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Generalized derivations which extend the concept
of Jordan homomorphism

By VINCENZO DE FILIPPIS (Messina) and GIOVANNI SCUDO (Messina)

Abstract. Let R be a prime ring, U the right Utumi quotient ring of R, C' its
extended centroid, I a non-zero right ideal of R, f(z1,..., %) a non-central multilinear
polynomial over C, F'; G two generalized derivations of R, m > 1 a fixed integer. Denote
f(I) the set of all evaluations of the polynomial f(z1,...,z») in I. If F(u™) = G(u)™,
for any u € f(I), then we describe all possible forms of F' and G.

1. Introduction

In all that follows let R be a prime ring, Z(R) the center of R, R be the right
Utumi quotient ring of R and C = Z(U) be the center of U. C' is usually called
the extended centroid of R and is a field when R is a prime ring. It should be
remarked that U is a centrally closed prime C-algebra.

We recall that an additive map d on R is called a derivation if d(zy) =
d(x)y + xd(y), for all z,y € R. We now also recall the definition of a generalized
derivation of R. Let R be an associative ring and d be a derivation of R. An
additive map G : R — R is called a generalized derivation of R if

G(ry) = G(2)y + zd(y)

for all z,y € R. For fixed elements a and b of R, the map G : R — R defined
as G(z) = ax + xb for all x € R is a generalized derivation of R. A generalized
derivation of this form is called an inner generalized derivation. The definition of
generalized derivations is a unified notion of derivations and centralizers, which
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have been investigated by many researchers from various view points (see [14],
[20]). We would like to point out that one of the leading roles in the development of
the theory of generalized derivations is played by the inner generalized derivations.

We say that an additive map F' acts as a homomorphism on a subset 7' C R,
if F(zy) = F(x)F(y), for all z,y € T; F acts as an anti-homomorphism on T, if
F(zy) = F(y)F(z), for all x,y € T; finally F acts as a Jordan homomorphism
on T if F(x?) = F(x)2, for all x € T. Obviously any additive map, which is
a homomorphism or an anti-homomorphism, is a Jordan homomorphism. On
the other hand, in [15] (p. 50) Herstein proves that in case R is a prime ring
of characteristic different from 2, any Jordan homomorphism on R is either a
homomorphism or an anti-homomorphism of R.

In [5, Theorem 3] BELL and KAPPE prove that if d is a derivation of a prime
ring R which acts as a homomorphism or anti-homomorphism on a non-zero right
ideal of R, then d =0 on R.

In [28] WANG and YOU extend this result to a Lie ideal L of a prime
ring R with characteristic different from 2. They prove that there is no non-
zero derivation acting as a homomorphism or anti-homomorphism on L, unless
when L C Z(R).

Later, REHMAN (in [27]) and ALBAS and ARGAGQ (in [1]) study the case
when the derivation d is replaced by a generalized derivation G associated to a
derivation d. In both papers it is proved that if 0 # G acts as a homomorphism or
anti-homomorphism on I, a non-zero ideal of the prime ring R, then either d =0
or R is commutative. In particular, if assume that G acts as a homomorphism
on I, then either R is commutative or G is the identity map on R. On the
other hand, if assume that G acts as an anti-homomorphism on I, then R is
commutative.

Many researchers develop the previous mentioned results, by studying deriva-
tions and other kinds of additive mappings acting on Lie ideals, two-sided ideals
and one-sided ideals of prime and semiprime rings. Most of the obtained results
are concerned with homomorphisms, anti-homomorphisms and derivations, see
for instance [8], [30].

More recently, in [9] DHARA et al. prove the following result

Theorem. Let R be a prime ring, U the right Utumi quotient ring of R, C' its
extended centroid, f(x1,...,x,) a non-central multilinear polynomial over C, F a
non-zero generalized derivation of R, I a non-zero right ideal of R, m > 2 a fixed
integer. Denote f(I) the set of all evaluations of the polynomial f(x1,...,x,)
inI. If F(u™) = F(u)™, for any u € f(I), then one of the following holds:
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(1) IC = eRC for some idempotent element e € soc(RC) and f(x1,...,zy) Is
central valued on eRCe;

(2) there exist a,b € U and «, 8 € C such that F(z) = ax + zb, (a — o)l =
(b—B)I = (0), with (a+ g)™ 1 =1;
(3) there exists a € U such that F(z) = ax and al = (0).

Following this line of investigation, in this paper we will continue the study
of generalized derivations of R acting on the elements of a suitable subset S of R.
The main results of this paper are the following:

Theorem 1. Let R be a prime ring, U the right Utumi quotient ring of R,
C its extended centroid, f(x1,...,2,) a non-central multilinear polynomial over
C, F,G two generalized derivations of R, m > 1 a fixed integer. Denote f(R) the
set of all evaluations of the polynomial f(x1,...,z,) in R. If F(u™) = G(u)™,
for any u € f(R), then one of the following holds:
1. char(R) =2 and R C M>(C), the ring of 2 x 2 matrices over C;
2. there exists A € C such that F(z) = ™z, G(x) = Az, for all x € R;

3. f(x1,...,x,)™ is central valued on R and there exist A € C and q € U, such
that F(z) = A"z + [¢,z], G(x) = Az, for all z € R.

Theorem 2. Let R be a prime ring, U the right Utumi quotient ring of R,
C its extended centroid, I a non-zero right ideal of R, f(x1,...,%,) a multilinear
polynomial over C, F,G two generalized derivations of R, m > 1 a fixed integer.
Denote f(I) the set of all evaluations of the polynomial f(x1,...,zy) in I. If
Fu™) = G(w)™, for any u € f(I), then one of the following holds:
1. There exist a’,c',q¢' € U and 8, \ € C such that F(x) = a'x + X" }[¢, ],
G(z) = dx+[¢,z], for all x € R, with (¢ = X)I =0, (¢’ — A™)I =0 and
(¢ —B)I =0;
2. IC = eRC for some idempotent element e € soc(RC) and f(z1,...,x,) is
central valued on eRCe;

3. IC = eRC for some idempotent element e € soc(RC'), char(R) = 2 and
eRCe satisfies s4(x1,...,x4), the standard identity of degree 4;

4. IC = eRC for some idempotent element e € soc(RC), f(x1,...,z,)™ is
central valued on eRCe and there exist a’,b',c’ € U and \ € C, such that
F(z)=dz+ [V, z], G(zx) = 'z, for all x € R, with b'e = eb'e, (¢ —AN)e =0
and (a/ — A\"™)e = 0;

5. IC = eRC for some idempotent element e € soc(RC), f(x1,...,z,)™ Is
central valued on eRCe and there exist a’,b’,c’,q' € U and 8 € C, such that
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F(z) = d'z + [V,z], G(z) = dz + [¢, =], for all x € R, with ble = ele,
de=0,de=0and (¢ — e =0.

We also remark that:

Fact 1. Every generalized derivation A on a dense right ideal of a semiprime
ring R can be extended to U and assumes the form A(z) = px + h(x), for some
p € U and h derivation on U (Theorem 3 in [20]).

Throughout this paper, unless specially stated, R is always a prime ring with
center Z(R), right Utumi quotient ring U and extended centroid C, I a non-zero
right ideal of R. The definition, axiomatic formulations and properties of this
quotient ring can be found in [4] (Chapter 2). Moreover let f(z1,...,2z,) be a
non-central polynomial over C. We will use the following notation:

f(xl, SR ,a:n) = Z 04033‘0(1).130(2) SR xo(n)
oES,

for some a, € K and S,, the symmetric group of degree n. Moreover we denote
by f(z1,...,2,) the polynomial obtained from f(z1,...,x,) by replacing each
coefficient o, with d(c). Thus

A(f(re, o)) =FAr e ra) + > (o d(r), ), Vra,ra, . e €R.

We remark that, by Fact 1, we assume that F'(z) = az+d(z) and G(z) = cz+g(x),
for some a,c € U and d, g derivations on U.
Hence we have that R satisfies the generalized differential identity

3

af(xy,...,z,)" + f(xl,...,xn)jd(f(xl,...,xn))f(xh...,mn)m*jfl

j=0
—(cf(xl,...,mn)—|—g(f(3:1,...,a:n)))m (1)
that is
m—1
af(xy,...,zn)" + flx,.. 7ncn)](f (1,0, 2n)
j=0

-‘rzf(l'1,...,d(xi),...7xn))f(x17.”,xn)m—j—1

—(cf(xl,...,xn)—I—fg(arl,...,xn)—|—Zf(xl,...,g(xi),...,xn)> . (2

We introduce some preliminary results which will be useful in the sequel.
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Proposition 1. Leta,c € U andd, g : R — R derivations of R, f(x1,...,%y)
a multilinear polynomial over C' and denote
D(x1,...,2n) = (af(xl, ce &) d(f (2, - 7gcn)m))
—(cf(@1yeovmn) + g(f(@1, .. ow) " (3)
If ®(xy,...,x,) is a generalized polynomial identity for I, then either R is a GPI-

ring or d(I)I = (0), g(I)I = (0) and there exists A € C such that (¢ — \)I = (0)
and (a — X™)I = (0).

PrROOF. Assume that R does not satisfy any non-trivial generalized polyno-
mial identity.
Let w € I, then R satisfies
(uzy,. .., uxy) = (af(uzy, ..., uzy)™ + d(f(uzy, ... uz,)™))
— (cef(uzr,. .. uzy) + g(f(uz, ... ,uz,)))". (4)
In case both d and g are inner derivations, induced respectively by two ele-

ments b, g € U, then F(z) = ax+[b, 2] = a’z—zband G(z) = cx+[q, ] = x—2xq,
with @’ = a + b and ¢ = ¢+ ¢q. Therefore, by (4), R satisfies

(a f(uzy, ..., uzy)™ — f(uxy,...,uz,)™D))
— (¢ flumy, ... uzy) — fluzy,. .. ,uxn)q)m. (5)
If {1,b,q} are linearly C-independent, by [7], since R does not satisfy any
non-trivial generalized polynomial identity and by (5), it follows that R satisfies
f(uzy, ... ,ux,)™b, that is b = 0, a contradiction. Analogously, if {u, a’u, c'u} are
linearly C-independent, we get a’u = 0, a contradiction.
Hence, we assume that there exist «, 58,7, A € C, such that

g=a+pBb, du=~yu+ Adu. (6)
Now R satisfies

a fluzy,...,uxy)™ — fluzy,...,ux,)™b
— ((v+ X)) f(uar, .. uwy) = fluzs,. . uay) (o + Bb)™. (7)
Assume {a'u,u} C-linearly independent. Thus, by (7) R satisfies
d fluzy,. .. uzy) (f(uzy,. .. uz,)™ "

— A fuzq, ... uxy) — f(uz, ..., uzy)(a+ Bb—7))" 1)
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in particular R satisfies

f(u‘rla s 7U$n)m71

— AN f(uwy,. .., uzy) — fluzy,. .. uzy,)(o+ Bb— 'y))m_l. (8)

Again since R is not a GPI-ring, then (8) is a trivial generalized polynomial
identity for R, thus

N fuzy,... ux,) (A f(uzy,. .. uzy) — fuas,...,uz,)(a+ Bb— 7))m_2

is also a trivial generalized polynomial identity for R. Continuing this process
we obtain that \™a’ f(uz1,...,uz,) is satisfied by R, which is a contradiction,
unless when A = 0. In this last case, by (8) we also have the contradiction
fluzy, ... uz,)™ 1 =0.

Hence, there exists ' € C' such that a'u = XNu and (7) reduces to

fluzy, .. uwy) (fluzy, .. uzn)™ (N = b)
—((v+ 2N = a—ﬁb)f(uxl,...,uwn))mfl('y—i—)\)\’ — a— f8b)).

Since R does not satisfy any non-trivial generalized polynomial identity, then R
satisfies

fluzy,. .. ux,)™ 1N —b)
— (Y + AN —a = Bb) f(uzy, ... uwn)) " (v 4+ AN —a — Bb). (9)

Since R is not a GPI-ring, then by (9), {(v + AN — a — Bb)u,u} are not linearly
C-independent, that is there exists \” € C such that (v + AN —a — Bb)u = X'u.
If 8 # 0, then {bu,u} are C linearly dependent as well as {qu, u}. In this case,
the previous argument shows that for any v € I any of {a'u, u}, {bu, u}, {cu,u},
{qu,u} are linearly C-dependent, and in this case it is well known that there exist
W v V" e C such that (o' — p/)I = (0), (b—p")I = (0), (¢ —v')I = (0) and
(¢ —v")I = (0). In particular this means that d(I)I = (0) and g(I)I = 0, and
also both d(f(z1,...,z,)) and g(f(x1,...,x,)) are differential identities for I.
On the other hand, if 8 =0, then ¢ = « € C and (9) reduces to

Fluzy, ... ux,)™ YN = b) = fluzy, ..., uz,)" N (v + AN —a) (10)

which implies b € C. Thus, d = g = 0, and as above (¢’ — p/)I = (0) and
(¢ —v)I =(0).
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In any case, I satisfies

(u'f(xl, e )™ =V f (2, ,a:n))m)

that is p/ — /™ = 0, as required.

Thus we suppose in all that follows that at least one of d and g must be not
U-inner. In this situation we prove that a number of contradictions occurs.

If g = 0, we may assume that d is not U-inner; then, for any u € I, by (4)
and by KHARCHENKO’s theorem (see [13]) R satisfies

m—1

af(uzy,...,ux,)™ + Z fuzy, ... uxy,) <fd(ux1,...,uxn)

j=

+ Zf(uml, coout; +d(w)zg, ... ,u:rn))f(uxl, Uy

— (cf(uxl,...,uxn))m. (11)
In particular,
m—1
Z fluzy, . uan)? Z fluzy, ... uty, ... uzy,) f(uzy, ... ue,)™ 971
Jj= i

is a non-trivial generalized polynomial identity for R, a contradiction.
Consider now the case d = 0. Thus we may assume that g is not U-inner;
then, by (4) and KHARCHENKO’s theorem (see [13]), for any u € I, R satisfies

af(ury,. .., ux,)™
- (cf(uatl, coouy) + I (uxy, ... uxy,) +Zf(ux1, coouzitg(u)ag, ... 7uacn))

and in particular f(uz1,uzs,...,ux,)™ is a non trivial generalized polynomial
identity for R, which is again a contradiction.

In all that follows we assume both d # 0 and g # 0. Now we have the
following cases:

Case 1: d and g are C-linear independent modulo X -inner derivations.

In this case, by (4) and for any u € I, applying again Kharchenko’s theorem, it
follows that R satisfies:

m—1
af(uwy, ... uxy)™ + Z fluzy, ... ux,) (fd(uxl,...,uwn)+Zf(u:c1,...7uti
§=0 i

+ d(u)x,, . .. ,uxn)) fluzy,. .. ux,)™ 97 — (cf(uml, ce, UTy)
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m
+ f9(uzy, .. uTy) + Zf(uxl, coouz +glw)g, .., uxn)> . (12)
i
As above, R satisfies the blended component f(uz1,uzs,...,ux,)™, and this is a
contradiction.

Case 2: d and g are C-linear dependent modulo X -inner derivations.
In this case there exist a non-central element ¢ € U and «,5 € C such that
ad + Bg = ad(q), the inner derivation induced by g.
o If a =0, then g(x) = [z, 37 1q|, for all z € R and d is not an inner derivation.
For any u € I, by Kharchenko’s theorem (4) reduces to

1

af(uzy, ... uxy)™ + z_: fluzy, ... ux,) (fd(uxl,...,uxn)

j=0

+ Zf(uml, coout; +d(u)ag, .. ,ua:n)>f(ux1, cout,)™ I

- (cfwxh o) + [fluzs, um,ﬂlq]) | (13)
In particular R satisfies
m—1 ) ]
Z fluzy, ... uxy,)’ (Z fluzy, ... uty,. .. ,uxn)>f(ux1, couxy)™ I (14)
j=0 i

which is again a non-trivial generalized polynomial identity, a contradiction.

e If 3=0, then d(z) = [z, 1q], for all z € R and g is not an inner derivation.
For u € I, by KHARCHENKO’s theorem (4) reduces to

af(uxy, ... uxy)™ + [f(uml,...,uxn)m,a_lq] - (cf(uml,...,uxn)

+f9(uxy, ..., uzy,) —I—Zf(ux17...7uzi +g(u)xi,...,uxn))m (15)

and in particular R satisfies f(uzi,uzs,...,ux,)™. As above, this leads to
a contradiction.
 Finally, we analyze the case both a # 0 and 8 # 0, hence g(x) = ~vd(z) +
[#,q'], for all x € U, where v = —a~! and ¢’ = 37 1¢.
In this case we may assume that d is not an inner derivation. Therefore,
by (4) and u € I, R satisfies

m—1

af(uxy,...,ux,)™ + Z fluxy,. .. uxy,)’ (fd(uarl,...,uxn)

Jj=0
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+ Zf(uxl, o dw)z +ud(xg), .. ,ux,))f(uxl, ceuxy)" It
- (cf(uxl,...,u:cn)+'yfd(usc1,...7uxn) +va(ux1,...7d(u)a:i

+ud(z;), ..., uzy) + [f(uzy, ... uzy,), q’]) . (16)

Since d is not inner, by Kharchenko’s result and (16), it follows that R satisfies

m—1

af(uzy,...,ux,)™ + Z fluxy,. .. uxy,) (fd(uxl,...,u:rn)+

=0

+ Zf(uxl, e ,uti,...,u:z:n)>f(ux1,...,uzn)mj1
d
- (cf(uxl,...,uxn) +yfuzy, ... uzy) +Z'yf(ua:1,...,uti,...,ua:n)
i

+[f(x1,...,xn),q/]>m

and, in particular, for 1 = 0, v™ f(ut1, uxs . .., ux, )™ is a generalized poly-
nomial identity for R, a contradiction again. (]
Proposition 2. Let R be a prime ring, I a non-zero two-sided ideal of R and
f(x1,...,x,) anon-central valued polynomial over C, the extended centroid of R.
If F: R — R is a generalized derivation associated with a derivation d : R — R

such that F(f(r1,...,rp)) € C forallry,...,r, € I, then either char(R) = 2 and
R C M5(C), the ring of 2 x 2 matrices over C, or F(x) =0, for all x € R.

PROOF. In light of Fact 1, we have that there exists a € U, the Utumi
quotient ring of R, such that F(z) = ax + d(z), for all x € R. Thus I satisfies
the generalized differential identity

laf(zy, ..., zn) +d(f(21,...,20)), Tt ]

Since by [21], T and R satisfy the same differential identities, then we have that
R satisfies F(f(x1,...,2,)) € C. Let S the additive subgroup generated by the
subset

{f(r1,...,r) | r1,...,mn € R}.
S is a Lie ideal of R, indeed for any r € R, v1,...,yn € R one has

[T’f(y:l?""yn)] :Zf(yl?""[r7yi:|7"'7yn) GS'
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If S is non-commutative then, by [15] (page 4-5), either char(R) = 2 and R
satisfies the standard identity s4(x1,...,x4) or there exists a non-zero two-sided
ideal J of R such that 0 # [J,R] C S. In the first case, it is well known that
R C U = My(C), the 2 x 2 ring of matrices over C.

In the latter case it is easy to see that F'([r1,72]) € C, for all ri,75 € J. In
particular [F(u),u] = 0 for all w € [J,J]. Since [J,J] is a non-central Lie ideal
of R, it follows easily that F' must be zero (see for example Theorem 3.3 in [12]).

Hence we may consider the only case when S is commutative.

Thus [f(21,...,2n), f(Y1,-..,yn)] is an identity in R. This means that there
exist a field K and a positive integer m such that [f(x1,...,2.), f(y1,. .., yn)] I8
also an identity in M,,(K). If m = 1, R is commutative, thus we suppose m > 2.
Since f(x1,...,%n) is not central valued on R, there exist r1,...,r, € M, (K)
such that f(r1,...,r,) =a ¢ Z(R), so that [a, f(y1,...,yn)] is also a generalized
identity in M,,(K). By a result of LEE (see [22, Lemma 5 and Theorem 6]), we
have the contradiction that f(x1,...,x,) is central valued on R. (]

As easy consequences we get the following:

Fact 2. Let R be a prime ring, I a non-zero two-sided ideal of R and
f(x1,...,x,) a non-central polynomial over C, the extended centroid of R. Let
a,b € U be such that af(r1,...,rn) + f(r1,...,mn)b € C for all r1,...,7r, € I,
then either char(R) =2 and R C My(C) or a=—-be C.

Fact 3. Let R be a prime ring, I a non-zero two-sided ideal of R and
f(x1,...,x,) a non-central polynomial over C, the extended centroid of R. Let
a € U be such that [a, f(r1,...,m,)] € C for all r1,...,r, € I, then either
char(R) =2 and R C M»(C) ora € C.

Fact /. Let R be a prime ring, I a non-zero two-sided ideal of R and
f(x1,...,2,) a polynomial over C, the extended centroid of R. Assume that
f(x1,...,2,) is not a polynomial identity for R and let 0 # a € U be such that
af(ri,...,rn) € Cforallry,... ,r, € I. Then either char(R) = 2 and R C M>(C)

ora€ Cand f(x1,...,z,) is central valued on R.

Proor. If f(z1,...,z,) is not central valued on R and since a # 0, then,
by Proposition 2, it follows char(R) = 2 and R C M3(C). On the other hand, if
f(x1,...,x,) is central valued on R, then, for any x,r,...,r, € R, we get

0=laf(ri,...,rn), 2] =[a,z]f(re, ..., ).

Hence, by [6] and since f(z1,...,2,) is not an identity for R, it follows [a, z] = 0,
for all z € R, and we are done. O
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2. The case of inner generalized derivations

In this section we study the case when the generalized derivations F,G are
inner, induced by the elements a,b, ¢, q € U, that is, for all x € R, F(z) = ax+xb
and G(z) = cx + xq. Hence R satisfies the following generalized polynomial iden-
tity

P(xy,...,xn) = (af (X1, .., 20)™ 4+ f(21,...,2,)™D)
_(cf(xl,...,:rn)+f(x1,...,xn)q)m. (17)

As a reduction of Proposition 1, the following holds:

Proposition 3. Assume P(zi,...,x,) is generalized polynomial identity
for R. Then either R is a GPI-ring or a,b,c,q € C and (c+ q¢)™ = a + b.

Lemma 1. Let R = M;(C), the ring of t X t matrices over the field C,
with t > 1, a, b, ¢, q elements of R such that R satisfies the relation (17). Then
¢,q € Z(R) and one of the following holds:

(1) char(R) =2 and R satisfies s4;
(2) f(x1,...,xn)™ is central valued on R and (¢ + q)™ — (a +b) = 0;
3) b=(c+q™ —ac Z(R).

PROOF. Since f(x1,...,,) is not central, by Lemma 5 in [19] and Lemma 2
in [24], there exist uy, ..., u, € My(C) and v € C—{0}, such that f(ui,...,u,) =
~veri, with k # [. Here eg; denotes the usual matrix unit with 1 in (k,{)-entry and
zero elsewhere. Moreover, since the set {f(vi,...,vn) : v1,...,0, € M(C)} is
invariant under the action of all C-automorphisms of M;(C), for any ¢ # j there
exist 71,...,7, € M(C) such that f(ri,...,rn) = €.

Say ¢ =), Crseps and ¢ = Y Grs€rs, Where ¢pg,¢rs € C. In (17) assume
that f(z1,...,2,) = €5, then

(ceij + eijq)m =0

which implies both ¢ and ¢ are diagonal matrices in R.
Let ¢ be the inner automorphism on M;(C') defined as follows:

plx) = (1+e;)x(l —e5) =+ €50 — xe;; — ejze;;, 17 J.

Since the set {f(r1,...,7,) | 7 € R} is invariant under the action of ¢, the
elements ¢(a), ¢(b), ¢(c) and p(g) must satisfy the same conditions which are
satisfied by a,b,c and ¢. Thus, if denote p(c) = > cl.ers and p(q) = > gl ers,
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with ¢, ¢, € C, we have that both ¢}, = 0 and ¢j,, = 0, for all [ # m. Easy
computations show that ¢; = ¢ and ¢ = Gmm, for all [ # m, that is both

c€ Z(R) and g € Z(R). If denote A\ = ¢+ ¢, then R satisfies

(a = A" f(z1, ..., 20)™ + f(z1,. .., @)D,

By Fact 2, it follows that one of the following holds:

(1) char(R) = 2 and R satisfies s4;

(2) f(x1,...,2,)™ is central valued on R and A™ = a + b;

3) b=A"—-a € Z(R). O

Proposition 4. Let R be a prime ring, a, b, ¢, q¢ elements of R such that R
satisfies the relation (17). Then c¢,q € C and one of the following holds:

(1) char(R) =2 and R satisfies s4;
(2) f(x1,...,2,)™ is central valued on R and (¢ + q¢)™ = a + b;
B)b=(c+qgm™—-acC.

PrOOF. By Proposition 3, P(x1,...,x,) is a non-trivial generalized polyno-
mial identity for R. Moreover U and U ®¢ C are both centrally closed algebras
([10], Theorems 2.5 and 3.5) and, in case C is infinite, they satisfy the same
generalized polynomial identities.

Hence, replacing R by U or U ®¢ C, as well as C is finite or infinite, we
may assume, without loss of generality, C = Z(R) and R is a C-algebra cen-
trally closed. By MARTINDALE’s theorem in [26], R is a primitive ring which is
isomorphic to a dense ring of linear transformations of a vector space V over C.

Consider the case dime (V) = ¢, with ¢ finite positive integer > 2. In this
condition R is a simple ring which satisfies a non-trivial generalized polynomial
identity, moreover M;(C') satisfies the same generalized identity of R and we get
the conclusion by Lemma 1.

Let now dim¢ V' = oo. Since the set {f(r1,...,7) | 71,...,7 € R} is dense

in R, from (17) we have
(aX™ 4+ X™b) — (X + Xq)™ (18)

for all X € R (see Lemma 2 in [29]). Moreover, eHe is a simple central algebra
finite dimensional over C, for any minimal idempotent element e € H = soc(R).
We may assume H non-commutative, otherwise also R must be commutative.
Notice that H satisfies relation (18) (see for example [17, proof of Theorem 1]).
Since H is a simple ring then one of the following holds: either H does not
contain any non-trivial idempotent element or H is generated by its idempotents.
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In this last case, let e = e € H and replace in (18) X with ex(1 —e). Thus
(cex(1—e) + ex(1—e)q)™=0. Right multiplying by e, it follows (ex(1—e)q)™e=0,
and a fortiori (z(1 — e)ge)™ ™ = 0, for all z € R. By [11], we get (1 — €)ge = 0,
for any idempotent e € H.

This implies that, for any idempotent element of rank 1, ge = ege. In a similar
way we may prove eq = eqe. Hence [q, e] =0, for any idempotent element of rank 1,
and [q, H] = 0, since H is generated by these idempotent elements. This argument
gives that ¢ € C'. Analogously, left multiplying (cex(1 —e) + ex(1 —e)q)™ = 0 by
(1 —e), we have (1 —e)(cex(1 —e))™ = 0 and so ((1 — e)cex)™ ! = 0. As above
(1 —e)ce =0 for any idempotent e € H, then ¢ € C.

Denote ¢+ g = A € C, then H satisfies (a — A™)X™ 4+ X™b. By Fact 2, and
since H does not satisfy any polynomial identity, it follows b = A" —a € C.

Assume now H does not contain idempotent elements, then H is a finite
dimensional division algebra over C. If C' is finite then H is a finite division ring,
that is H is a commutative field and so R is commutative too.

If C is infinite then H ®¢c K = M, (K), where K is a splitting field of H.
In this case, a Vandermonde determinant argument shows that (18) is still an
identiy for M,.(K). As above one can see that if r > 2 then ¢,q € C and b =
Am—aeC. (]

3. Generalized derivations in prime rings and semiprime rings

We recall that, by [21, Theorem 3], U satisfies the differential identity (2).
We first analyze the special cases when at least one of F' and G is zero:
Fact 5. If G = 0 then one of the following holds:
(1) F=0;
(2) char(R) =2 and R C M3(C), the ring of 2 x 2 matrices over C}
(3) f(x1,...,xn)™ is central valued on R and there exists ¢ € U, such that
F(z) = [g,z], for all x € R.

PROOF. By Proposition 2, either F' = 0, or char(R) = 2 and R C M3(C), or

f(x1,...,2,)™ is central valued on R. In this last case, U is a central simple alge-
bra, finite dimensional over its center, and there exists ¢t > 1 such that U = M;(C),
the ring of ¢ x t matrices over C. Moreover, since U satisfies F(f(z1,...,2,)™),

then af(x1,...,xn)™ +d(f(x1,...,2,)™) is a differential identity for U. There-
fore, for all r1,...,r, € U,

af(riy...,rn)™ = =d(f(ri,...,m)™) € C (19)
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which implies a € C, since f(x1,...,2,)™ is central valued on R.
In case d is an inner derivation of U, then there exists an element ¢ € U
such that d(z) = [g,x], for all € R. Therefore d(f(r1,...,r,)™) = 0, for all

ri,...,rn € U, since f(x1,...,2,)™ is central valued on U.
Thus af(ri,...,rn)™ = —=d(f(r1,...,mn)™) =0, forall rq,...,7r, € U. Since
f(z1,...,2,)™ is central valued and f(z1,...,z,) is not an identity for U, it

follows that a = 0 and F(x) = d(x) = [¢, z], for all z € R.
We now assume that d is not inner. Since U satisfies

m—1

af(xy,...,zn)" + Z f(asl,...,xn)j(fd(:vl,...,xn)

J

=0
+Zf(a;l,...,d(:ci),...,xn))f(:cl,...,xn)mﬂfl (20)

then, by KHARCHENKO’s theorem ([13]), it follows that U satisfies

[

m—

af(xy,...,zn)™ + f(xl,...,J;n)j<fd(x1,...,xn)

j=0

—G—Zf(xl,...,ti,...,xn)>f(x1,...,xn)m_j_1. (21)

Therefore the blended component

m—1

> f@r,. . wn) (;f(xl,...,ti,...,xn))f(xl,...,xn)mj1 (22)

=0

is a polynomial identity for U. In particular, for t; = 21 and any ¢; = 0 (for all i #
1) in relation (22), we have that U satisfies m- f(x1,...,z,)™. Since f(x1,...,2p)
is not an identity for U, it follows that char(U) = m. Hence, application of
Theorem 10 in [24] implies the contradiction that f(x1,...,x,) is central valued
on U, unless when char(U) = 2 and ¢t = 2, that is char(R) = 2 and R C M»(C),
as required. O

Fact 6. If F =0 then G =0.

PROOF. By our assumption, G(f(z1,...,x,))™ is a generalized differential
polynomial identity for R. In this case, by [25, Thoerem 3] and since f(z1,...,2,)
is not central valued on R, we get the required conclusion. ([

Remark 1. We would like to point out that the results obtained in Facts 5
and 6 are implicitely contained in the conclusions of Theorem 1.
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3.1. The proof of Theorem 1. In case both d and g are inner derivations,
induced respectively by two elements b, ¢ € U, then we have F(x) = ax + [b,z] =
(a + b)z — zb and G(x) = cx + [g,2] = (¢ + ¢)x — zq. Therefore the conclusion
follows by main theorem of previous section.

Thus we suppose in all that follows that at least one of d and g must be not
U-inner. In this situation we prove that a number of contradictions occurs.

If g = 0, we may assume that d is not U-inner; then, by (2) and KHARCHEN-
KO’s theorem ([13]) U satisfies

af(xy,...,xn)™ + Z flzy,...,x,)7 (fd(ml,...7xn)

+Zf(x1,...,ti,...,xn))f(gcl,...7xn)m_j_1 — (cf(ml,...7xn))m (23)

In particular, U satisfies the blended component

m—1
flx,... ,xn)j Zf(.rh. vty ) f@, . 7$n)m—j—1
=0 i
Consider a non-central element b € U and replace ¢; by [b, z;] for any i = 1,...,n.

Then, for all x1,...,x, € U

—

m—

f(zl’ e ,l’n)j[b7f(l’1, e axn)}f(xlv s 7xn)m7j71 =0

Jj=0

that is [b, f(z1,...,2,)™] =0, for all z1,...,2, € U. By Fact 3 and since b ¢ C,
we have that either char(U) = 2 and U = M3(C), or f(z1,...,2,)™ is central
valued on U. In this last case, U is a central simple algebra, finite dimensional
over its center, and there exists ¢ > 1 such that U = M;(C), the ring of ¢ x ¢
matrices over C.

Since f(z1,...,%,) is not central, by Lemma 5 in [19] and Lemma 2 in [24],
for any k # [, there exist uy,...,u, € M(C) and v € C — {0}, such that
flug,...,uy,) = ver;. Thus, for ¢ = 0 and f(uq,...,u,) = yex in relation (1),
we have (cex;)™ = 0, and a standard argument shows that ¢ € C. Hence, again
by (1), since both f(z1,...,2,)™ and d(f(x1,...,2,)™) are central matrices, we
get (™ —a)f(z1,...,2,)™ € C. By Fact 4 it follows ¢™ —a = A € C. Thus
a € C and M;(C) satisfies

)\f(xl,...,xn)m:d(f(xl,...,a:n)m). (24)
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By using the same argument in Fact 5 (see relation (19)), one may prove that
A = 0 and d is an inner derivation of M;(C). Hence a,c € C and ¢™ = a and
d(z) = [g, ], for all € R and suitable ¢ € U, as required.

Consider now the case d = 0. Thus we may assume that g is not U-inner;
then, by (2) and KHARCHENKO’s theorem (see [13]) U satisfies

af(x,...,zn)" — (cf(xl,...,;vn)—l—fg(xh...,xn)+Zf(x1,...,zi7...,xn)>

m

and in particular f(z1,x9,...,2,)™ is a polynomial identity for U, which leads
to the contradiction that f(z1,...,2,) is a polynomial identity for U (see Main
Theorem in [6]).

In all that follows we assume both d # 0 and g # 0. Now we have the
following cases:

Case 1: d and g are C-linear independent modulo X -inner derivations.
In this case, by (2) and applying again Kharchenko’s theorem, it follows that U

satisfies:
m—1 ,
af(zr,...,xn)™ + Z flxe, .. xn)’ (fd(xl, cey Ty)
§=0

+Zf(l'l,...,ti,...75L’n))f(x1’_“7xn)m_j_1

_ (cf(:cl,...,xn) + f9(x1,. .., Tp) —|—Zf(a:1,...,zi,...,xn)> ) (25)

As above, U satisfies the blended component f(z1,xs,...,z,)™, which is a con-
tradiction again.
Case 2: d and g are C-linear dependent modulo X -inner derivations.
In this case there exist a non-central element ¢ € U and «,8 € C such that
ad + Bg = ad(q), the inner derivation induced by gq.
o If @ = 0, then g(z) = [z, 371q], for all z € U and d is not an inner derivation.
By Kharchenko’s theorem (2) reduces to

m—1

af(xy,...,xn)™ + Z f(xh...,acn)j(fd(xl,...,xn)
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In particular U satisfies

m—1

> f@r, ) <Z f(xl,...,ti,...,:cn)>f(x1,...,xn)mj1. (27)
j=0 i
Consider a non-central element b € U, then in (27) replace any t; with [b, z;].
Hence U satisfies [b, f(x1,...,2,)™]. Since b ¢ C, by Fact 3 it follows that
either char(U) = 2 and U = My(C) or f(z1,...,2,)™ is central valued
on U. In this last case, U is a central simple algebra, finite dimensional over
its center, and there exists ¢ > 1 such that U = M;(C), the ring of ¢ x ¢
matrices over C.

Since f(z1,...,%,) is not central, by Lemma 5 in [19] and Lemma 2 in
[24], for any @ # j, there exist uy, ..., u, € M(C), such that f(ui,...,u,) =
e;;. Hence by (26) we have

(cesj + [eij, B q])" = 0. (28)

In particular, right multiplying by e;;, it follows (e;;(87'q))™e;; = 0 for
all 4 # j, which implies that ¢ is a diagonal matrix. As above, a standard
argument shows that ¢ € C, that is g = 0, a contradiction.

o If 3 =0, then d(z) = [x,a"!q|, for all z € U and g is not an inner derivation.
By Kharchenko’s theorem (2) reduces to

af(xy,...,zn)" + [f(xl, . ,xn)m,a_lq}

- <cf(x1,...,xn)Jrfg(xl,...,:z:n)Jer(xl,...,zi,...,mn)) (29)

and in particular U satisfies f(z1,x2,...,2,)™. As above, this leads to the
contradiction that f(x1,...,2,) is a polynomial identity forU.
 Finally, we analyze the case both a # 0 and S # 0, hence g(z) = ~vd(z) +
[#,q'], for all x € U, where vy = o~ '3 and ¢/ = a~!q.
In this case we may assume that d is not an inner derivation. Therefore,
by (2), U satisfies

af(xy,...;xn)™ + f(ml,...,xn)j(fd(xl,...,mn)
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+[f(x1,...,xn),q']) . (30)
Since d is not inner, by Kharchenko’s result and (30), it follows that U
satisfies

m—1 )
af(x1,...,x0)™ + Z flxy, .. xn)? (fd(scl, )
§=0

+Zf($17""ti7'"’xn))f(xl7~-~,$n)m_j_l
_ (cf(xl,...,xn) +yf @, ) +nyf(x1,...,ti,...,xn)

+ [f(xl,...,xn),qf])m

and, in particular, for 1 = 0, v f(t1,z2...,z,)™ is a polynomial identity

for U. Since v # 0, as above we get a contradiction.

By using standard arguments, one may obtain the following results as easy
consequence of Theorem 1:

Theorem 3. Let R be a prime ring, U the right Utumi quotient ring of R,
C its extended centroid, L a non-central Lie ideal of R, F' and G two generalized
derivations of R, m > 1 a fixed integer. If F/(u™) = G(u)™, for any u € L, then
one of the following holds:
(1) F=G=0;
(2) char(R) =2 and R C My(C), the ring of 2 x 2 matrices over C;
(3) there exists A € C such that F(x) = A"z, G(z) = Az, for all z € R;
(4)

4) R C M5(C) and there exist A € C' and a suitable derivation d : R — R, such
that F(z) = X"z + d(z), G(x) = Az, for all z € R.

Theorem 4. Let R be a prime ring, U the right Utumi quotient ring of R,
C' its extended centroid, I a non-central ideal of R, F' and G two generalized
derivations of R, m > 1 a fixed integer. If F\(u™) = G(u)™, for any u € I, then
either F' = G = 0 or there exists A € C such that F(x) = X"z, G(z) = Az, for
allz € R.

Theorem 5. Let R be a prime ring, U the right Utumi quotient ring of R, C
its extended centroid, f(z1,...,x,) a non-central multilinear polynomial over C,
F' a non-zero generalized derivation of R, m > 1 a fixed integer. Denote f(R) the
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set of all evaluations of the polynomial f(x1,...,x,) in R. If F(u™) = F(u)™,
for any u € f(R), then one of the following holds:

(1) char(R) =2 and R C M3(C), the ring of 2 x 2 matrices over C;
(2) there exists A € C such that F(z) = X"z, for all x € R, with \™~! = 1.

Theorem 6. Let R be a prime ring, U the right Utumi quotient ring of R,
C its extended centroid, f(x1,...,%,) a non-central multilinear polynomial over
C, F a non-zero generalized derivation of R, m > 1 a fixed integer. Denote f(R)
the set of all evaluations of the polynomial f(x1,...,2,) in R. If F acts as a
Jordan homomorphism on f(R) then F is the identity map on R, unless when
char(R) = 2 and R C My(C).

We would like to conclude this section with the following generalization to
semiprime rings. We first recall the following:

Remark 2. Let R be a prime ring, d a derivation of R and F'(z) = az+d(x) a
generalized derivation of R. If F(x) =0, for all € R, then a =0 and d(R) = 0.

Theorem 7. Let R be a semiprime ring, U the right Utumi quotient ring
of R, C' its extended centroid, F' and G two non-zero generalized derivations of R,
m > 1 a fixed integer. If F(u™) = G(u)™, for any u € R, then either R contains
a non-zero central ideal or there exists A € C such that F(x) = X"z, G(x) = Az,
for all x € R.

PROOF. By Fact 1, we assume that F(z) = az +d(z) and G(z) = cx + g(z),
for some a,c € U and d, g derivations on U.
Hence we have that R satisfies the generalized differential identity

m

az™ + d(z™) — (cz + g(x)) (31)

By [21, Theorem 3], U satisfies the differential identity (31). Now let B the boolean
algebra of central idempotents of U. Let M any maximal ideal of B, then MU is
a prime ideal of U, which is invariant under d and (),; MU = 0 (see [2, Lemma 1,
Theorem 1]). Let dys and gar be the derivations induced by d and g on U/MU.
So one has
ar™ + dy (™) — (7 +gar (7)) =0
for all 7 € U/MU. Therefore, by Theorem 4 and Remark 2, one of the following
holds:
(1) either both dys and gar are zero derivations on U/MU, that is d(U) C MU
and g(U) € MU. Moreover a € Z(U) and b € Z(U), that is [a,U] C MU
and [b,U] C MU;
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(2) or U/MU is commutative, that is [U,U] C MU.
In any case we have [d(U),U] C MU =0, [¢g(U), U] C MU =0, [a,U] C
MU =0 and b, U] C (MU =0.
If either d # 0 or g # 0, then by [18], R contains a non-zero central ideal.
Assume both d = 0 and ¢ = 0. Thus U satisfies az™ — (bx)™, and since
a,b € C, one has that U satisfies (a — b™)2z™. In particular, by replacing « with
y(a—b™), it follows that U satisfies ((a — b™)z)™* 1. Therefore (a —b™)U is a nil
right ideal of U. If (a — b™)U # 0, then by [16, Lemma 2.1.1], R has a non-zero
nilpotent right ideal, which is a contradiction because of the semiprimeness of U.
Thus (@ — b™)U = 0, and we conclude that a = b™. O

4. Generalized derivations on right ideals

Here we assume that the right ideal I of R satisfies

(af(z1,. . z)™ +d(f(z1,. .., 20)™))
— (cf(xl, ooy xn) +g(f(z, ... ,xn)))m. (32)

Remark 3. In all that follows we write the polynomial f(z1,...,z,) by using
the following notation:

f(xl,...,xn) = Zgi(xl,...,xi_l,xi+1,...,xn)xi
%

where any g¢; is a multilinear polynomial of degree n — 1 and z; never appears
in any monomial of g;. Note that if there exists an idempotent e € H = Soc(U)
such that any g; is a polynomial identity for eHe, then we get the conclusion that
f(x1,...,x,) is a polynomial identity for eHe.

Thus, if one assumes that f(z1,...,2,) is not a polynomial identity for eHe,
then there exists an index ¢ and r1,...,7,_1 € eHe such that g;(r1,...,rn—1) # 0.
Now let f(x1,...,2n) = gi(T1, ..., i1, Tit1,- .-, Tn)x; + h(z1,...,2,) where g;

and h are multilinear polynomials, x; never appears in any monomials of g; and x;
never appears as last variable in any monomials of h. Without loss of generality
we assume i = n, say gn(1,...,Tn-1) = t(x1,...,2,-1) and so f(x1,...,2,) =
t(x1, .oy Tpno1)Tpn + h(x1,...,2,) where t(eHe) # 0.

We also would like to recall a well know result in literature:
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Fact 7. Let R be a prime ring, I a non-zero right ideal of R, d a derivation of
R such that d(I)I = 0. Then there exists ¢ € U and « € C such that d(z) = [q, 2]
forall z € R and (¢ — o) = 0.

PRrROOF. Let d be an inner derivation induced by the element ¢ € @ and
x,y € I, r € R. Then [¢,2r]y = 0, whence gxry — zrqy = 0, that is gz = Bz,
with 8, € C, and analogously qy = Byy, q¢(z +y) = Br4y(x + y). From this, it is
easy to see that [, is independent from the choice of & € I, therefore there exists
B € C such that (¢ — 8)I = 0.

Let now d an outer derivation. Then, for any 0 # ¢ € I, R satisfies d(cx)cy =
d(c)zcy + cd(z)cy. By using KHARCHENKO’s result in [13], it follows that R
satisfies d(c)xicre 4+ cxscxs and in particular R satisfies the blended component
cxscrs. This means, since R is prime, that ¢ = 0, a contradiction. O

4.1. The proof of Theorem 2. Of course, in case f(z1,...,%,)%Tnq1 is an
identity for I, we are done. Thus, in all that follows, we assume that I does not
satisfy f(x1,...,%n)Tnt1.

We also suppose that the following hold simultaneously:
1) either d(I)I # (0), or g(I)I # (0), or [¢,I]T # 0, or (a — c™)I # 0.

)

2) [f(z1,...,%n), Tpnt1)Tnio is not an identity for I;

3)

4) either [f(x1,...,2n)™, Tnt1|Tnt2 is not an identity for I, or g(I)I # 0, or
[e, IIT #0, or (a —c™)I #0;

We proceed to derive a contradiction. By Lemma 1, we may assume that R is a

GPI ring, so is also U (see [3] and [7]). By [26] U is a primitive ring with H =

Soc(U) # 0, moreover we may assume that f(z1,...,2,)%n41 is not an identity

for TH, otherwise, by [3] and [7], it should be an identity also for U, which is a

contradiction. Let ay,...,an+2 € TH such that [f(a1,...,an), @nt1]ant2 # 0.

if char(R) = 2, s4(x1,...,x4)x5 is not an identity for I;

(
(
(
(

Analogously, we assume that there exist by,...,b5; ¢1,...,¢cny7; h1,..., A7 €
IH such that

e cither d(hi)ha # 0, or g(hg)hsa # 0, or [c, hslhe # 0, or (a — c™)h7 # 0.

o S4(by,...,b4)bs # 0 if char(H) = 2;

o either [f(c1,...,cn)™, cnt1lCnia #0, or g(Cnis)enta 70, or [¢, cnislcnie #0,
or (a — c™)epir # 0;
Since H is a regular ring, exists e = e € H such that

n+2 n+7

eH = ZalH—i—Zb H+chH+Zth
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where a; = ea;, bj = ebj, cp = ecy, hy =eh, foralli=1,....,.n+2,j=1,...,5,
k=1,....n+7andl=1,...,7.

By our assumption and by [21, Theorem 2] we also assume that (32) is an
identity for TU. In particular (32) is an identity for eH. It follows that, for all
T1y...,Tn € H,

(af(eri,....ern)™ +d(f(ery,... er,)™))
— (cf(ert,... ern) +g(f(ert,... ern)))™. (33)

As we said above, write f(xy,...,2,) = t(21,...,Tpn_1)Tn +h(21,...,T,), where
T, never appears as last variable in any monomials of h.

Let € H and pick r, = er(1 —e). Hence we have f(ery,...,erp(1 —¢)) =
tlery,...,erp—1)er,(1 —e), and by (33) it follows

(Ct(eﬁ, cooerpor)ern(1—e) +g(tlery, ... ern_1)ern,(1 — e)))m (34)

and left multiplying by (1 — e), one has

m—+1

(1—e)(ce+ gle))e(tlers,...,ern_1)ery) =0

that is H satisfies
(1 —e)(ce + gle))e(t(exy,. .., ea:n_l)eH)mH.

By [11], H satisfies (1 — e)(ce + g(e))t(ex1,...,ex,—1)eH, that is (1 — e)(ce +
gle))t(ery,...,ern_1)e =0, for all r1,...,r, € H. Since eHe is a simple artinian
ring and t(eHe) # 0 is invariant under the action of all inner automorphisms
of eHe, by [6, Lemma 2], (1 — e)(ce + g(e)) = 0 and so G(e) = ce + g(e) =
ece + eg(e) € eH. Thus G(eH) C eH. Therefore the generalized derivation G
induces another one G, which is defined in the prime ring TH = Wm, where

lg(IH) is the left annihilator in H of TH, and G(Z) = G(x), for all z € ITH.
On the other hand, left multiplying (33) by (1 — e), and since (1 — e)(ce +
g(e)) = 0, we also have that H satisfies

(1—e)(aef(exy,... ex,)™ +d(e) flexy, ... exn)™))

that is (1—e)(ae+d(e))ef(rie,...,rne)™ =0, forall ry,...,r, € H. Again by [6],
and since f(x1,...,Z,)Txy1 1S Ot an identity for e H, we get (1—e)(ae+d(e))e=0.
By using the same above argument, it follows F(eH) C eH.

Moreover we obviously have that (32) is a differential identity for eH. So, the

application of Theorem 1 to the prime ring eH implies that one of the following
holds:
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(1) d(eH)eH = (0) and g(eH)eH = (0), [c,eH]eH = 0 and (a—c™)eH = 0. This
is a contradiction since either d(hi)hs # 0, or g(hs)hy # 0, or [c¢, hslhg # 0,
or (a —c™)hy # 0;

(2) [f(x1,.. %), Tpt1]Tnre is an identity for eH. This contradicts with
[fla1,...,an),ant1]anto # 0.

(3) char(H) = 2 and eH satisfies the standard identiy s4(z1,...,2z4)zs, which
contradicts with s4(b1,...,bs)bs # 0;

(4) eH satisfies [f(x1,...,Zn)™, Tnt1]Tnt2, g(eH)eH = 0, [c,eH]eH = 0 and
(a —c™eH = 0. Also in this case we get a contradiction, since either
[f(e1,- sen)™ cnyilensa # 0, or g(ents)cnya # 0, or [¢, cpislente # 0, or
(a —™)epgr #0.

The previous contradictions imply that one of the following holds:

(1): d(I)I = (0), g(H)I = (0), [¢,I][I =0, (a —c™)I = 0. In particular by
Fact 7, there exist b, ¢ € U and «, 8, A € C such that d(z) = [b,z], g(z) = [g, 7]
forallz € Rand (b—a)l =0, (¢—5)I =0, (c—= NI =0and (e — \N™)I =0.
Moreover, in this case, relation (32) reduces to

f(xl,...,xn)m()\erafb) —/\mfl()\+ﬂ—q)).

Since f(1,...,%n)Tns1 is not an identity for I and by [6], we get b = a+A""1(q—
B), that is F(x) = az + A" ![q, x| (this is the conclusion (1) of Theorem 2).

(2): [f(z1,--.,@n), Tnt1]Tnte is an identity for I; then, by [23] (see the
proof of Theorem 6, page 17, rows 3-8) it follows that there exists an idempotent
element e € Soc(U) such that CI = eRC and f(z1,...,z,) is central valued on
eRCe (this is the conclusion (2) of Theorem 2).

(3): char(R) = 2 and s4(x1,...,24)25 is an identity for I; also in this
case there exists an idempotent element e € Soc(U) such that CI = eRC and
sa(x1,...,x4) is an identity for eRCe (this is the conclusion (3) of Theorem 2).

(4): [f(z1,...,2n)™, Tpt1]Tnye is an identity for I, g(I)I = 0, [¢,I]I =0
and (a — ¢™)I = 0. In partucular by Fact 7, there exist ¢ € U and o, A € C such
that g(z) = [g,z] forall z € R and (¢ — )] =0, (c—=A)I =0and (a —A™)I = 0.
Also in this case, by [23], we have that CI = eRC and f(z1,...,2z,)™ is central
valued on eRCe.

Then by (32), it follows that eRC' satisfies

(A" +b) f(z1, ..y xn) ™ —f (21, . .. ,J;n)mb—(()\—i-a)f(xl, ceyZp)—flx1, .. ,xn)q).
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Left multiplying by (1 — e), we have that (1 — e)bf(z1,...,2,)™ is a gener-
alized polynomial identity for eRC. Thus by [6] and since f(x1,...,Zn)Tnt+1
is not an identity for eRC, we get (1 — e)be = 0, that is be € eRCe. Hence
[b, f(r1,...,m)™] =0 for all r1,...,r, € eRCe and (32) reduces to

)\mflf(xl, cons )™ (@ = q).

Once again by [6] and since f(x1,...,2Zn)Tn41 1S Dot an identity for eRC, one has
that either A = 0 or ¢ = @ € C. In the first case ae = ce = 0 (and we get the
conclusion (5) of Theorem 2); in the latter one, it follows ¢ € C' (and we get the
conclusion (4) of Theorem 2).

Remark 4. We conclude this paper by considering what happens when either
F(I) =0 or G(I) = 0. We observe that, in both cases and by using the same
argument in the proof of Theorem 2, one has:

(1) if F(I) =0, then either G(I) = 0 or one of the following holds:

1. either there exists an idempotent element e € Soc(U) such that CT =
eRC and f(z1,...,zy) is central valued on eRCe;
2. or there exist ¢,q € U and A € C such that G(z) = cx + [g,«] for all
x € R, with eI =0 and (¢ — \)I = 0.
(2) if G(I) = 0, then either F(I) = 0 or there exists an idempotent element
e € Soc(U) such that CI = eRC and one of the following holds

1. either f(x1,...,2,) is central valued on eRCe;

2. or char(R) = 2 and eRCe satisfies s4(21,...,24);

3. or f(x1,...,2,)™ is central valued on eRCe and there exist a,q € U
and « € C such that F(x) = ax + [¢,z] for all x € R, with ae = 0 and
qe = eqe.

Notice that the previous results are special cases of the conclusions of Theo-
rem 2.
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