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Dual multiplier Banach algebras and Connes-amenability

By BAHMAN HAYATI (Malayer) and MASSOUD AMINI (Tehran )

Abstract. Following M. Daws, we consider a Banach algebra B for which the
multiplier algebra M (B) is a dual Banach algebra in the sense of V. Runde, and show
that under certain continuity condition, B is amenable if and only if M (B) is Connes-
amenable. As a result, we conclude that for a discrete amenable group G, the Fourier—
Stieltjes algebra B(G) is Connes-amenable if and only if G is abelian by finite.

1. Introduction

In 1924, based on earlier work of GIUSEPPE VITALI, STEFAN BANACH and
ALFRED TARSKI [1] proposed a “paradoxical decomposition”: there exists a de-
composition of a ball in R? into a finite number of disjoint subsets, which can
be put back together to yield two identical copies of the original ball. Later
John von Neumann showed that such a paradoxical decomposition is impossible
for the disk in R? (using only Euclidean congruences) and studied the possibil-
ity of paradoxical decomposition for more general groups of equivalences. In the
course of investigation on Banach—Tarski phenomenon, von Neumann discovered
the notion of amenable groups (groups with an invariant mean) and showed that
paradoxical decomposition arises only for non-amenable groups of equivalences
[24]. The original treatment of vVON NEUMANN was only for the discrete case,
and it was MAHLON DAY who extended the work of von Neumann to locally
compact groups [3].
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Later it was shown that the notion of amenability could be rephrased in
terms of homological algebra, whose origins traces back to investigations in com-
binatorial topology (later called algebraic topology) and abstract algebra. This
is mainly done by forming appropriate chain complexes and studying their ho-
mology and cohomology. In 1972, BARRY E. JOHNSON put everything in a solid
framework. Johnson defined amenability of Banach algebras and showed that a
locally compact group G is amenable if and only if the group algebra L(G) is
amenable as a Banach algebra [12]. Investigating the notion of amenability for
operator algebras, it was observed by Alain Connes and Uffe Haagerup that the
Johnson notion of amenability for Banach algebras fits well to the subcategory
of C*-algebras. For von Neumann algebras, it was already observed by JOHN-
SON, in a joint paper with RICHARD V. KADISON and JOHN V. RINGROSE, that
it is more suitable to take into account the w*-topology of the algebra induced
by its (unique) predual [15]. This new notion of amenability was called Connes-
amenability by A. YA. HELEMSKII [9)].

It is quite natural to ask if the concept of Connes-amenability could be de-
fined for Banach algebras with a predual. Before one can do this, there are few
technical problems which should be taken care of: the predual is not unique (hence
one predual should be fixed) and the corresponding module maps are not neces-
sarily w*-continuous. This led VOLKER RUNDE to define Connes-amenability for
a suitable subclass, called dual Banach algebras [19]. Examples of dual Banach
algebras include, von Neumann algebras, measure algebras and Fourier—Stieltjes
algebras.

In the original work of Johnson, it was shown that amenability of a Banach
algebra is equivalent to the existence of an appropriate element in the second
dual of the projective tensor product of the algebra by itself. Johnson called this
a virtual diagonal and also suggested an approximate analog for the diagonal [11].
RUNDE added a normality condition and used the idea due to EDWARD G. EF-
FROS [5] (for von Neumann algebras) to show that a dual Banach algebra with a
normal virtual diagonal is Connes-amenable, and noticed that the converse is not
true in general [20], [21], [23].

The idea of the present paper originated from the simple observation that
the measure algebra M (G) is the multiplier algebra of the group algebra L!(G).
It was natural to ask if, in general, amenability of a Banach algebra B (with
bounded approximate identity) is related to Connes-amenability of its multiplier
algebra M (B). For this to make sense, one has to find suitable conditions under
which M (B) is a dual Banach space. These conditions where stated in a (not so
well known) paper by EMMANUEL O. OSHOBI and JOHN S. PyM [18]. Although
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this is not explicitly stated in [18], it is easy to see that under natural conditions
on B set by the authors, the multiplier algebra M (B) is a dual Banach algebra
[18, Theorems 3.4 and 3.8].

In [10], the authors proved that under the natural conditions set by [18],
amenability of a Banach algebra B is equivalent to Connes-amenability of the
multiplier algebra M (B), as well as to the existence of a normal virtual diagonal.
The proof was straightforward and relatively short. Part of the conditions set
by [18] is a natural compatibility condition (see Assumption 2.1) which holds for
B = LY(G) when G is compact and for B = A(G) when G is discrete.

The present paper started following an observation by MATTHEW DAWS in
[4] who set conditions, under which M (B) is a dual Banach algebra. We noticed
that adding a natural continuity condition (Assumption 3.4) our proof in [10]
carries over this more general setting and for a Banach algebra B with bounded
approximate identity, amenability of B, Connes-amenability of M (B), and exis-
tence of a normal virtual diagonal for M (B) are equivalent (Theorem 3.5).

2. Preliminaries

For a Banach algebra B and a Banach B-bimodule E, a continuous linear
map D : B — FE such that

D(ab) =Da-b+a-Db (a,b€ B)

is called a derivation from B into E. The space of all derivations of B into F is
denoted by 3'(B, E). For each z € E, the map a + a-x — x - a is a derivation,
and these maps form the space M!(B, E) of inner derivations. The quotient
space H'(B, E) = 3Y(B,E)/NY(B, E) is the first cohomology group of B with
coefficients in E, and B is called amenable if H'(B, E*) = {0}, for every Banach
B-bimodule F [11], [12], where E* is the dual Banach B-bimodule whose actions
are defined by

*

(x,a-z") =(x-a,2%), (z,2"-a)=(a-z,2%) (a€B, x€FE, z*¥€E").

A Banach algebra B is called a dual Banach algebra if it is dual as a Banach
B-bimodule. One can see that a Banach algebra which is also a dual space is
a dual Banach algebra if and only if the multiplication map is separately w*-
continuous [19]. Examples of dual Banach algebras include all von Neumann
algebras, the algebra B(E) = (E®E*)* of all bounded operators on a reflexive
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Banach space E, the measure algebra M(G) = Cy(G)*, the Fourier—Stieljes al-
gebra B(G) = C*(G)*, and the second dual B** of an Arens regular Banach
algebra B.

Let B be a Banach algebra. We use the notations B&B and £2(B;C) to
denote the projective tensor product of B with itself and the space of bounded
bilinear forms on B x B, respectively. A dual Banach B-bimodule E is called
normal if for each z € FE, the maps a — a -z and b — z - b from B into F
are w*-continuous, and Connes-amenable if for every normal dual Banach B-
bimodule E, every w*-continuous derivation D : B — E is inner [19]. If Ap :
B®B — B is the diagonal operator induced by a ® b +— ab, a,b € B, then since
the multiplication in B is separately w*-continuous, A% B, C £2.(B;C), where
B, is a closed submodule of B* such that B = B}, and £2.(B;C) is the set of
all separately w*-continuous elements of £3(B;C) = (B&B)*. Also, £2.(B;C)
is a closed submodule of £2(B;C); in particular, £2.(B;C)* carries a canonical
Banach B-bimodule structure which makes it a quotient module of (B&B)**.
Taking the adjoint of A%|p,, we may lift Ap to a B-bimodule homomorphism
Ay on £2.(B;C)*. An element M € £2.(B;C)* is called a normal, virtual
diagonal for B if

a-M=M-a, aAy~M =a (a € B).

A double multiplier T on an algebra B consists of a pair of mappings of B into
itself denoted by b +— br and b — 7b (b € B) such that (a7)b = a(7bh), for all
a,b € B. Every element of B by the natural map, b — (L, Ryp), gives rise to a
double multiplier where L, and R} are left and right multiplications respectively.

The algebra B is called faithful if the only element b € B such that abc = 0,
for all a,c¢ € B, is b = 0. The set M(B) of all double multipliers on B is an
algebra (under composition of maps) with identity 15,5y = (idp,idp). When B
is faithful, the natural map from B into M (B) is injective and B is an ideal of
M(B). Also in this case, each double multiplier 7 is a left multiplier, that is,
7(ab) = (Ta)b for all a,b € B. A double multiplier is also a right multiplier which
is defined similarly. The set of all left multipliers and right multipliers on B are
denoted by L(B) and R(B) respectively.

One can see easily that a normed algebra B with a bounded approximate
identity is faithful. If B is complete and faithful, then left and right multipliers
are continuous linear operators [14]. For a double multiplier 7, the norms

|7l r(p) = sup{llar|z : [lallp < 1}
and

1Tl = sup{lI7ol5 - [|b]l 3 < 1}
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are finite. If we consider M (B) with the following norm

Illa1(5) = max{{[7[| r(s): 17l Ls) }

the inclusion map B — M (B) is norm decreasing and if moreover B has a bounded
approximate identity (e, )o with bound M, then

1bll 5 = lim [leab[ 5 < M|[b]| (),

The theory of double multipliers is due to B. E. JOHNSON and for more informa-
tion one can see [14] and [16].

Following [18], the authors observed in [10] that M (B) is a dual Banach
algebra whenever the following assumption holds:

Assumption 2.1. There exists a continuous linear injection B* — M (B)
such that for each u,v € B* and b € B,

(u,vb)p = (v, bu) .

In this case, the predual of M (B) is a subspace of M (B)*. Indeed, M (B)=A*,
where
A = clsppy-span{faou:a € B, u € B*}

and a o u is an element of M (B)* defined by (a o u,T)r(p) = (u,Ta)p.

In general it is not easy to verify Assumption 2.1 for typical Banach algebras
such as L!'(G) and A(G). In [10] the authors verified this for these algebras in
the compact and discrete case, respectively.

M. Daws in [4, Theorem 7.1] gave the following set of assumptions for the
multiplier algebra M (B) to be a dual Banach algebra.

Theorem 2.2. Let B be a Banach algebra such that {ab : a,b € B} is
linearly dense in B, (A, A.) be a dual Banach algebra, and + : B — A be an
isometric homomorphism such that (B) is an essential ideal in A. If the induced
map 0 : A — M(B) is injective, then there is a w*-topology on M (B) making
M(B) a dual Banach algebra.

Let us briefly review the structure of the predual of M(B) in the above
theorem. Consider (B®A,) @1 (B®A,) with dual space £(B,A) ®o L£(B, A).
The closure X of

X =span{(b@ p-1(a)) & (—a®(b) - p) :a,be B, pe A}
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is a closed linear subspace of (B®A*) &1 (B®A*) and X1 = X+ is a w*-closed
subspace of £(B,A) ©s £(B,A). For each element (S,T) € X, there exists
L,R € £(B) such that T =1L and S =R and (L,R) € M(B). Now M (B) is
isomorphic to X+ and therefore a dual Banach space with predual

X )

Y =

where the w*- topology is given by the embedding M (B) — (B®A, ®; BRA,)*
given by
(L, R), (a®p) & (b® A)) = (L(a), ) + R(D), A)
for L, R € £(B), a,b€ B and \,u € A,.
Note that under a natural assumption the w*-topology in the above theorem
is unique [4, Theorem 7.2].

Theorem 2.3. Let A and B be as above, and 6 : A — M(B) be the induced
map. There is one and only one w*-topology on M (B) such that
i) M(B) is a dual Banach algebra,
ii) For a bounded net (ay) in A, a, — a weak™ in A if and only if 0(a,) — 0(a)
weak™* in M(B).

3. Connes-amenability of M(B)

Throughout this section B is a Banach algebra satisfying conditions of The-
orem 2.2. In particular M (B) is a dual Banach algebra and we may ask when it
is Connes-amenable.

Each element A\ € A, may be considered as an element of B* via

<>‘7b>B = <Z(b)’ >‘>A* (b € B)

One can easily see that A, is a B- submodule of B* with the following module
actions

(A-a,b)g = (1(ab), N 4,, (a-A\byp = (1(ba),\)a, (a,b€ B, A€ A,).

Lemma 3.1. Let ~: £2.(M(B),C) — £2(B;C) be defined by ¢ := 9|« 5,
for ¢ € £2.(M(B),C)). Then

i) ~ is a continuous linear map.
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i) Ay (@@ ® (b@p)+X)~ =Af(a-A+p-b), (a,b€ B, \,p € Ay).
i) (¢-7)~ =0 75 (7-9)" =79, (1 € M(B), ¢ € £,.(M(B);C)).

We note that in (ii), (a®\) @1 (b®@ p) + X is an element of Y (C M (B)*) and
since the product in M(B) is separately w*- continuous, we have A7 5 (Y) C
£2.(M(B);C).

ProoF. It is straightforward to see that ~ is a continuous linear map. To
show (ii), let ¢,d € B and ¢ be the natural map from B into M (B). Then

(A (@@ ) @ (0@ p) +X)~, (¢, d) pxp

= (Ahp) (@@ N) @ (b®@ p) + X), (¢(c), 3(d))) m(B)x M(B)

=({@@ ) ® (0 p) + X, ¢(cd)) ms)

=((a® ) (0@ p) + X, (Led; Rea)) ni(B)

= ((a® ) @ (b®@ p), (Leds Red)) m(B)

= ((Led, Rea), (@ @A) & (b 1)) (5o ayor (BSA.)

= (1Lea(a), \)a, + (1Rea(b), ) a. = ((cda), A)a, + (u(bed), ) a.
={a- )\Cd>B+<[L byed)p ={a- A+ p-b,Ag(c,d))p
=(A%(a- A+ p-b),(c,d))pxB-

To prove (iii), for each 7 € M(B) and b € B, we have 7¢(b) = ¢(7b). If
7€ M(B) and ¢ € £2.(M(B);C), and b,c € B, then
((.7)~,(b,e)) Bx = (¥.7, (¢(D), #(c))) M (BYx M (B)
= (¥, (¢(7D), p()) a(yxrr(B) = (.7, (b,¢)) Bx B-

Thus (1.7)~ = 1).7. The second equality is proved similarly. O

Definition 3.2. A net (7,) in M(B) converges in weak strict topology (wst)
to 7 in M(B) if (¢, (1o, — 7)b)p — 0 for each ¢ € B*, b € B.

We recall that the induced map 6 : A — M (B) is defined by 6(a) = (Lg, Ra)
where L, and R, as operators on B are defined by

Lo(b) =17 Hau(h)), R,(b) =1 (2(b)a) (a € A, b B).

Theorem 3.3. Let B and (A, A,) be as in Theorem 2.2. Then the followings
are equivalent:
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i) 0: A — M(B) is w*-wst-continuous;
ii) «(B) - A* C A,;
iii) For each b € B and A € B*, there is w € A, with

AN ab)p = (a,w)a,  (a € A).

PrOOF. To prove (i) = (ii), let b € B and u € A* be such that 2(b) - 4 does
not belong to A,. Then, by Hahn—Banach and Goldestein’s theorem, there is a
bounded net (a,) in A such that a, — 0 in w*-topology, but (¢(b) - u,a6)a — 1.
That is

1 =1lim(p, ant(b)) 4 = (A, 0(an)b) B
by assumption 6(a,) — 0 in wst-topology, a contradiction.
(ii) = (iii). Let b € B and A € B* be arbitrary. oy : 2(B) — C defined

by (ox,2(c))a = (A, ¢)p, for each ¢ € B, is a continuous linear functional. By
Hahn-Banah theorem there is 4 € A* such that pl,p) is ox. Then

A (@®)) s = (uarB))a = ((b) - a)a (a € A)

set w = 1(b) - u, by assumption w is in A,.
(iii) = (ii). Let (aq) be a net in A with a, — 0 in w*-topology. Let b € B
and A € B*, by assumption, there exists w € A, such that

A Ha(d)p = (a,w)a. (a € A)
then

lim(\, 8(aq)b) g = lim(\, 2~ (an2(b))) g = lim{aq,w)a, = 0.
So 6 is w*-wst-continuous. O

Assumption 3.4. Let B and (A, A,) be as in Theorem 2.2. Assume further
that one of the equivalent conditions of Theorem 3.3 holds.

Theorem 3.5. If B has a bounded approximate identity and satisfies As-
sumption 3.4, then the followings are equivalent:
i) B is amenable;
ii) M(B) is Connes-amenable;

iii) M(B) has a normal, virtual diagonal.
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PRrROOF. (ii) = (i). Let M(B) be Connes-amenable, F be a pseudo unital
Banach B-bimodule and D : B — E* be a derivation. Since B is a closed ideal
of M(B) with a bounded approximate identity, there exists a unique extension
of D to a derivation D : M(B) — E* such that D is continuous with respect to
the strict topology on M (B) and the w*-topology on E*. We show that E* is a
normal, dual Banach M (B)-bimodule, and D : M(B) — E* is w*-w*-continuous.

Claim 1. For ¢ € E* and y € E, the mapping ¢, : A — C defined by
a— {¢,0(a) - y)E belongs to A,.

It suffices to show that ¢, is w*-continuous. Let a, “2 0 in A, by Assump-
tion 3.3, O(aq) 250 in M(B). On the other hand, there exist ¢ € B and z € E
such that y = c- z. Since 0(aq)c — 0 in B, we have

lmn(6,. a0) 4 = (6, 0(a0) -y} = lim{g, 0(an) ¢ =)z
= lim{¢, 0(aq)c - 2) p = lim(¢*, 6(an)c) a1 ()
= li£n<¢z|379(aa)c>3 =0,
where ¢* is an element of M (B)* defined by 7 — (¢, 7 - z) g and ¢*|p is in B*.
Claim 2. For ¢ € E* and y € E, as above, if ¢V : M(B) — C is defined by
T {¢,7-y)g and 3 : B — M(B) is the canonical mapping j(b) = (Ly, Ryp), then

for=jand ¢,01=¢Y 07
Let b € B, then for each ¢ € B we have

L,y () =27 (2(b)e(c)) = be = Ly(c)

and
R, (c) =17 (a(e)a(b)) = cb = Ry(c).

Therefore (Ly, Ry) = (Ly1), Ryp)), for each b € B, thus
0o Z(b) = e(l(b)) = (Lz(b)7 Rz(b)) = (Lb,Rb) = j(b)
Also for each b € B

(py 01,0)p = (By,1(b))a = ($,002(b) - y) & = (¢, 3(b) - Y)
= (0¥, (b)) m(By = (Y 0 ,0) .

Claim 3. If 7, Y5 7 in M (B), then for each A € A, and b € B we have

11I1’1<>\, Tab>B = <)\, Tb>B.



178 Bahman Hayati and Massoud Amini

For each (L, R) € M(B) and each b € B, we have
(L, R)0(2(b)) = (LLyv), Ryy R) = (L) Row)) = 3(L(b)) = 0((L(D))).
Let 7, = (Lo, Ra), 7= (L, R) and 74 “s 7. For each b € B we have

lim 6(1(La (b)) = Hm(La, Ra)0(:(b)) = (L, RO((b)) = 6G(L(D))).

Therefore, by Theorem 2.3, 1L, (b) EN 1L(b) in A for each b € B. Hence for each
A€ A, and b € B,
lIm(\, 740) p = lim(\, Lo (b)) p = lim (2L (b), A) 4,
= (L), \)a, = (AN LO)p = (\,7b)p.

Now we are ready to show that E* is a normal dual Banach M (B)-bimodule. If

Ta Y rin M (B), then for each z € E and ¢ € E*, there exist b€ Band y € E
such that x = b -y and

li JTa T)E = hm<¢a Ta (b Y))E
¢, Tab - y)p = lim(p¥, 7ab)

(¢
(
(Y, 9(Tab)) m(B) = 11m<¢y°],7ab>3
(
(

11H1<(b *Ta, >
li

li
i

°g e 95 =1 @a

¢y o1, Tob)p = hm<¢y, W(7ab)) A
lim(e(74b), dy) A, —hm<q§y,7'a VB
= (¢ T0) 5 = (9,70 - yY)p = (¢, 7- (b-y))p = (¢ T, 7)E.

To prove that D is w*-w*-continuous, let 7, — 0 in w*-topology. For z € E, take
y€ Fandbe B withz=>50-y. Then

<DT(X,$>E = <D(Tab) — 74 - Db, e = (D(1ab),y)E — (7o - Db,y)g — 0.

Since M(B) is Connes-amenable, D and so D is an inner derivation, therefore B
is amenable.

(i) = (iii). Since B is amenable, it has a virtual diagonal M € £2(B;C)*
such that a-M = M-a and a-A% M = a for a € B. Define M : £2.(M(B);C) — C
by (M,¢) = (M,), for ¢ € £2.(M(B);C)). Then M is linear and by Lem-
ma 3.1 (i), M € £2.(M(B);C)*. To prove that M is a normal, virtual diagonal
for M(B), it suffices to show that for each 7 € M(B), M -7 = 7 - M and
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7Aw-M = 7. By density of B in M(B), for each 7 € M(B) there exists a net
(@a)o C B such that a, — 7 in the strict topology. Since £2(B;C)* is a pseudo
unital Banach B-bimodule, there exist a € B and M’ € £2(B;C)* such that
M =a-M'. Thus ana — Ta in the norm topology, and aqa- M — 7a- M’ in the
w*-topology. Next, let b € B and M" € £2(B;C)* be such that M = M" -b, then
since M" - ba, — M" - br in the w*-topology, we have 7.M = M - 7, from which
and Lemma 3.2 (iii) it follows that 7 - M = M -7. To complete the proof, we need
to show that A,-M is the unit 1,5y of M(B) =Y*. Let (a®@\) & (b®p) + X
be an arbitrary element of Y. Then by Lemma 3.2 (ii)

(A M, (a®X) @ (b p) + X)y

= (M, Alpy((@@X) @ (0@ p) + X))e  (m(pyc)
= (M, Ay py((@a@X) @ (b p) + X)~ > 2(BiC)
= (M, A"(a A+ b))ezpiey) = (AF (M), a- A+ - b)) p-
= (A (M) -a,A)a, + (b AF (M), ) a,
= (a, N ax + (b, p)a, = N a)p + (1,0) 5 = (@), \)a. + (2(b), 1) a.
((Ig,IB),(a®@\) @ (b )+ X))y
= (Lm(p), (@@ X) @ (0@ p) + X))y

(iii) == (ii). This holds for any dual Banach algebra [19]. O

Ezample 3.6. Let G be a compact group and B = L'(G) then M(B) =
M(G) = C(G)*, hence A = M(G) and A, = C(G). The map ¢ : B — A is
the canonical embedding which takes f € L'(G) to f\, where X is the left Haar
measure on G and 6 : A — M (B) is the identity map. We show that 6 satisfies
Assumption 3.3. If ug Y0 in M (@), by the principle of uniform boundedness,
(#ta)o is norm bounded, say |pq|| < M, for each . We claim that p, — 0 in
wst-topology in M(G). For ¢ € L*°(G) and f € C(G), by [7, 2.39 (d)], since G
is compact we have ¢ x f € C(G). Therefore

i (o + f, 9) = (pra, @ % ) = 0,

and 0 = idpy(g) is w*-wst-continuous. Now since B = L'(G) is amenable, M (G)
is Connes amenable. Indeed by a result of V. RUNDE [19], [20], M (G) is Connes
amenable for each locally compact amenable group G

One should note that the identity map on M (G) is not w*-wst-continuous in
general. Take G = R and (z,,) a sequence in R such that z,, — co. Then for each
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f € Co(R), {6z, f) = f(z,) — 0, hence §,, — 0 in the w*-topology on M(R),
but for the constant function 1 € L (R) and each f € Cy(R), 1* f is a constant
function with value ¢y = fG f(y)dy, hence

(Oa, * f,1) = (00, 1x ) = (1% f)(2n) = ¢5.
Thus J,, does not tend to zero in the wst-topology on M (R).

Ezample 3.7. For a locally compact group G, let A(G), B(G) and VN(G)
be the Fourier algebra, the Fourier—Stieltjes algebra and the group von Neumann
algebra of G [6]. Let G be a discrete amenable group. We claim that the followings
are equivalent:

i) A(G) is amenable;
ii) B(G) is Connes-amenable;
ili) B(G) has a normal virtual diagonal.

Since G is amenable, by [17], M(A(G)) = B(G). Let C*(G) be the full
group C*-algebra of G with dual space B(G). Take B = A(G), A = B(G) and
A, = C*(G). By [6, Proposition 3.4] A(G) is an ideal in B(G). The induced
map from B(G) into M(A(G)) = B(G) is 0 = idp(g). We show that 6 Satisfies
Assumption 3.3.

Since G is amenable, A(G) has a bounded approximate identity which may
be chosen to be contained in A(G) N C.(G) [17]. Let uq Y20 in B(G), then by
the principle of uniform boundedness, (uy)s is norm bounded, say ||uy| < M.
Since G is discrete, {0, : * € G} C L*(G) C C*(G), and for each z,y € G

lim(ua 0z, 0y) = lim 6, (y)ua(y) = limuy (z) = lim(uq, 0,) =0
If ¢ = ZyeG a0y, then for each z € G,
lim(ua 0z, @) = lim Z 0y 05 (Y)ua(y) = limu,(x) = 0.
Finally for each T € VN(G),
lim (ua (Y Be6s ), T) = 0.
o247

Now let g € A(G) and T € VN(G) and € > 0 be given. Since A(G) N C.(G)
is norm dense in A(G), we may choose f € A(G) N C.(G) such that ||g — f]| <€
and

[(uag, T)| < [(ualg = £), T) + [(uaf, T)| < Me||T| + ¢,



Dual multiplier Banach algebras and Connes-amenability 181

for large «, therefore 6 = id g(¢) satisfies Assumption 3.3. Now A(G) is amenable
if and only if G is abelian by finite [8]. Hence for a discrete amenable group G,
B(G) is Connes-amenable if and only if G is abelian by finite. This was proved
by V. RUNDE using a different method in [22].

Let us have a closer look to Theorem 3.3. Assume that B is a Banach algebra
such that its multiplier algebra is already a dual Banach algebra. Take A = M (B)
and let A, be the existing predual of M (B). Then ¢ is the usual inclusion, if ii)
of Theorem 3.3 holds, then for each b € B, u € M(B)*, there is w € M(B), with

<:U’7 (LaR)b>M(B) = <M7L(b)>B = <(L’R)?W>M(B)* ((L’R) € M<B))

Notice that all that matters is the value of y restricted to B. So we really want
B - B* C M(B).. Although, this condition seems very strong, there exist some
Banach algebras satisfies in such condition.

Example 3.8. Let E be a reflexive Banach space with the approximation
property, then set B = &(E), the compact operators on F, so M(B) = £(E) =
A(E)**. We might then take A = £(E) and A, = EQE*. Again, we then want
A(E) - (E®QE*) C E®E* which is always true. So we recover a result of RUNDE
[22]: R(E) is amenable if and only if £(F) is Connes-amenable.
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