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On generalized metric spaces and their
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By TOSHIO SAKAGUCHI (Yokosuka), HIDEO IZUMI (Fujisawa)
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Dedicated to Professor Lajos Tamdassy on his 70th birthday

The present paper is the continuation of “On generalized metric spaces
and their associated Finsler spaces I. Fundamental relations” (Publ. Math.,
Debrecen, Vol. 45 (1994), 187-203). So we follow the notation and termi-
nology of the previous paper.

In §5 we introduce the notion of g-C-reducible condition and obtain
[A] In a g-C-reducible M,, space there exists a scalar 7 such that

F
Chj — — 1Thj = Thy; (Theorem 5.9).

[B] In a g-C-reducible and g-Landsberg space M, for n > 3 the Douglas
tensor Dy’ jx, vanishes (Theorem 5.13).
[C] 1In a g-C-reducible and g-Landsberg space M, for n > 3 if the scalar
G vanishes, then the space is a g-Berwald space (Theorem 5.17).

In §6 we consider a space M, of scalar curvature K and obtain
[D] A g-Landsberg space of scalar curvature K is g-C-reducible (Theo-
rem 6.8).
[E] A g-Landsberg space M, of scalar curvature K is for n > 3 projec-
tively flat (Theorem 6.9).
[F] In a g-Landsberg space of scalar curvature K, the curvature tensor
Sp'jk has the form  Spijx = F72S(hpjhik — hnihij), where S is a con-
stant (Theorem 6.11).

The purpose of §7 is to prove
[G] The Finsler space associated with a g-Landsberg space of scalar cur-
vature K is semi-C-reducible (Theorem 7.1).
[H] If the associated Finsler space of a g-Landsberg space of scalar cur-
vature K is S3-like, then the space is an RecM,, space (Theorem 7.7).
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§5. A g-Landsberg space, g-C-reducible
condition and a g-Berwald space

In this section we refer to some special M,, spaces.
5.1. A g-Landsberg space.

Definition. If the tensor P'; vanishes, then the space M, is called a
g-Landsberg space.

Theorem 5.1. ([3], Theorems 4.6, 4.7 and 4.8). A space M, is a g-
Landsberg space, if and only if any one of the following conditions holds:

(@) Pyr=0, (b) Dj’x=0, (¢) Pu'jr=0, (d) Cj'hs=0.

Remark. In a g-Landsberg space, the connection BI'(G) is h-metrical,
that is, g;; /& = 9ij/x = 0 from (1.12)(a). However g;;/, = 0 does not mean
that the space is a g-Landsberg space (cf. (1.12)(b)).

From the Bianchi identity ([3],(2.18)(b))
P+ Ci'iy — Cj' v Pl — jlk =0,
we have the following
Lemma 5.2. In a g-Landsberg space we have the following relations:
(@) Cjum—jlk=0, (b) Cjiyp—jlk=0,

5.1 )
5-1) () Cj/kz —jlk =0, (d) Cjk/O =0, Cj/O =0.

Remark. The condition (a) is equivalent to the condition P?;; = 0.
Using (1.16) and (1.17) we get

Lemma 5.3. In a g-Landsberg space we have

(@) En'jr =0, Hp'jr=Kp'sn, H'j =R,

(5.2 (b)  Hpijr + Hingr + H" jrgniey = 0,
' (¢) Fn'je=Gn'jk =Cr'jm:  Gjr=Gi'jp = Cjp,
(d)  Ghije + Gingk = gnitysj» - Gn%jk = Chj/k-

From the Bianchi identity ([3],(2.20)(c))
—Si ki = Pt iksa) + PotekCiT L+ Sh' i Pk — KL

we obtain the following
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Lemma 5.4. In a g-Landsberg space we have Shijk/l =0.

Definition. A generalized metric space M,, whose associated Finsler
space F(g) is a Landsberg space (P*";; = 0) is called an LM, space
(abbreviation).

From (2.12)(b) and Proposition 2.3 we infer

Theorem 5.5. A g-Landsberg space is an LM, space if and only if
the condition Cj;/;, = 0 holds.

5.2. g-C-reducible condition ([33]).

Definition. A generalized metric space M, is called g-C-reducible if
the following condition holds:

1
(5.3) Chix = F7H;Chy + n—H(Chhik + Cihpg + Crhpi).
Proposition 5.6. The g-C-reducible condition is characterized by

2
(54)  Gnigk) = F7Y1;Cnp + 1,C51,) + n—H(Chhik + Cihni + Crhng).

PROOF. As gnik)y = Chir + Cink, (5.3) gives (5.4). Conversely, if we

put Unix := Chit — {F ' LiChi + 157 (Chhik + Cihink + Crhii)} = Ugin, the

condition (5.4) can be rewritten Up;x + U;pr = 0. Then we see

(Uit + Uink) + (Uikh + Ukin) — (Ukhi + Unki) = 2Upix, = 0.
Hence this gives (5.3). O
Lemma 5.7. In a g-C-reducible M,, space we have

(@) Chjk —jlk = F ' ;Chr — jlk,

(0)  Chjay — jlk = —Chjr — jlk

= —F ';COn —jlk (cf. (1.7)(d)),
(©)  gnj) — Jlk = F'1;Chi — k.

(5.5)

We shall give the following

Lemma 5.8. In a g-C-reducible M,, space we have

, 1 1
(5.6) Fp-Chijy —jlk=F"'h ikChj+n—

1 (Tirhng — Thihir) — jlk,
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where Tj, == Fp - Cj(x)-
Proor. Using the following calculations:
Fp-Fyy=Fp-li = Fhil, =0,
Fp - ligy = i = Cig + hig,

F
Fp~0¢(k)= (CZ/(]C)—FCZ Cr) = k+T(C2hk+QCCk)
Cjy — Jlk = (log /9)(jyk) — Jlk =0, g := det(gi;),
2F
Fp - hiiky = FP - Ghir) = (Chhzk + Cihpi + Crhni),

Fp-hhj(k.)—ﬂk:(), C = CZCZ',
and after some further calculations, we obtain (5.6) from (5.3). O]

As the identity: Ihi(G) (k) — jlk = (Chij(k) + Cihj(k)) — j|k = 0 holds,
we see from (5.6)

2F 2F

F2p-gni(yx) = ilk = hie(Chj — -y 7 Ths) =P (Clire = ?Tzkz) jlk = 0.
Transvecting the above equation with h**, we have
2F ‘ 2F .
-1 = ———Ty) — (CY — T Vhp: = 0.
(n —1)(Chy ntl nj) — (C ol )hnj =0

Hence we have

Theorem 5.9. In a g-C-reducible M, space there exists a scalar T
such that

2F 1 - 2F
(5.7) Chj—

Ty = h', = Cli—
n+1 hj = TIhj T n—l( n+1

).
To find the curvature tensor Sj* jk, We give the relation
Shijk = 9irSh" jk = 9ir(Cn" jy + Cn™;Cm" &) — jlk (cf. [3],(2.12)(c))
= Chijk) = 9ir(e)Cr"j + Cn" jCrir, — jlk
= Chijiky — Cn" jCirk — jlk.
As the tensor Sp;ji is indicatric, we see
F?Spijk = F*p - (Chijoay) — Cn"iCirr) — jlk
F
= hirChj + n—_H(Tikhhj — Thjhik)
F2

— m(Cthg‘hm + C;Crhpj + ChCjhir) — jlk.
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o F 1
Substituting n——i—lTik = §(Czk — Th;k), we have
Proposition 5.10. In a g-C-reducible M, space, the curvature tensor

Shijk has the form

F~2 .
(@)  Shijk = T(thhik + Mighng) — jlk,
(5.8) 2
(b) th = Chj — m(Czth + QChCJ)

5.3. A g-C-reducible and g-Landsberg space.
~ Let us consider the case that a space M, satisfies the conditions
P, = 0 and (5.3). Substituting (5.3) into (5.1)(a), we have
. _ 1 .
Chijpp—Jjlk=F llichj/k+n—_H(Ch/khij+Oi/khhj +Cjihni) — jlk = 0.
In virtue of (5.1)(b) and (c), we get

Chyxhis + Ciyrchng — Chyjhic — Ciyjhng = 0.
Transvecting the above equation with h**, we obtain
—(n=1)Cy/j+C" jihp; =0, or —(n—1)Gp;+G"ihp; =0 (cf. (5.2)(c)).
Hence we have from (5.2)(c)
Proposition 5.11. In a g-C-reducible and g-Landsberg space, we have
G*;

n—1

(5.9) Ghj = Ch/j = th]‘, G .=

From Shijk/l =0 and (5.8), we see
My nihik + Mg jihng — Mpgjihig — My ihne = 0.
Transvecting the above equation with h**, we get
(n—3)Mp; + M )b = 0.
Moreover, transvecting the above equation with A"/, we get 2(n—2)M*;;, =

0 and hence we obtain (n — 3)Mp;,; = 0. On the other hand, for n > 3
(5.8)(b) and (5.9) lead us to

2F2G
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Proposition 5.12. In a g-C-reducible and g-Landsberg space M,,, for
n > 3 we have

2F2G
(a) Chim = m(ohhjk + Cjhnk + Crhag),
cio, 2F2GC),
(5.10) L
. ) G .

On the other hand, from (2.12)(b) and (2.5)(a) we see
* * *7 * T 1
(5.11)  Plhge = g we Pk = =g nr A"k = =5 Chjyie
Hence from the definition of the tensor D*;,%; (cf. (6.3)(b)) we have
i i —17i px 1 i i i
' —17i G i i
= Chzj/k - F 1l Chj/k - ’)’L—-l-l(hhhjk + hjhk;h + hkhh]) =0.

From Proposition 6.7 in §6 we obtain

Theorem 5.13. In a g-C-reducible and g-Landsberg space M, for
n > 3 the Douglas tensor D}," j;, vanishes.

Remark. In a Finsler geometry (C;; = 0) it is known ([23],Theorem 1)
that a C-reducible Landsberg space is a Berwald space (Gp,"j; = 0). This
fact implies Dhijk =0.

5.4. A g-Berwald space.

Definition. If the connection parameters F;; of CI'(N) are indepen-
dent of y?, that is, Fjikl = 0, then the space is called a g-Berwald space
(an affinely connected space).

Theorem 5.14. ([3], Lemma 4.4, Theorem 4.5). A space M, is a
g-Berwald space if any one of the following conditions holds:

(a) Fjikl =0, (0) Cjik/l =0, (c) Gij(k)/l = 0.

Definition. A generalized metric space M,, whose associated Finsler
space F(g) is a Berwald space (*I';'y; = G;'5; = 0) is called a BM,, space
(abbreviation).
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Remark. In a g-Berwald space, we have
(@) P'jr=0 (cf. (1.7)(b)), (b) Gi'l=0 (cf. (1.14)(c)).

Hence we see that a g-Berwald space is a g-Landsberg space from (a) and
a BM,, space from (b).

From (2.16)(c) we see

Theorem 5.15. A BM,, space is a g-Berwald space if the condition

Recently S. BAcsO, F. ILosvay and B. Kis proved the following
theorem ([16],Theorem 1): If a Landsberg space (P**;;, = 0) satisfies the

condition Dhijk = 0, then the space is a Berwald space (Ghijk = 0). Hence
we have

Theorem 5.16. If an LM, space satisfies the condition Dhijk =0,
then the space is a BM,, space.

From (5.10)(b) and Theorem 5.14, we have

Theorem 5.17. In a g-C-reducible and g-Landsberg space M,,, for
n > 3 if the scalar G vanishes, then the space is a g-Berwald space.

86. A generalized metric space of scalar curvature K

As the geodesics in Ff(g) are geodesics in M,,, the notion of a space
of scalar curvature is contained in the geometry of M,,. In this section
we shall refer to this interesting property about which many results are
known in Finsler geometry.

Definition. A space M,, (n > 2) whose associated Finsler space F;*(g)
is of scalar curvature K (K # 0) is called a generalized metric space of
scalar curvature K and called an M, sc space (abbreviation). If the scalar
K is constant, we call the space a generalized metric space of constant
curvature K and call it an M, cc space.

From the above definition an M,,sc space is characterized by

(6.1) (a) H'y = F?Kh}, (cf. [17)).
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From (1.10) we have
i 1 i
(b)  H'je = F(Kl; + g Kj)hy, = jlk,
. 1 . .
() Hp'ji = Kg"njoj + g{h"njl" Ky + hi1; Ki
+ hi(Knj + K + 2Knl5)} — jlk,
n—2
(d) Hj =F{(n-1)Kl; + ——Kj},
(e) Hpj=(n—1)Kg"n;
1
+ g {(n = 2)(Kns + 1K) + (2n = 1) Enlj},
where Kj = FK(j), Khj =Fp- Kj(h) = FKj(h) + Khlj = th.
6.1. An M, cc space.

It is well known (e.g. [29],[25]) that in a Finsler space of scalar cur-
vature K, the scalar K is constant if it is independent of y.
From Proposition 1.2 the following is evident.

Lemma 6.1. An M, sc space is an M,cc space if K; =0 or Kp; =0
holds.

Moreover we know the following

Theorem 6.2. A generalized metric space M, reduces to one of con-
stant curvature K if and only if the tensors Hy';, H' j;, and H'j, have any
one of the following forms:

(a) H'ji = K(y;6; — jlk) (cf. [29],p. 133),
(b)  Hp'jk = Anjoj, — Ajidy, — jlk (cf. [35]),
, 1 , : .
() Hp'jr = n—ﬂ(élﬁ:Hj(h) — 0y Hjr — jlk) (cf. [18],Theorem 2),
, 1 , ,
1
where Apj := ———(nHp; + Hjp).

n2—1
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Theorem 6.3. (e.g. [10]). A generalized metric space of scalar cur-
vature K reduces to one of constant curvature K if and only if any one of
the following conditions holds:

(a)
()
(d) Ghjyr —jlk=0 or Hypjp —jlk=0 (cf. [18],Theorem 1),
()

Ki=0, (b) Kjj=K;;—F 'P";K, =0 (cf. [26],Theorem 1),

th:Hjh or Hiijk:O or p'HiijOa

p-Gh'jkpo =0.

Theorem 6.4. ([30], Theorem 4.3). If a generalized metric space of
scalar curvature K satisfies the condition

Fu'jk = Hp'jk — (gnj L'k + Lnj6's — hj,Ljx — jlk) =0 (cf. [21]),
1
(n—1)(n—2)

1 . )
Lpj = {(n—=1)Hp,; — EglkHik:ghj +1';(Hip — Hpi) b,

then the space is one of constant curvature K.
6.2. Projective(geodesic) change in M,,.

It is well known that in a metric space, a path (autoparallel curve) is
coincident with the geodesic (extremal curve). From Finsler geometry, we
know the following results:

Theorem 6.5. ([35],[25]). A generalized metric space M, is projec-
tively flat if the Weyl tensor W*;;, and the Douglas tensor D" ;. vanish,
where

i i 1 i
() W'k :=H'j + n—-l-l{ijy T
(6.2)

. . 1 . . .
(b) Dhljk = Ghzjk — n——f—l(lZGh‘jk -+ h;szk -+ h;Gkh -+ thhj),

(nHk + Hk0)5; - j|]€},

where Ghjk = Fp- ij(h) = Fij(h) + lekh + lkGhj + thjk:~

Theorem 6.6. ([34],[25]). A generalized metric space M, (n > 2) is
one of scalar curvature K if and only if the condition W' = 0 holds.

We shall show
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Proposition 6.7. The following relations hold:
(a) W' =0 is equivalent to W*';;, = 0, where
*i i 1 - i
w jk = H ik — m{(Hj —F lHlj)hk —j|]€},
1 ,
H .= HZZ',
(6.3) on—1 ' _
(b) Dp'jr =0 is equivalent to p - Dy," i, =: D*"ji, = 0, where

D*y' k= Ga'ji + 2F TP

1 . . .
— ———(h, G + hGrn + hy,Grj).

n+1
Proor. For (a), from (6.1)(a) and (d) we see
(6.4) H;=(n-2)FL;+F 'Hl;, L;:=KIl;+ % ;-
Hence eliminating L; in (6.1)(b), we have
H'jp = —{(H; — 7 HI)h, — jlk}
For (b), see [10], Theorem 4.4. O

6.3. A g-Landsberg space of scalar curvature K.

Now we shall refer to a g-Landsberg space of scalar curvature K.
First, substituting (6.1)(b) and (c) into (5.2)(b) and after some ar-
rangement, we obtain

(6.5) 3K(Chjgir + Cijgnk + Flignik)) + Knjhix + Kijhny + FjKjghz’(k)
+(liChj + 1nCij) Ky + 21 (Kphir + Kihng + Kihpi) — jlk = 0.

Transvecting (6.5) with 7, we get

(6.6) 3K{Fgnitk) — (InCir + 1iChi) } + 2(Knhig + Kihpp + Kihpi) = 0.

Moreover, on transvecting (6.6) with h**, we find

3FK
(67) 3FKC’k+(n+1)Kk:O, or Kk:— k-
n+1
Using (6.7), we can eliminate K} in (6.6). As K # 0, we have
2F

Fgniky — (nCik + LiChi) — n—H<Chhik + Cihng + Crhpi) = 0.

With Proposition 5.6 and Theorem 5.9 in mind, the above equation gives
the following
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Theorem 6.8. A g-Landsberg space of scalar curvature K is g-C'-

2F
reducible and there exists a scalar T such that Cp; — n——l—lThj = Thy;.

From Theorems 5.13, 6.5 and 6.6, we have

Theorem 6.9. A g-Landsberg space M, of scalar curvature K is for
n > 3 projectively flat.

Next, operating Fp - 9; to (6.7), we have
F
3F|K;Cy, + K{Tyx + n—H(Cthk +2C;C,)H + (n+ 1)Ky, = 0.
Moreover, substituting (6.7) into the above equation, we obtain

F F?
(6.8) K = —3K{ Ty +

n+1 (n+1)2 (C¥hie = GG}

Operating p- to (6.5), we get

3K (Chjhir — Cithnj) + Knjhir — Kighn;
2F

— K i i i) — Jjlk=0.
+n+1 J(C’hhk-l-Chhk—l-Ckhh) ]’k 0

Substituting Ky in (6.7) and K in (6.8) into the above equation, we have
(K #0)

F F?
R, + A h;
(Chg = 27 Ths (n+ 1)2Chcj)h k
F F?
—(Cir — T — C;Cy)hn; — jlk = 0.
F 1
On the other hand, we know lThj = §(C’hj — Thp;). Then the above
n
equation leads us to
2F? 2F?
- Nhiw — (Cip — ———=C;Cp)hn; — jlk = 0.
(Chj (n + 1)2 CrhCj)hu — (C. (n+ 1)20 Ci)hnj — j| 0

Lastly transvecting the above equation with h**, we obtain

2F? . 2F2C?
2O = Gy

(n —1)(Chj — CESIE

Yy = 0.

Thus we have
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Theorem 6.10. In a g-Landsberg space of scalar curvature K, there
exists a scalar (3 such that
2F? 1 ‘ 2F2C?

mchcj = Bhpj, B=—-(C"—

(6.9)  Chj— — nt1)

).

Theorem 6.11. In a g-Landsberg space of scalar curvature K, the
curvature tensor Sy' ;. has the form
Shijk = F~2S(hnjhir — harhij) (called S3-type, cf. [27)),
(6.10) F2(0? 1

. _ _ i 22
S=0- e~ ot DO = O,

where S Is a constant.

PRrROOF. In view of (5.8) and (6.9), we see

My = Chj — (ni—i)Q(Cthj +20,0C4) = (B — %)hhj.
F2C?
Putting M}; =: Shy; we have S = 3 — m, or exactly
1 : 2F2C? F2C? 1

S = n+1)C% — F2C?}.

e L (n+1)2)_ (n+1)2 =

On the other hand, we see

S = {(n+1)C"; ) — 2F>C*Cy i }.

n?—1

Substituting (5.10)(a) and (5.9), we obtain

S, = ! . (2F%GCy — 2F2GCy,) = 0.

nz —
Accordingly, by means of the Ricci identity, we see from (6.1)(b)
1 .
Stisie = Sy = 0= —H xSy = —F(Klj + 5 K;) Sy = jlk,
and transvecting the above equation with 37, we have S(ky = 0. Therefore
S/, = 0 means that the scalar S is a constant. O

Theorem 3.3, evidently implies the following

Theorem 6.12. A g-Berwald space of scalar curvature K is an RccM,,
space, which satisfies C; = 0 and Ch;; = F‘lliC’hj.
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§7. Semi-C-reducibility
In this section we refer to the tensor C; which vanishes in a Finsler
geometry. The purpose of this section is to prove the following

Theorem 7.1. The Finsler space associated with a g-Landsberg space
of scalar curvature K is semi-C-reducible, that is,

C*hjk = #(C*hh*‘jk + C*jh h + C*h™hy )

q
T

wherep+q=1, p#0, q#0.

Definition. A Finsler space that satisfies the condition (7.1) (without
asterisk mark *) is called semi-C-reducible.

C*hC*iC%,  (C7)° = g™ C™iC7y,

Examples. There are many semi-C-reducible Finsler spaces: e.g.
(1°) A Finsler space with (a, §)-metric is semi-C-reducible ([24],[28]).

(2°) If an R3-like Finsler space satisfies the condition p- P,/ — k|l = 0,
then the space is semi-C-reducible or satisfies F _1Pm-j s0+FKChij =0,
where K is some scalar ([20],Proposition 5.5).

(3°) If an R3-like Finsler space satisfies the condition *P?;; = 0, then
the space is semi-C-reducible or S3-like ([38],Theorem 4.3).

(4°) If a Finsler space with property H satisfies the condition *P?;; =0
or p - Pijk ;1 — k|l = 0, then the space is semi-C-reducible under some
condition ([31],Theorems 4.2 and 4.4).

See Appendix.
7.1. Tensors m;, myp; and mp;.

First, in a g-Landsberg space of scalar curvature K, we recall the
following relations:

. 1
(3.1) 3C% ik =Cij+Ciki+Chrij+ 5 (Cijk) + Ciki) + Cri(s))

2
(5.3) Chik = F ' ;Chi + %H(Chhik + Cihnk + Crhni),
(5.7) Chj — anlThj = Thp;,
(69)  Chj— %chcj = Bh;,
(6.10) S=p- i (S: constant).

(n+1)?
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To save the complicated calculations we introduce new notations:

F F
i = —0C;, =Fp- N =——Th,,
i n+1 Mt DT () nt1 "
then we see that the above equations are expressed by
(a) Chj = 2mpm;j + ﬂhhj, (b) Chj =2myp; + Thhj,
8—T

C) Mp; = Mmpm; + hhj,

( 2
(d) S=pB-—m? m?:=m'm,,
(

e) Mpjk = Fp- Chjk = mhhjk + mjhhk + mkhhj.

(7.2)

7.2. Metric tensors in F(g).
We see
g*hj = gnj + Chj = gnj +2mpm; + Bhy;,

7.3
( ) h*hj = (1 + ﬁ)hhj + thmj.

We set g*"* = g"* 4 Amm* + Bh"* with unknown coefficients A and
B, and substituting (7.3) into the definition g*"*g*); = 5;?, we obtain

_ ___h _ 1
B+3+B3=0, B= 5 1+B_1+ﬁ,
(7.4) A1+ B+2m?) +2(1+ B) =0,
I 2
A= A+ 5) a:=1+p342m".

Hence we have

Lemma 7.2. In a g-Landsberg space of scalar curvature K we have

2 164
xhk hk h, k hk

bk — 1 (e — zmhmk)'

140 a

(7.5)

Remark. The scalar § cannot satisfy 1+ (6 = 0. In fact, if 1 + 3 =10
holds in (7.3), we have h*j; = 2mpm;. The last equation means that the
rank of the matrix (h*p;) must be 1. As the rank of the matrix (h*p;) is
n — 1, the relation 1 + # = 0 cannot hold for n > 2. Moreover, the last
equation of (7.4) is rewritten as Aa(1l + ) = —2. Accordingly we see that
the scalar a cannot vanish.
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7.3. Tensor C*p;, in F(g).
Let us carry out the following calculation:
mip = Fp - (mig) — Ci"vmy) = Fp - myg) — mippm”
= Fp-mx) — (m*hik + 2mymy,).
From (7.2)(c) we have
2m2+ 6 —1

Fp- Mi(k) = 3m;my, + #hik-

From (7.2)(d) and (c), we see
By = Fp-Bay =Fp-(S+m?) ) =2m'Fp-m;x)
= 2m'my, = (2m?% + B — T)my,
Fp - hpjky = FP - gnjk) = 2mngp.-
Using (7.2)(a) and the above, we shall carry out the following calculation:
Fp - Chjy = 2(Fp - mpym; +mpFp - mju)) + Brhng + BFD - hyj
= 12mpm;my, + (2m? + 38 — T) M-
As the term F'p - Cy () is symmetric in the indices h, j, k, (3.1) gives
FC* 1k = mnjr + %FP “Chjk)-
Hence we have

Lemma 7.3. In a g-Landsberg space of scalar curvature K we have

_2m? 433 —T1+2

(76) FC*hjk = 6mhmjmk + bmhjk, b: 2

Remark. If b = 0 holds, then the space F)(g) is called C2-like. Hence
we assume b # 0.

7.4. Torsion vectors in F}(g).
Using (7.5) and (7.6) we see

. Th e 1 6m2(2m? + b)
FC*; = Fh*"™C* 0, = m{w +(n+1)b— - Y.
Here, let us put
D 6m2(1+ 3 —b)

FC*; = D:=(n+1)b+

l-l-ﬁmj7 a
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Moreover from (7.5) and a — 2m? =1 + (3, we find
D 2m?2 D
h (1+ﬂ)2( a Jm a(l—l—ﬁ)m
Hence we have

Lemma 7.4. In a g-Landsberg space of scalar curvature K we have

D D
FC*. = — _m. F «k _ _ — 0k
Ci= g =iy ™
(7.7) D22
FYC*)? = ——.
a(l+ )

Remark. From (7.7) we see that if the scalar D vanishes, then C*; =
0, which leads to C*j,;; = 0 by Deicke’s Theorem. Hence we assume D # 0.
When the vector m; vanishes, we see C 1, = F_lle’hk and C*pj = 0,
that is, the space considered reduces to an RccM,, space.

7.5. Proof of Theorem 7.1. From (7.3) and (7.7), we see

1 1 2m?
oy 11 Oy mpm;) 1 —l—ﬁ(h hj a(C*)QC nC™5)
and )
F * * 2m * * *
mkhhj = E(C kh hj — WC hC jC k),
Hence (7.2)(e) gives
F 6m?
Mpjk = E(C*hh*jk + C*jh*hk + C*kh*hj — mc*hc*jc*k)'
Finally (7.6) is rewritten
C hjk = B(C nh jk+0 jh nk +C rh hj)+ Da(C’*)2 c* jC ks
and we have
(n+1)b 6m?(1+ 5 —b)
p D y 4 Da ) p+gq

Thus the proof is complete. O
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Remark. This theorem means that if a g-Landsberg space of scalar
curvature K satisfies m; = 0 (C; = 0), then the space reduces to an
RccM, space.

(6.7) tells us the following

Theorem 7.5. A g-Landsberg space of constant curvature K is an
RceM,, space.

Moreover, from (5.9) we see  Gp;yr = Gprj/i = Gphnj. From the
condition (d) of Theorem 6.3, we have

Theorem 7.6. If the scalar G is constant, then the g-Landsberg space
of scalar curvature K is an RccM,, space.

M. MATSUMOTO and C. SHIBATA showed ([24],(1.8)) that the cur-
vature tensor Sp°ji of a semi-C-reducible Finsler space is expressed by
(without asterisk mark *)

F—2
(a)  Shijk = T( nihik + Mighng) — jlk,
pQFQCQ ' 2pF2
(n+1)2" " (n+1)2

(7.8)

(b) Mp; = — (ng + 1)CyC;.

Remark. A Finsler space with the tensor Sp;;r of (7.8)(a) is called
S4-like. If the condition ng + 1 = 0 holds, then the tensor Sp;;i has the
form (6.10) and the space is called S3-like.

In a g-Landsberg space of scalar curvature K, the condition ng+1 =0
reduces to

(7.9) ab+6m*(1+ 8 —b) =0,
and after some rearrangement we have
(7.10) 36% — (145 4+ 37 +11)+85? +2(21 +3)S +7 -2 =0,

where the scalars § , 7 and the constant S exist exactly.
However, with (5.9) and (7.2)(d) in mind we have

. 2FG
(7.11) B = (S + m2)/k =2m'm; ), = n——i—lmk’ B =0.

Now, differentiating (7.10) by =¥ we find
(4S — 38 + 1)1/, = (14S + 37 — 68+ 11)3 .
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Hence from (7.11) we see (4S5 —33+1)7/9 = 0. Put 45—-36+1=a—6m?=0,
then the condition (7.9) can be rewritten as a(1 + () = 0, which cannot
hold. Thus, from (5.7) and (5.10)(a) we obtain

1 i 2F i 2F
T/o——n_l(ci/o—TH_l

T"0) = e 1T1i/0 =0.
On the other hand, by means of the Ricci identity we find
Cisks ) = Cisyyn = —Fi"1iCn = Ok"jCipn — P iCiyny = —Ci" jCipn.

Transvecting the above equation with yk we have C} /Gy = —Cyyy =
—Ghij. From Ty = FCiy¢5y /i + 1:Cj i, + 1;C5, We obtain

0= Tii/o = ngjCi/(j)/o = —(TL - 1)FG
Thus we have G = 0. Hence we have from Theorem 7.6

Theorem 7.7. If the associated Finsler space of a g-Landsberg space
of scalar curvature K is S3-like, then the space is an RccM,, space.

7.6. Appendix.

In the cases of (2°), (3°) and (4°), the original condition is expressed
by (e.g. [20],(5.12),(5.19))

(@) (n—1)CkChij + hij(Ch"kCr — CrCk)
+ hpi (Ci"kCr — CiCy) — jlk =0 (*C-reducible),
(b) (n—2)C?C*C?Chyj + (A — C*C?*)C*(Chhij + Cihnj + Cjihni)
+{3C?C? — (n +1)A}CLC;C; = 0,
A= Cpi;C"C'CT (semi-*C-reducible).
It has been proved that (a) and (b) are equivalent to the semi-C-reducible

condition ([32], Proposition 1.1). As C,;; satisfies A = cC?*C? with some
scalar ¢, we find

(n—2)C%Chij+(c—1)C?*(Crhij+Cihp;+Cihpi ) +{3— (n4+1)e} O, C;C; = 0.

Accordingly the scalar p is not arbitrary and the scalar ¢ decides some
3

property. However as p # 0 and g # 0, we see that ¢ # 1 and ¢ # e
n
Definition. A Finsler space is called
(1) a Finsler space with («, 3)-metric if the Finsler metric is given
by F(z,y) = L(«a,3), where L is p-homogeneous of degree 1 in the two

variables a(z,y) := \/a;;(z)y'y? and  B(z,y) = b;(z)y".
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(2) a Finsler space with property ‘H, if the condition H';, = 0 holds
([22],(2.3),[31]), where

H i = 2" i — m(zjh}@ — Zkhy), 2k =p-H'ye, Zji= 2"

(3) a *P-Finsler space, if the condition *P"'jk = Pijk — )\C’jik = 0 holds
(called a * P-condition, cf. [19]).
(

4) a Finsler space with Fj,"j;, = 0, if the condition F},*;;, = 0 holds ([30]).

(5) an R3-like Finsler space, if the condition Cpsjr = 0 (the formally
Weyl conformal curvature tensor vanishes as in Riemannian geometry)

holds ([20], [38]), where

) 1 ,
Chijk = Rnijk — (Ln;9ik + gnjLit — jlk), Ln; = m(Rhlji — TGhj)-

Remark. Three special Finsler spaces: a Finsler space of scalar curva-
ture K, an R3-like Finsler space and a Finsler space with Fj,*;; = 0, have
the property H ([22],Theorems 2.4, 2.5 and 2.6).
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