — sup M(o)|lpo—olls + K(o) sup |p(s >d,ut
w([=r,7]) Ji—ri) \oeft—p,1 (@)lleo—olls + K )36[9—0,9] () ett)

K
S£'||<P|oo'€+7/ sup [lo(s)||du(t),
| WD) S e, lo@ldn(?)

which enables to complete the proof as € is arbitrary and ¢ € e(R, B, i, 0). O

Corollary 3.1. Let u € M, f € PAAR x X, X, u, 00) and
u € PAA(R, X, u,00). Assume that the conditions of Theorem 3.1 are satisfied
for every p > 0, then the function t — f(t,u(t)) belongs to PAA(R, X, p, 00).

3.2. Existence of u-pseudo almost automorphic solutions to (1.1).

Definition 3.1. A continuous function u : [0,0 + a) = X, a > 0 is called a
mild solution for the neutral system (1.1) on [0, 0 + a), if us € B for every s € R,
the function s — AT (t — s)f(s,us) is integrable on [0, t) for every ¢ <t < o + a,
and

t
u(t) = T(t = 0)(6(0) + £(0:0)) = Fltu) — [ AT(t =) f(s,u.)ds
t
+/ T(t —s)g(s,us)ds
Lemma 3.2. Let p € M, let u € PAA(R, X, u,00). Under assumptions

(H1), if w is the function defined by w(t) := fioo AT (t — s)u(s)ds, ¥t € R, then
w € PAA(R, X, u, 00).

PROOF. Since u € PAAR,X,pu,00), we have u = uj + ug with u; €
AA(R,X), us € e(R, X, pt, 00) such that

w(t) = /_ AT (t — s)ui(s)ds + /_ AT (t — s)ua(s)ds.



Asymptotic behavior of solutions to neutral functional differential. .. 13

Denote ®(t f AT (t—s)uy(s)ds, W(t f AT (t—s)ua(s)ds for each t € R.
In order to prove w € PAA(R, X, p, 00 ) we only need to verify ®(t) € AA(R,X)
and ¥(t) € e(R, X, p, 00).

First, let us prove that ®(¢) € AA(R,X). Since u;(s) € AA(R, X), for a given
sequence (0, )nen of real numbers, fix a subsequence (s,)neny and a continuous
function v € BC(R, X) such that (¢ + s,,) converges to v(t) in X, and v(t — sp,)
converges to u1(t) in X for each ¢t € R. From the Bochner’s criterion related to
integrable functions and the estimation

IAT(t = s)ur ()| e = IAT(t =) e lua(s)llx < e H(t = s)|lua(s) 1

it follows that the function s — AT (t — s)u1(s) is integrable over (—oo,t) for each
t € R. Furthermore, since

t+sn
w(t+ s,) = / AT (t + s, — s)u1(8)ds

— o0

t

= / AT (t — s)ur(t + sp)ds, t€R, neN.
Using the above estimation and the Lebesgue dominated convergence theorem, it
follows that w(t + s,) converges to z(t) = fioo AT'(t — s)v(s)ds for each t € R.
Proceeding as previously, one can similarly prove that z(t — s,,) converges to w(t)
for each t € R.
Next, we shall prove that U(¢) € ¢(R,X, p1,00). By using the notation H, =

sup,,, H(s), for positive numbers p, r we find that

—H([fr 5 /[ o O

1 6
ol /[ sup [ AT (0 — 5)us(s)||dsdp(t)

/J,([—’I", ’I"]) —r,r] 0€[t—p,t

IN

)
] 00
1 " a9
< sup / e VT H(O — s)||ua(s)||dsdu(t
M([_Ty T']) ~/[—T,r] 0c[t—p,t] J—o0 ( )H 2( )” ( )
/

*1 / e
< — sup STH(O — s)||ua(s)||dsdu(t
,LL([ T T]) [=r,r] 0€[t—p,t] J — ( H 2( H ( )

1 / o
= H(0 — s)luz(s)||dsdu(t)
M([—T‘,’f‘]) [—r,7] 9€t p,] 0—p 2
= L/ sup / 809 ) st
- M([_Ty T']) [—=r,r] 0€[t—p,t] / —c0 2
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1 0
+ 7/ sup H(@ —s) sup ||u2(s)||dsdu(t
p([=r,7]) JiZr ) octt—p.e) Jo—p ( s€[0—p,0 ua()l (t)

He‘;p 0=p
< /[ sup / €009 |y (s) | dsdp(t)

=T ’I"]) r,r] 9€[t Pt

H(s / sup ||u2(0)||dp(t
/ T st
H op

‘ / } / ) fua(s) dsdu()

/ H(s) s /[] ge?“‘; , la(@)lntt)
He6p||u2|\
< / H(s) s /[ o @4

[tfpvt]
which enables to complete the proof as us € e(R, X, u, 00). O

Using the similar steps as in the proof of Lemma 3.2, one obtains the following
result:

Lemma 3 3. Let u € M, and let u € PAA(R, X u, 00), if w is the function
defined by w(t f T(t — s)u(s)ds, Vt € R, then w € PAA(R, X, p, 00).

Theorem 3.3. Let p € M. Under assumption (H1)-(H2), there exists a
unique p-pseudo almost automorphic mild solution to (1.1) whenever

¢ ¢
0:= (Lf+sup/ efg(t*S)H(tfs)Lf(s)derMsup/ e‘*’(ts)Lg(s)ds>2 <1,
teR J - teR

where Ly = sup,cp Lf(t) and £ is the constant appearing in Remark 2.1.

ProOF. Let T' : PAAR, X, u,00) — BC(R,X) be the nonlinear operator
defined by

t t
Tu(t) := —f(t,uy) — / AT (t — ) f(s,us)ds —I—/ Tt —s)g(s,us)ds, teR.
It is easy to see that I'u ia well defined and continuous. Moreover, from The-
orem 3.1, Lemma 3.1 and Corollary 3.1 we obtain f(t,u;) € PAA(R,X, u,o0).
Furthermore, from Lemma 3.2 and Lemma 3.3, we can infer that

fioo AT (t — 8)f(s,us)ds, ffoo T(t—s)g(s,us)ds € PAA(R, X, u,00). That is I'
maps PAA(R, X, u, o) into PAA(R, X, p, 00).
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On the other hand, for u, v € PAA(R, X, p, 00) we get

t

ITu(t) = To(@)| < Ly (#)[ur — vills + / Ly(s)e """ H(t — s)|lus — v || sds

t
Y, / VL () g — vy sds

t
< <Lf—|—sup/ e‘s(ts)H(t—s)Lf(s)ds) 2w — veloo

teR J —0

t
+ (Msup/ e_”(t_s)Lg(s)d:;) L fJug — vt oo
teR J —oo

<O lug — vl oo

The assertion is now a consequence of the classical Banach contraction mapping
principle. (I
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