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On univalence, starlikeness and convexity of
certain analytic functions

By N. SAMARIS (Patras)

Abstract. Let t = (tg,t1,...,t;) € (—oo 00)*T1. By R: we denote the class of
functions f(z) = z +a222 +... that are analytic in the unit disk U = {2 : |z| < 1} and
satisfy the condition

z
Re t2¥ 1 fD () + -+t f R (2) — to — tl] >0.
It is known that (i) if f,g € R = R(0,1,1) then f*xg € R, Re [@] > %,
Ref(z) > —1+2log2, and f * g is convex, (ii) if f € R (0, %, %) then f is startlike.
In the present paper we solve problems similar to the above in a large number of
classes R;. Some known inequalities are improved and some known results are proved

under weaker conditions.

Introduction

Let H(U) be the class of holomorphic functions on the open unit disc
U ={z:|z|] < 1} and A be the class of functions f € H(U) such that
f(0) = f'(0)—1=0. The class H(U) is a locally convex linear topological
space under the topology of uniform convergence on the compact subsets
of U.

We denote by S the subclass of A consisting of univalent functions
and by K, S; the usual subclasses of S whose members are convex, starlike
(w.r.t. the origin).

Let P be the class of functions f € H(U) for which f(0) = 1 and
Re f >0 and t = (tg,t1,...,t;) € (—00, +00) T, We define R; to be the
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class of functions f € A for which

tof(;) +if'(2) 4+t PR+ 1 -t -t € P.

We mention certain basic results from the paper [3].
D) If f € R=R(0,1,1) then Re f'(z) > —1 + 2log 2, Re [fzﬂ >
ii) If f € A and Re[f'(2) 4+ zf"(2)] > —7 then f € S,
iii) If fe R, g € Rthen fxg e K.

In the present paper we deal with problems similar to those of [3] in a
large number of classes R;. We improve certain estimations that are made
n [1] and certain results of that paper are proved with weaker assumptions.

N[ +—

2. Preliminaries

If

Zanz €c HU sz ce HU)

then so does their Hadamard product

oo

fxg(z)= Z anbnz" .

n=1
Lemma 1. The transformation
x: HU)x HU) — H(U)
is continuous (see [2], p. 27).

Lemma 2. Let Y be a locally convex linear topological space, N1 C
Y, N, CY be convex and compact and EN,, ENs be the corresponding
subsets of its extremal points. Then we have

(a) If Ly is a linear continuous functional on the space Y then
min{Re Li(z) : 2 € N1} =min{ReL;(x):x € EN;} .
(b) If Ly linear continuous functional on the space Y XY then
min {Re Lo(x1,23) : (z1,22) € N1 X No} =
= min {Re L1 (x1,z2) : (z1,22) € ENy x ENs}
(see 2, p.173).
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Lemma 3. The class P is a convex and compact subset of the space
H(U) and,

EP = {1 +2> (n2)" 1 |n| = 1} (see [1]).

Proposition 1. Let t = (tg,t1,...,tx) € (—o0,00)**! such that the
polynomial

tx)=to+ti(z+ 1)+ - +tg(z+1z...(x —k+2)

does not have any natural number as a root. Then we have

(a) Ry is a convex and compact subset of H(U)
(b) ER; = {zt*(nz) : |n| = 1} where

t*(z):1—|—22%.

PROOF. It is obvious that

z+ Z anz" € Ry if and only if f(z) =1+ Z an+1t(n)z" € P
n=1

n=2

or

1+ Zﬂnz" € P if and only if z

n=1

— Bn
1+;m2 ] cR;.

If

|+

— 1
fo(z) =1+ Z ——2",
n=1 (n)
we consider the operator T with

T:HU)— HU) and T(f)(z) = zfo* f(2).

From Lemma 1 we get that T is continuous, therefore R; = T'(P) is
compact. Since, furthermore, T is linear and injective we have

ER, = ET(P)=T(EP).

From Lemma 3 we get (b).
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Lemma 4. Let p(z) = (z — z1)(x — x2) ... (x — xg), ¢(z) = (x — 01)
(x—02)...(x—0m), k<m,z; <pg;for 1 <i<k, 01 <pa<...0m<1
and

(a) Ajw ™+ 4+ Apw 9 >0 VYwe (0,1]
n e Oop(—nz” z :lmw]m_rn:
(b) If{R ;q(n) EU} 1%;(1”)( )
) s 1 e Okm
;[q n) 5k’m]< VT

PROOF. We first prove (a) for p(x) = 1. Its obvious if m = 1. Suppose
it is true for m=n — 1. If

1 B T B, 1
(90—91)(90—92)--(90—@7171) r— 01 T — On-1
and
1 Ay A, A,
(x—01)(x—02)...(x—0n) T—01 x—02 T — 0on
then
(3) A1(Qn - Ql) =—D,... ;An—l(Qn - Qn—l) =—DB,_1.
From (3) we have
d
o (Alen_Ql +A2an—92 + ... +An) —
dw

= —wo N (Biw 4+ Byoqw 1) <0

and therefore we have a min in (0, 1] when w = 1.
From the equality
A+ A+ +A4,=0

we get the required result for p(z) = 1.
From the equality
r— - 1
(@—z) _(ea—21)

qlz) —  qa) (z—02)...(z— om)
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we get the required result for p(x) = 2 — z;. Continuing in this way we

get (a).
(b) From the equality

Sy [ e -
:/01 [iznwngllde/ollw__iidw

n=1

we have
(n) /1 (Ajw™9 4+ Aqw™ 22 + ...z z

4 = d Om
) by q(n) 0 1 —wz v k1=
From (4), (a) and by the equality

z —r

LR _
|IZI|11:2 e{l—z] 147

we obtain
@ mingRe |3 E = 3 H ey
“— q(n) “— q(n)
If we use the minimum principle for harmonic functions, we get from (5)

the first part of equation (b). The second part is an immediate corollary
of the first if we use the relation

T R i o i
r—1— n—o n:ln_g

n=1

Notes. The conclusion (b) of the Lemma holds also in the case that
q(x) has multiple roots. Indeed if we let go = g1 + € we have a relation of
the form Re f.(z) > f-(—r). For ¢ — 0 we get the conclusion for roots of
multiplicity two. Continuing in this manner, we can generalize the result.

We prove now the following proposition

Proposition 2. Let E,, be the set of t=(tg,t1,...,t) € (—00, 00)k*+1
that satisfy the condition i) t > 0, (ii) if t(p) = 0 then o < 1, (iii) the
number of roots of t(x) that belong to [—1, 1] is at least m. Then

f(2)

z

(a) mf{Re[ ]zeU feRt}_1+2Z ))n, Vt e Eo

nl_
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() inf{Re {@] L 2€eU, fERt*Rt}:

-1
_1+4Z ) Vit e Ey

n=1 —

(b) inf{Re[f'(2)]:2€U, feR}=

n+1 b1k 01,k
=1+2 ” - - = Vte FE
+ Z |: n tk tk ’ < !

(b') inf {Re[f(2)] : zEUfERt*Rt}—1+4Z ”“) Vit e B

2Py
(c) inf{Relf'(z)+z2f"(2)]:2€U, fe R} =

— 14 2%(—1)" {(”Jn;q - 5;’“ Vi e E,

(c) inf{Re[f'(2) + 2f"(2): 2 €U, f € Ry x Ry} =

n+1) (51]€ 51k
_1+4§ )" L E
[ ) ti 215%’ Vte FE,

(d) inf{Re[f'(z) +32f"(2) + 2°f"(2)]: 2 €U, f € R} =

n+1) (53k 5314:
=142 )" = — == Vte E
+ Z { i tk:’ 3

(d) inf{Re[f'(z) +32f"(2) + 2" (2)] : 2 €U, f € Ry xRy} =

1)
—1+4Z "+) . Vie E,.

PRrROOF. (a) If z # 0 we consider the linear functional
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Then L, is continuous on H(U). From Lemma 3a and Proposition 1 we

have
win e[ g ) i [7] o) -

z
:|n|=1}-

From (6) and Lemma 4b we get the required result.

n

1+22(3&)}

n=1 —

(6) min {Re

(a’) If on the space H(U) x H(U) we consider the bilinear mapping

L2 L(f.0) = 5+ g(2)

then L7 is continuous. From Lemma 3b and Prop. 1 we have

min{Re {%f*g(z)}  f € Ry, gERt} =

(7) = min{Re Bf*g(z)] .f€ER,, g€ ERt} -
:min{Re 1+4§:: 5272;] : || :1} .

From (7) and Lemma 4b we obtain the required result.
The ramaining conclusions are proved by a similar process.

3. Univalence, starlikeness and convexity criteria

Theorem 1. Let R; be as in Lemma 4, a < 1, and

Qa:{fEAZ Re{M} >a}.

z

Then we have
(a) Ry *Qq = Ry if and only if a = 3,
(b) R;* Ry C Ry if and only if Ry C Q5.

PRrROOF. (a) It is obvious that f € R, if and only if

Re Eh* f(z)} >0 where h(z)=z+ Zg(n)z”.
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Also
Q. ={az+ (1 —a)zf(2): f € P},

5Q, - { 20 -0 Y ];w:l}.

For z # 0, consider on the space H(U) x H(U) the continuous bilinear
function L, which is defined by the formula

L.(f.9) = h+f+g(2).

From (1) and Lemma 2(b) we have

@ min{Re |3 frg(a)| f e Ri g€ Qu} =

= min {Re (mz)":|n| = 1] } .

The right hand side of (2) is positive for every z € U if and only if a >
Also if f € Ry then f = f % go where go(2) = z + Z 2" e Q.

WK

1+4(1—a)

n

1
5-
(b) By arguments similar to those of (a) we have the equalities
) 1
min {Re {—h*f*g(z)} feER, g€ Rt} =

:min{ 1+4Z:: i ];|m:1}:

:—1+2min{ [ (2) feERt}:

3

kHl\z

z

:—1+2min{Re[ . ]:fGRt}-

o0 o0
Corollary 1. If 2+ Y a,2"™ € Ry then z + Y anpz™ ! € Ry.

n=1 n=1

Theorem 2. a) Ift € Ey such that

1+2Z i 2

N =
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then Rt * Rt C Rt-
b) If t € E; such that

Z n+1 61k 01,k
+ J— n _ i _ I >

then R, C S.
c) Ift € E; such that

1 +4§ (’;zrn? >0

then R; x R; C S.

ProoOF. Conclusion (a) follow by combining Prop. 2 (a) and Th. 1.
Conclusions 2(b) and 2(b’) follow analogously combining Prop. 2(b), 2(b’)
and Th. 1.

Theorem 2'. Ifa <1, t = (0, =, ) or

'T—a'T-a
R, ={feA:Re[f'(z)+2f"(2)] > a}
then we have

(a) Re[@}>1+2(1—a)(?—;—1) VfeR,
and

1 [n? !

(a") Re{%}>1+4<%ﬁ4—1)(1—a)2 Vfe R xR
(b) Re f'(z) >1+4+2(1 —a)(log2—1) Vfe€ Ry

R,CS if a>1-2"(log2—1)""

(b’) Ref'(2) >1+4(y-1)(1—-a)*> VfER, xR,

and

D=

R+R,CS if a>1-2"1(1—~)"
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_ oy o
where v = ) *—5— = 0,90152508... .

n=1

The constants in the right-hand sides of the above inequalities cannot
be replaced by smaller ones.

PrRoOOF. The proof is an immediate consequence of Prop. 2 if we as-
sume that the relations below are known

Remark. Th. 2 and Corollary 1, in the special case R; = R yield
Th. 3, Th. 3’ and Corollary 3 of paper [3].

Part (b) of Th. 2, in the special case R; = R yields part (a) of Th. 1
of paper [3].

Part (a) of Th. 2, in the special case R; = R yields

Re{@}>—1+%2

instead of

Re {f(z)} >

z

found in paper [3].
The number —1 + %2 cannot be replaced by a smaller one.

Theorem 3. If f € A and Re[f'(z) + zf"(2)] > A where A =
(6 — 7T2)(24 — 7T2)_1 = —0,27 .. then ft S St.

PROOF. The inequality Re[f'(z) + zf"(z)] > a yields

f(2) 2 6 — >
Re[T >14+2(1—a) E_l >0 when a212_7r2,
1—2log?2
! 2log2 — 1 2 —log2) > h >
Re[f'(2)] > 2log + a( 0g2) >0 when a > > 2log?

zf'(z)  1+w(z)

Y0 T 1wl

we require |w(z)| <1VzeU.



On univalence, starlikeness and convexity ... 303

If this last requirement is not true, then there exists 29 € U, k > 1 such
that w(zp) = € and w(zg) = kzow'(20) (see [3], Lemma 2) and therefore

Re["(z0) + 20" (20)] = Re { Bt 22)2 - %ﬁ] }

20
1 f(zo 1 [n? 2 6 — 2
< —= — |=-1 2—— || < h < .
< 2Re[gg]< 2[6 +a 5 <a when a< 707y

Corollary 3. If f € A and Re [f'(2) + 3zf"(z) + 2% f"(z)] > A then
feK.

Theorem 4. (a) Ift € E5 and
- (n+1)?* |  Oon
1425 (c1yn [T %2k 02k
+ r;( ) l E(n) tr (72

then R, C S,;.
(a’) Ift € Ey and

then Rt * Rt C St.
(b) Ift € E3 and

n (n+1)3 63k 53k
) b >
1+2n§_ (-1) [ O A

then R; C K.
(b’) Ift € E3 and

1+4Z n+1 > A

then R; * R, C K.

ProoOF. Conclusions (a) and (a’) follow by combining Prop. 2 and
Th. 3 and 5. Conclusions (b) and (b") follow analogously combining The-
orem 5 and Corollary 3.

Corollary 4. Ifa < 1, t = (0, 11a, ﬁ) or Ry ={f € A:Re[f'(2)+
zf'(z)] > a} then
(a) Ifa >1—3[6(12 — %)~ (24 — 72)~]"/? then R; * R; C S},
(b) ifa>1—3[2(1 —1log2)(24 — n?)]~/2 then R, * R; C K.
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Remark. Theorem 3 provides a stronger starlikeness criterion than
Theorem 2 in paper [3], since the hypothesis in [3] is

Re[f'(z) + zf"(2)] > —1/4.

Similarly, Corollary 3 in this paper forms a stronger convexity criterion
than Corollary 2 in [3].

Part (b) of Corollary 4 provides a stronger convexity criterion than
Theorem 4 in [3], since the hypothesis in paper [3] is

Re[f'(z) + 2f"(2)] > 0.
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