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Fixed points and exponential stability of stochastic functional
partial differential equations driven by fractional
Brownian motion

By DEHAO RUAN (Guangzhou) and JJAOWAN LUO (Guangzhou)

Abstract. In this paper, the fixed point theory is used to investigate the stability
for stochastic functional partial differential equations driven by fractional Brownian
motion

dX(t) = [AX(t) + f(t, Xo)]dt + g(t)dBg (1),

where H € (1/2,1). The obtained results improve the results due to CARABALLO,
GARRIDO-ATIENZA, TANIGUCHI [3].

1. Introduction

In 1892, LyapPuUNOV established a method to investigate the stability prob-
lems. From then on, the Lyapunov’s direct method was widely used to investigate
the stability properties of ordinary, functional, partial differential and integro-
differential equations. However, there exist a number of serious obstacles if the
delays are unbounded or if the equations has unbounded terms [2]. In recent years,
several authors made a attempt to use the fixed point theory to investigate the
stability, which shows that some of those difficulties vanish or might be overcome
when applying fixed point theory (see [1], [2], [4], [5]). The fixed point theory
does not only solve the stability problem but also has other remarkable advantage
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over Lypunov’s. The conditions of the former are usually averages but those of
the latter are often pointwise (see [2]).
In this paper, we consider the following stochastic functional partial differ-
ential equation
dX(t) = [AX(t) + f(t, Xi)]dt + g(t)dBE (t), t>0, (L.1)
X(s)=¢(s), —-r<s<0, r>0, )

under suitable conditions on the operator A, the coefficient functions f, g and
the initial value . Here Bg (t) denotes a fractional Brownian motion (fBm) with
H e (1/2,1) (see [3]).

The purpose of this paper is to investigate the exponential stability in mean
square of mild solution of stochastic functional partial differential equations driven
by fractional Brownian motion by means of the fixed point theory.

This paper is organized as follows. In Section 2 some necessary preliminaries
on the stochastic integration equations with respect to fractional Browanian mo-
tion are established. In Section 3 the exponential stability in mean square of mild
solution of stochastic functional partial differential equations driven by fractional
Brownian motion is proved, the results in [3] are improved.

2. Preliminaries

Let (U, | |u, (-, )v) and (K, ||k, (-, -) k) be two real separable Hilbert spaces.
Let L(K,U) denote the space of all bounded linear operators from K to U. Let
Q@ be a non-negative self-adjoint nuclear operator on K. Let L% (K, U) denote the
space of all n € L(K,U) such that nQ% is a Hibert-Schmidt operator. The norm
is given by

= tr(n@n").
Then 7 is called a Q-Hilbert—Schmidt operator from K to U.

Let (9, F,P) be a complete probability space. Let {3 (¢)},en be a sequence
of two-sided one-dimensional standard fractional Brownian motions mutually in-

2
HS

1
|77|2LO(K,U) = ’TIQ2

dependent on (2, F,P). Let {e, }nen is a complete orthonormal basis in K. Then
we consider a K-valued stochastic process Bg (t) given formally by the following
series:

BE(t)=>_ BH1)Q%en, t>0.

n=1
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If @ is a non-negative self-adjoint nuclear operator, then this series converges in
the space K, that is, it holds that Bg(t) € L?(Q,K). Then, we can say that
the above Bf(t) is a K-valued Q-cylindrical fractional Brownian motion with
covariance operator Q).

Lemma 2.1 (CARABALLO [3]). Let ¢ :[0,T] — LY (K,U) such that

o0
Z ||(@Ql/Qen)HLl/H([o,T];U) < oo (2.1)
n=1
holds, and for any «, § € [0,T] with a > 8,
« 2
E|[ @(s)dBE(s)| <cH(2H —1)(a—p)*"~1 Z/ 5)QY%e, | ds,
U

where ¢ = ¢(H). If, in addition,

g lp(t)Q'?ep v is uniformly convergent for t € [0, T),
n=1
then

| o
U

Consider (2, F,P), the complete probability space which was previously in-
troduced. Denote F; = Fo for all t < 0.

We denote by C(a,b; L?>(Q;U)) = C(a,b; L?>(Q, F,P;U)) the Banach space
of all continuous functions from [a, b] into L*(Q; U) endowed with the supremum.

Consider two fixed real numbersr > 0 and T > 0. If X € C(—r,T; L*(;U))
for each t € [0,T] we denote by X; € C(—r,0; L*(Q;U)), the function defined by
Xi(s) = X(t +s), for s € [-r,0].

We consider the exponential stability of mild solution to the following sto-

2

< cH(2H —1)(a — B)*H 1 /: ()L eands: (22)

chastic functional partial differential equation:
dX (t) = [AX(t) + f(t, X)]dt + g()dBE (1), t€[0,T],
X(t) =), tel[-r0]
where Bg (t) is the fractional Brownian motion which was previously introduced,
the initial value ¢ € C(—r,0; L>(Q;U)) and A : Dom(A) C U — U is the infini-

tesimal generator of a strongly continuous semigroup S(-) on U, that is, for t > 0,
it holds

(2.3)

Sty < Me#', M>1, peR

f:00,T] x C(—r,0;U) — U a family of nonlinear operators defined for almost
every t (a.e.t) which satisfies
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(f.1) The mapping t € (0,T) — f(t,€) € U is Lebesgue measurable, for a.e.t and
for all € € C(—r,0;U).
(f.2) There exists a constant Cy > 0 such that for any X,Y € C(—r,T;U) and
tel0,7],
t

(£3) / £, = Fs. Yolds <€y [ 1X(9) = V(o).

T
/ 1£(s,0)2ds < oc.
0

Moreover, for g : [0,T] — L%(K ,U) we assume the following conditions: for
the complete orthonormal basis {e, }nen in K, we have

(g-1) Z 19Qenl| L2 (0,17, < 0.
n=1
(g.2) Z l9(t)Q"%e, |y is uniformly convergent for t € [0,T).
n=1

Definition 2.1. A U-valued process X (t) is called a mild solution of (2.3) if
X € C(—r,T; L*(Q;U)), X(t) = p(t) for t € [-r,0], and, for t € [0,T], satisfies

X (t) = S(t)e(0) +/015(t—s)f(s,Xs)d8+/O S(t—s)g(s)dB(s) P-as.  (2.4)

Notice that, because of (g.1) and H € (1/2,1), (2.1) holds, which implies that
the stochastic integral in (2.4) is well-defined since S(-) is a strongly continuous
semigroup. Moreover, (g.1) together with (g.2) immediately imply that, for V¢ €
[0, 77,

T
2
/0 lg(s) LOQ(K,U)dS < 0.

Theorem 2.1 (CARABALLO [3]). Under the assumptions on A and condition
(f.1)-(£.3) and (g.1)—(g.2), for every p € C(—r,0; L?(Q;U)) there exists a unique
mild solution X to (2.3).

Definition 2.2. Equation (2.3) is said to be exponentially stable in mean
square, if for any initial value ¢, there exists a pair of constants v > 0 and C' > 0
such that

E|X@)> < Ce™, t>0. (2.5)
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In order to set the stability problem, we assume that the following hold,
which are also imposed in [3]:

IS(t)|y < Me™ ™, V¥t >0, where M >1 and A > 0. (2.6)

There exists a constant C; > 0, such that, for any X,Y € C(—r,T;U), and for
allt >0

t

[ e - sevapas s cp [ e - vokas

-

for all 0 <m < A, (2.7)

and -
/ e\ f(s,0)[3ds < oo. (2.8)
0

In addition to assumptions (g.1) and (g.2), assume

/O *lg(s) 7o, 1.0y ds < 00 (2.9)

3. Exponential stability in mean square

In this section, we will consider the exponential stability in mean square of
mild solution of (2.3) by means of the fixed point theory.

Theorem 3.1. Suppose that conditions (2.6)—(2.9) hold. Then equation
(2.3) is exponentially stable in mean square if

N> Cp M2 (3.1)

PROOF. Denote by S the Banach space of all F-adapted processes ¢(t,w) :
[-r,00) X @ — R, which is almost surely continuous in ¢ for fixed w € Q.
Moreover, ¢(s,w) = ¢(s) for s € [-r,0] and e*E|¢(t,w)[}; — 0 as t — oo,
where « is a positive constant such that 0 < a < A.

Define an operator 7 : § — S by (7 X)(t) = ¢(t) for t € [-r,0] and for
t>0,

(rX)(t) = S(t)p(0) + / S(t — 5) (s, X,)ds

3

+ /0 S(t— s)g(s)ng(s) = Z I;(t). (3.2)

i=1



290 Dehao Ruan and Jiaowan Luo

We first verify the continuity in mean square of 7 on [0,00). Let X € S, ¢t1 > 0,
and r be positive and sufficiently enough, then
3
E|(rX)(t1 +7) — (xX)(0)[3 < 3D E|Li(t +7) — Li()|7-
i=1
Obviously
E|L(t, +7) — Li(t)|%5 — 0, i=1,2, asr — 0.

Further, by using Cauchy—Schwarz inequality, we get

2

E|I3(t; +7) — I3(t,)|5 < 2R /0 1(S(tl +r—s)—8S(t1 — s))g(s)ng(s)

U
2

= Jl + JQ.
U

+2E /t1+r Sty +r— s)g(s)ng(s)

t1

Firstly, applying inequality (2.2) and condition (2.6) to J;

2

J1=2E /0 1 (Sttr+7r—s)—S(t1 — 5))g(s)ng(s)

U

t1
< 2t (21— D" [ 1500 = 5)(S() — 1)g(5) e
0
t1
< 9eH(2H me_le/ (S(r) = 1d)g(5) 2o (10 ds — O
0
when r — 0 since for every s fixed

S(r)g(s) —g(s),  [5(r)g(s)lry,x,vy < Mlg(s)ley, k)

Applying inequality (2.2) and condition (2.6) to Ja, we can obtain

t1+1r
J2S2CH(2H—1)T'2H71M2/ |g($)|i%(K,U)d3—>O as r — 0.

t1

Thus, 7 is indeed continuous in mean square on [0,00). Next, we show that
m(S) C S. It follows from (3.3) that

2

e“E|(7X)(1)|F < 3e™E[S(t)p(0)|7 4 3e™'E /t S(t—s)f(s,Xs)ds
0

U
2

+ 3e™'E (3.3)

/0 S(t — 5)g(s)dBL (s)

U
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Now we estimate the terms on the right-hand side of (3.4). Firstly, by the condi-
tion (2.6), we can obtain

3¢ E[S(t)¢(0)|3 < 3MZ%e e |p(0)[ — 0 as t — oo. (3.4)

Secondly, Holder’s inequality and (2.7), (2.8) yield

2 2

36O1R /tS(t—s)f(s,Xs)ds < 3¢E [/t|5(t—s)f(s,Xs)|Uds]
0 0

U
2

t
< BMQeo‘t/\_lE{/ e M| £ (s, Xs)|?]ds}

t
< SeME[ / Me M=) £ (s, X5>Uds]
0 0

t
— 3M2e\IE U e M9 f(s, X)) — £(5,0) + f(s, 0)|2Uds]
0

t
< 6M2Cfe°‘t)\_1/

-

t
e_’\(t_s)]E\X(s)\szs+6M26‘”)\_1/ e==9)| £ (s, 0) 2 ds
0
t
§6M20fe(“”\)t)\’1/ AR X (5)[Fds
-
+6M2ee— V)1 / AU f(5,0)[Bds = ka (£) + ko (t).
0

For any X(t) € S and any € > 0 there exists a t; > 0, such that e*E|X (s)|? <

)25(1\)\422‘16 for t > t; we can get

t
GMQCfe(a_A)t)\_l/ eo‘_o‘)se“E|X(s)|?]ds <e,
t1
As el@=Nt 5 (0 as t — 00, there exists to > t; such that for any ¢ > ¢35, we have
ty
6M20fe(“_”\)t)\_1/ ePA 3SR X (5)[3ds < e,
so for any t > to, we can obtain
t
ki (t) < GMQCfe(a_/\)t)\_l/ eA =3 X (5) |2 ds
ty

t1
+ 6M2C’fe(°‘*>‘)t)fl/ A=V X (5) |5 ds < 2.

-r

So from the above, we conclude that k;(t) — 0 as t — oo.
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As e(*= Mt 5 0 as t — oo and condition (2.8), we can obtain ky(t) — 0 as
t — oo.

That is to say
2

— 0 ast— oc. (3.5)
U

As for the third term on the right-hand side of (3.4), for any X (t) € S, t € [—r, 00)
we have

3¢ (t—s)f(s, Xs)ds

2
3e“E

/St—s (s)dB§ (s)

t
< SM2CH(2H — 1)2H—1¢ot / e ()2 e s
0

U

t
< 3M?cH(2H — 1)t2H_1e(a_’\)t/ e>‘s|g(s)|i%(K7U)ds — 0. (3.6)
0

Thus, from (3.4)-(3.7), we know that e™E|(nX)(¢)|?, — 0 ast — 0. So
we conclude that 7(S) C S.

Thirdly, we will show that 7 is contractive. For X,Y € S, as proceeding as
we did previously, we can obtain
2

E sup |(#X)(t) — (7Y)(#)]> =E sup / S(t—s)(f(s,Xs) — f(s,Y5))ds
s€[0,T] s€[0,T] U

< sup E|X(s) =Y (s)[5 x CpM?\ 2 (3.7)
s€[0,T]

Thus by (3.1) we know that 7 is a contraction mapping.

Hence by the Contraction Mapping Theorem, 7 has a unique fixed point X ()
in S, which is a solution of (2.3) with X(s) = ¢(s) on [-7,0] and e*’E|X ()|?, as
t — oo This completes the proof. (Il

Remark 3.1. Our results improve the results in [3]. Our condition is
N> Cp M2 (3.8)
However, the corresponding condition in [3] is
A\ > 60 M2, (3.9)
In this sense, this paper improves the results in [3].
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