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Units in F Do,

By KULDEEP KAUR (Rupnagar) and MANJU KHAN (Rupnagar)

Abstract. In this paper, we present the structure of the group of *-unitary units
in the group algebra F'Ds,, where F' is a finite field of characteristic p > 2, Dy, is the
dihedral group of order 2p, and * is the canonical involution of the group algebra F'Dy),.
We also provide the structure of the maximal p-subgroup of the unit group % (FD2p)
and compute a basis of its center.

1. Introduction

Let F'G be the group algebra of a group G over a field F. For a normal sub-
group H in G, the natural homomorphism G — G/H can be extended to an alge-
bra homomorphism from FG to F|G/H], defined by >  c5a99 — > cqag9H.
The kernel of this homomorphism, denoted by I'(H), is the ideal generated by
{h—1|h € H}. Therefore, FG/T(H) = F|G/H]. In particular, for H = G, I'(G)
is known as the augmentation ideal of the group algebra F'G. Since FG/I'(G)=F,
it follows that the Jacobson radical J(FQG) is contained in I'(G). The equality oc-
curs if G is a finite p-group and F' is a field of characteristic p and hence 1+ I'(G)
is same as the normalized unit group V(F'QG) of the group algebra FG. Therefore,
U (FG) =V(FG)x F*, where F'* is the cyclic group of all nonzero elements of F'.

Ifz =3 cq2g9 is an element of F'G, then the element z* =7 . zgg "
is called the conjugate of z. The map x + z* is an anti-automorphism of F'G
of order 2, which is known as the canonical involution of the group algebra F'G.
An element x € % (FG) is called unitary if * = z=!. The unitary units of the
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unit group % (F'G) form a subgroup Z.(FG), and is called unitary subgroup of
U (FG).

SANDLING in[6] described the structure of V(FG) for an arbitrary finite
abelian p-group G and a finite field F of p elements. In [7] Sandling provided
generators and relators of V(F@G) for each 2-group G of order dividing 16 over
a finite field F' with 2 elements. CREEDON and GILDEA in [10] described the
structure of V(F Dg) for the dihedral group Dg of order 8 and a finite field F
of characteristic 2. For dihedral groups of orders 6 and 10, the structure of unit
group is presented in [2] and [1]. In [13] KAUR and KHAN described the structure
of the unit group U(FDs),) over a finite field F' with two elements. GILDEA in
[8] studied some properties of the center of the maximal p-subgroup of the unit
group % (FDs,) over a finite field F' of characteristic p. However, basis of its
center is not known.

The set of all unitary units in the normalized unit group V(F'G) forms a
subgroup of %, (FG). We denote it by V,(FG). The unitary subgroup % (FQG)
coincides with V. (FG) if F is a finite field of characteristic 2. Otherwise, it co-
incides with V,(FG) x (—1). BovDpI and SAKACS in [14] described the structure
of V.(FG), where G is a finite abelian group and F is a finite field of character-
istic p. BovpI and ERDEI in [4] provided the structure of the unitary subgroup
Vi (F>G), where G is a nonabelian group of order 8 and 16. V. BovpI and RosA
in [3] computed the order of the unitary subgroup of the group of units, when G is
either an extraspecial 2-group or the central product of such a group with a cyclic
group of order 4 and F is a finite field of characteristic 2. They also computed
the order of the unitary subgroup V. (FG), where G is a 2-group with a finite
abelian subgroup A of index 2 and an element b such that b inverts every element
in A and the order of b is 2 or 4. V. BovDI and ROZGONYI in [5] described the
structure of V, (F2Q) if order of b is 4. If G is a nonabelian group of order 8 and
F is a finite field of characteristic 2, then the structure of Vi (FG) is described in
[12] and [11].

Here, we obtain generators of the unitary subgroup % (FDa,) for dihedral
group Dy, of order 2p over a finite field F' of characteristic p. We also obtain a
basis of the center of the maximal p-subgroup of the unit group % (F'Dap). Finally,
we establish that the maximal p-subgroup of % (F'G) is a general product of the
unitary subgroup with a metabelian group.

Let Dy, = (a,b | a? = 1 = b?,b~tab = a~'). The distinct conjugacy
classes of Dy, are Cy = {1}, C; = {a’,a™"}, for 1 < i <[, where [ = L;l and
C = {b,ab,a?b,--- ,aP~'b}. For a set H, if H denotes the sum of all the clements
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of H, then {C’o, Ch,Co, -, Cy, (j'} forms a F-basis for the center Z(FDy,) of the
group algebra F'Dy,.

2. Unit group of F Dy,

If A denotes the normal subgroup of D, generated by element a in Dy,
then F'D,,/I'(A) = FCs. Since I'(A) is a nilpotent ideal of F'Ds,, we have
U (FDqy,)/(1 +T(A)) &2 % (FCs), which is isomorphic to F* x F*. Let 6 :
U (FDqp) — % (FC3) be a group epimorphism defined by

p—1 p—1 p—1 p—1
Zaiai + Zﬁjajb — Zai + Zﬂjx,
i=0 §j=0 i=0 §=0

where Cy = (). We can define a group homomorphism ¢ : U(FC2) — U(F Dyy,)

by ap+a1x — ag+aqb. Since foyp =1, we have % (FDop) = (14T'(A)) x F* x F*.

If order of F is p™, then 1+T'(A) is a nilpotant group of order p*™

_ p—1
= b=,

with exponent p,
where [
We first establish the structure of the unitary subgroup % (F Dap).

3. Structure of the unitary subgroup %, (F D2p)

Theorem 1. If A is the normal subgroup of Dy, then the unitary subgroup
U.(FDsp) of the group algebra F Dy, is the semidirect product of the normal
subgroup V. (FA) with an elementary abelian 2-group.

We need following lemmas:
Lemma 2. The group of unitary units in 1 +T'(A) is V.(FA).

PROOF. Assume that v = 1 + z1 + x2b, where z; € w(F A) is an arbitrary
element of 1 + I'(4). Since w(FA) is a nilpotent ideal, 1 + z; is an invertible
element and thus v can be written as v = (1l 4+ xb), where u € V(FA) and
z € w(FA). In particular, if v is a unitary unit, then from the equation v*v =1,
we obtain u*u+ bx*u*urb = 1 and bxr*u*u+u*uxb = 0. Moreover, since by = y*b
for any y € FA, we have u € V,(FA). Further, note that u=!'v = 1+ zb is a
symmetric unit as well as a unitary unit. Since the exponent of 1+ I'(A) is p, it
implies that 1+ 2b = 1 and hence v = u. O
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Since A is a normal subgroup of Da,, F D, /I'(A) is an algebra over F. Also
note that T'(A) is *-stable nil ideal, and therefore the set of all unitary units in
FDy, /T (A) form a subgroup of %(F D5, /T'(A)) and is denoted by %(F D2, /T'(A)).

Lemma 3. The unitary subgroup U.(F D, /T'(A)) of % (FDs,/T(A)) is the
group generated by {—1+T'(A),b+T(A)}.

ProoOF. If u+T'(A) is a unitary unit of U(F Dap/T'(A)), then (u+I'(A))* (u+
T'(A)) = 14T(A) and hence u*u is a symmetric unit in 1+T'(A4) because I'(A) is a
*-stable nil ideal. Further, if u = z¢+x1b, where zo,z1 € FA, then uu* = zox§+
a1 + 2021 b. For & = Y-~ (eya + Bia’b), we can define x(z) = 3775 (e + Bi).
Since wu* is an element of 1 4+ I'(A), it follows that x(zoz§ + z12}) = 1 and
x(zoz1) = 0. In particular, if zo = 7" a;a’ and z, = Y7, fia’, then we
obtain

p—1 p—1 p—1 p—1
>a?+) 42 i +2) Bifi=1 (1)
=0 =0

i,j=0 i\j=0
1<J 1<J

Now if (Zf:_ol a;) = 0, then from equation (1) we obtain (Zf:_ol ;)2 = 1 and
hence Zf;l B; = £1. Thus, either 21 or —z; is an element of V(F A) and so the
unitary units in FDa,/T'(A) are £b+I'(A). Further, if (Zf;ol ;) =0, then, in a
similar way, one can show that the unitary units in F'Dy,/T'(A) are £1+I'(A). O

PROOF OF THE THEOREM. Note that V,(FA) is a normal subgroup of U,(F'G)
and (Vi(FA),b,—1) C U.(FG). Now suppose that u € U(FG) \ V.(FA) is a
unitary unit, then u + I'(A) is a unitary unit in 4(FG/T'(A)). In particular, if
u+T(A) = b+ T'(A), then u = bx for some = € V,(FA). Hence, U, (FG) =
V.(FA) x ({b) x (—1)). O

4. The structure of center Z(1 4 I'(A))

To find a basis of center Z(1+I'(A)) of the maximal p-subgroup 1+1I'(A) of
the unit group U(F Dy,), we need following lemma:

Lemma 4. Ifw; = (a' —a~")(1+b) and w} = (a' —a~")(1 =) forl <i <,
then the set {w;,w),w;w},wiw; | 1 < i <1} is a free F- basis of I'(A) as a free
F-module.
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PROOF. It is known that the set {(a’ — 1), (a’ —1)b |1 <i < 21} is a free F-
basis of I'(A) as a free F-module. Observe that w;w; = 0, wjw; = 0for 1 <4,5, <.
Also note that ww! = 2(a? +a=2" —2)(1 —b) and wiw; = 2(a® + a2 —2)(1+1).
Thus, if t = 2, then

1 1
(a'—1) = 1(0-)21‘ + wy;) + g(wiwg + wiw;)
0<2i<1
1 1 S
(a' —1)b = Z(W% — wh) — g(wM — wjw;)
1 1
(a" —1) = —Z(Wpﬂi + wp_a) + g(wiwg + wiw;)
1 1 [<2i<(p—1)
(' —1)b= —Z(Wp—% - nga—zz') - g(wiwg - wjw;)

If t = p — 24, then

1 1
(at —1) = _Z(W% +wh;) + gwiwg + wiw;)
1 1 0<2 <l
(a" = 1)b= _Z(W% — whi) — g(%‘wg — wjw;)
t _ 1 / 1 / /
(a"=1) = Z(Wpﬂi +wy_o;) + g(wiwi + wjw;)
1 1 I<2i<(p-1)

(at —-1)b= Z(Wp—% - nga—zz‘) - g(wiwg - W;Wz')

Therefore, I'(A) = span{w;, w}, w;w},wiw; | 1 < i < 1}. Since the dimension of
I'(A) over F is 41, the result follows. O

Assume that F is a finite field of order p™. Let f(z) be a monic irreducible
polynomial of degree n over F, such that F = F,[z]/(f(z)) and « denote the
residue class of z modulo (f(x)).

Theorem 5. If u;;, = 1+ ai(a — 1)*, then the center Z(1 + T'(A)) is an
elementary abelian p group of order p"“t1) with the set {u;"kulk, 14 afAb |0 <
i<(n—-1), 1<k<(p—1) andk is even} as a basis.

PrROOF. First we prove that Z(1 + I'(4)) = Z(FDs,) N (1 +T(A)). Let
x € Z(FDgp) N (14+T'(A)). It is clear that x is of the form

l
=1+ a;(C;—2)+ pAb,

=1

where «;,8 € F. Since Z(FDsp) N1+ T'(A) C Z(1 4+ T'(A)), it implies that
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|Z(1 +T(A))] > p*U+Y. To show the equality, we compute the dimension of
Z(T'(A)) over F. Take z € Z(I'(A)) such that

! ! 1 1

x= E ow; + E abw) + E Qwiw + E alwhiw;.

i=1 i=1 i=1 i=1

First, note that if i = 2k 4+ 1, where 1 < ¢ <[ then

’_ ’ ’ d ’ o ’

WIW; = Wrp1Wyy — wWew),  and Wiy = Wy W1 — WeWk-
For i = 2k, where 1 <17 </
’ / ’ d ’ o '

WIW; = Wi—gW)_f —Wi— (k=)W (k1) MNA WiW1 = Wy_pWi—k —W_(x_1)Wi—(k—1)-

Next, observe that if [ is odd, then

. -1
w1w§w]' = 4dwojy1 — dwe;_1 — 8w, for1 <j< 5
’ 3 _
wiwjw; = —4dwa—o; + dwa—2j42 — 8wy, for <j<l-1
Wil Wi = —dwoy — dw — 8w

wiwjw = 4wy — 8wy

and if [ is even, then

-2
w1w;wj = 4wyt —4dwgj_1 — 8wy, for1<j< 5

[+ 2
wlwéwj = —4&125_2]‘ + 40)21_2j+2 — 8wy, for <j<l-1

1= —4wl — 4&)1,1 — 8w1
2

wiwjw; = 4wy — 8w

Now, after substituting these values in the equations wix = zw; and Wiz =
2w}, we obtain a; = o =0V 1 <4 <[ and the following set of | equations in 2]
variables.

! /
QG — Qyyqip1 — Qg + Q141 = 0
!
! /
=3(ah; —an) =2 E (e} — ;) =0

=2
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Further, observe that the last equation can be written as

-1

- 2(2]‘5 + D)0 — Qhgrpgr — ¥k + Qg 1k41) =0
k=1

Therefore, the dimension of the solution space of the above system of linear
equation is I +1 and hence |Z(1+T(A))| < p*+Y. Thus, |Z(1+T(A))| = p¢+D
and

l
Z(14+T(A) = {1 +) 0i(Ci—2) + BAb | oy, B € F} =S5, (FA) x (14 FAb).
i=1

Further, note that
B ={ujpuip |0<i<(n—1), 1<k<(p—1)and k is even}

forms a basis of S.(F'A) and hence the result follows. O

5. Structure of 1 +T'(A)

In this section, we obtain the structure of 1+T"(A). We shall use the following
result:

Theorem 6 (PAvESIC [9]). Let (e1,es,...e,) be an ordered n-tuple of
orthogonal idempotents in a unital ring R such that 1 = e; +es + -+ + e,
and each e; strongly preserves a circle subgroup M of the circle group of R,
ie. eM C M and Me; € M, then (M,o) = (L,0) o (D,o) o (U,0), where
L={me M| i em=-eme}, D={mec M| (Vi em = eme;}
and U = {m € M | (Vi) esm = e;me;}, where & = e; 41 + €42 + -+ + €n,
e =e +e+---+e_1,es=0ande, =0.

Theorem 7. If A is the normal subgroup of Dy, then 1+I'(A) is the general
product of unitary subgroup with a metabelian group.

PRrOOF. Note that I'(4) is a circle group and {e; = 12 ey = 15t} is a
complete set of orthogonal idempotents that strongly preserve I'(A). Therefore,
(L(A),0) = (L,0)o(D,0)o(U,0), where (L,0) = ®l_,Fuw!, (U,0) = ®'_, Fw; and
(D,0) = ®._, Fww! ®l_, Fwlw;. Hence, 1+ T'(A) is a general product of elemen-
tary abelain p-groups (1 + L), (1 + D), and 1 + U. Moreover, 1 + D normalize
1+ L; thus the group W = (1 + L) x (1 + D) is a metabelian group.
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If Ciyr(ay(a) is a centralizer of a in 1 + I'(A), then it is clear that it is
an elementary abelian p-group of order p™. Since Vi(FA) and Z(1 4+ T'(4))
are in C4r(a)(a) and their intersection is identity, it follows that Cpa)(a) =
Vi(FA) x Z(14T(A)). Also note that W N Cypay(a) = Z(1 +T'(A)). Thus we
obtain that 1+T'(A) = WC14ra)(a) is a general product of W and V. (FA). O

If o is the residue class of  mod (f(z)), then the set {1 + a'w} [0 <i <
n—1, 1<j<I} generates (1+ L) and {1 +a'w; |0<i<n-—-1,1<j<I}
generates (14 U). The following lemma provides the structure of 1 + D.

Lemma 8. The set {1 +a‘(a—a"1)?*(1-b),1+a’(a—a 12k (1+b)|1<
k <l and0 <i<(n—1)} forms a basis of 1 + D.

PROOF. First, we show that 2221 Fuw;w! = span{(a —a"1)?*(1-b) | 1<
k < I}. For this, we prove wyw, € span{(a —a " 1)?*(1 —b) | 1 < k < I} by
induction over k. The result is trivial for k = 1, as wyw] = 2(a — a7 1)%(1 — b).
Assume the result for £ — 1. Consider wywj,. Notice that

wrw), = 2(a® —a7*)?(1 = b) = 2(a®* + a2 —2)(1 - b).

Now,
=, (2 . : 2%k
(a=a % = S0 () @ o o ()
i=0 J K
k—1
_ (71)] <2k) (a2k72j + (17(2k72j) o 2)
; J
J=0

0
Therefore, swiw), = (a—a™1)?*(1—b) — (Ztll(—l) %(2’“)(% jwi_;). Hence, by
the induction hypothesis, we obtain
wrw), € span{(a —a )2 (1 —b) |1 <k <1}.
Therefore, Zi 1 Fwiw’- = Zif L F(a—a=1)?%(1 —1b). It implies that

I n—1
1+Zlew—1+ZFa—a 2R —b) = HH (1+a'(a—a 1)?%)(1—0)
k=1 =0
Slrnllarly7 we can show that
l I n—1
1+ Zngwi = H H(l +ai(a—a ")) +b)
i=1 k=1 i=0

Since 1+ D = (1 + Zézl Fww}) x (1+ Zi’:1 Fuwlw;), the result follows. O
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