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On conformally flat (a, 8)-metrics with constant flag curvature
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Abstract. In this paper, we study conformally flat (o, )-metrics in the form
F = a¢(B/a), where « is a Riemannian metric and 8 is a 1-form on a C°° manifold M.
We prove that conformally flat («, 3)-metrics with constant flag curvature on a manifold
of dimension n > 2 must be either a locally Minkowski metric or a Riemannian metric.

1. Introduction

In Riemannian geometry, the conformal properties of Riemannian metrics
have been well studied by many geometers. There are many important local and
global results in Riemannian conformal geometry. For example, the Poincaé met-
ric on B™ is conformally flat Riemannian metric of constant sectional curvature
K = 1. More generally, the conformal properties of a Finsler metric deserve extra
attention. The Weyl theorem states that the projective and conformal properties
of a Finsler space determine the metric properties uniquely ([14], [18]). The study
of conformal geometry is a recent popular trend in Finsler geometry. T'wo Finsler
metrics F and F on a manifold M are said to be conformally related if there is
a scalar function ¢(x) on M such that F = e“®F. A Finsler metric which is
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conformally related to a Minkowski metric is called conformally flat Finsler met-
ric. The conformal transformation between F and F is defined by L : F — F,
F =e@F,

In conformal Finsler geometry, it is one hot issue to study the conformal
transformation. The famous Matsumoto’s problem states how many different ways
are there essentially to realize conformal equivalence of a Finsler manifold to a
Berwald manifold? In other words, whether or not are there two Berwald mani-
folds which are conformally equivalent (but not homothetic) to each other ([17])?
The Matsumoto’s problem is closely related to the theory of generalized Berwald
manifolds, especially Wagner spaces. C. VINCZE answers this problem and shows
that the conformal equivalence between two Berwald manifolds must be homo-
thetic unless they are Riemannian [20]. Recently, the first author, X. CHENG and
Y. Zou characterize the conformal transformations between two («, 5)-metrics.
We prove that if both conformally related (a, §)-metrics F and F are Douglas
metrics, then the conformal transformation between them is a homothety ([3]).
It is well-known that the set of Berwald metrics is included in the set of Douglas
metrics. Our theorem can be deemed to be the generalization of C. VINCZE’
result in part.

There is the other hot issue how to characterize conformally flat Finsler met-
rics (conformally Berwald metrics). M. HASHUIGUCHI and Y. ICHIJYO defined a
conformally invariant linear connection in a Finsler space with an («, 8)-metric
and gave a condition that a Randers metric is conformally flat based on their
connection ([11]). Later, S. KikucHI found a conformally invariant Finsler con-
nection and gave a necessary and sufficient condition for a Finsler metric to be con-
formally flat by a system of partial differential equations under an extra condition
([13]). By using KIKUCHI's conformally invariant Finsler connection, S.-I. HoJjo,
M. MATsuMOTO and K. OKUBO studied conformally Berwald Finsler spaces and
its applications to («, 8)-metrics ([10]). In fact, a Finsler manifold is a confor-
mally Berwald manifold if and only if it is a Wagner manifold ([9]). In 2006,
C. VINCZE gets a structure theorem for conformally Berwald Randers manifolds
and gives examples of Wagnerian Finsler manifolds ([21]). But the local structure
of conformally flat Finsler metrics (conformally Berwald metrics) is unknown in
general. In [12], L. KANG has proved that any conformally flat Randers metric
of scalar flag curvature is projectively flat and classified completely such metrics.
The first author and X. CHENG classify conformally flat weak Einstein polyno-
mial («,3)-metrics and show also that there is no non-trivial conformally flat



On conformally flat («, §)-metrics with constant flag curvature 389

(c, B)-metrics with isotropic S-curvature. However, it is unfortunate that the lo-
cal structure of conformal flat Finsler metrics is still unknown, even if conformal
flat («, B)-metrics.

For a Finsler manifold (M, F'), the flag curvature K = K (P, y) is a function of
tangent planes P C T, M and non-zero vectors y € P. This quantity tells us how
curved the space is at a point. When F' is Riemannian, K = K(P) is independent
of y € P\ {0}, which is just the sectional curvature. Thus the flag curvature is
an analogue of sectional curvature in Riemannian geometry. A Finsler metric F
is said to be of constant flag curvature if the flag curvature K = constant. It is
one of important problems in Finsler geometry to study and characterize Finsler
metrics of constant flag curvature [5], [8], [19]. In [15], B. L1 and the third author
finish the classification of the projectively flat («, 8)-metrics with constant flag
curvature.

In this paper, we mainly focus on studying the conformally flat («, §)-metrics
with constant flag curvature. The condition “conformally flat” is very different
from the condition “projectively flat”. In [2], S. BAcsé and X. CHENG prove that
if the conformal transformation L : F — F,F = e F preserves the geodesics,
then it must be a homothety, that is, ¢ = constant. It implies that conformally
flat Finsler metrics are not projectively flat in general. We get the following

Theorem 1.1. Let F = a¢(s), s = 8/a be a conformally flat («, §)-metric
on a manifold M of dimension n > 2. If F is of constant flag curvature, then it
is either a locally Minkowski metric or a Riemannian metric.

2. Preliminaries

Let F be a Finsler metric on an n-dimensional manifold M and G* be the

geodesic coefficients of F', which are defined by
1. .
¢ = 2" {[F*] " = [F?],. ] (2.1)
where g;;(z,y) = $[F?|,i,i(z,y) and (¢¥) = (g;;)~'. For any z € M and
y € T,M\{0}, the Riemann curvature R, = R, 52 ® da* is defined by
; IG? 0*G 0?G IG" OG™
RYy=2—— ———y™ +2G™ — .
k Oxk axmayky + Ooymoyk  Oym Oyk
For a tangent plane P C T, M containing y, let

gy (Ry(u), u)
gy (v, )&y (u, u) — [gy (y, w)]?’

(2.2)

K(P, y) =
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where g, (u,v) := g;;u'v’ and u € P such that P = span{y,u}. It is well-known
that a Finsler metric is of scalar flag curvature if and only if

R, = K(z,y)F?h'y,

where h', = 8, — F2g,y9y".

In Finsler geometry, there are some important geometric quantities which
have many important influences on the geometric structures of Finsler metrics
and vanish in Riemannian case. We call them non-Riemannian quantities. For
a non-zero vector y € T, M, the Cartan torsion C, = ijkdxi ® dz? @ dz* -
T.MT,M®T, M — R is defined by

1 0gi;
vyt T 5 oYk

1
Cigr = 1[F7]
The mean Cartan torsion 1, = I;(x,y)dz' : T,M — R is defined by
I; == g’* Cijy.

It is obvious that C = 0 if and only if F' is Riemannian. Also, according to
Deicke’s theorem, a Finsler metric is Riemannian if and only if the mean Cartan
torsion I =0 .

We consider the following tensor Y = y;dz’ on TM for a Finsler metric F
on a manifold M defined by

1 0’11 011
ii=m o (g™ — I, — 26T 2.3
X 2 (axmayzy 8ym8yz> (2:3)
where II := %g—:. 4Whean = '\/aij(az)yiyi is a Riemannian metric, its geo-
desic coefficients G* = %F;k(x)y] y* are quadratic in y. Further, IT = Iy =
yj%(ln det(ami(x))) is a 1-form by (2.1). Thus x; = 0, i.e., x = y;dz’ is a
non-Riemannian quantity. We can easily check that

Lemma 2.1 ([16]). If a spray G* is of isotropic curvature, then y; = 0.
Especially, if a Finsler metric F is of isotropic flag curvature, i.e., G* induced by
F is of isotropic curvature, then y; = 0.

By the definition, an («, 8)-metric is a Finsler metric expressed in the fol-
lowing form

F:Oé¢(3), Szaa
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where a = \/a;j(z)y’ys is a Riemannian metric and 3 = b;(z)y’ is a 1-form with
1Bzlle < bo, € M. Tt is proved ([8]) that F' = a¢(5/a) is a positive definite
Finsler metric if and only if the function ¢ = ¢(s) is a C™ positive function on
an open interval (—bg, by) satisfying

B(s) — s¢/'(s) + (b* — s3)¢"(5) >0, 5| <b<by.

Let G* and G?, denote the geodesic coefficients of ' and «, respectively. Denote

1
rij 1= (bigy +0500)s sij = 5 (baty = bjpa),

i il Y
s';i=a"siy, s = Vs,

where (a/) := (a;;)~" and b;); denote the covariant derivative of 3 with respect
to a. Let b := ||8]|o denotes the norm of § with respect to . Then we have

Lemma 2.2 ([8]). The geodesic coefficients of G are related to G, by
G' =G +aQs'y + {—2Qaso + 1o H{Ub' + Oa 'y}, (2.4)
where st 1= sijyj, S0 := 8y, Too 1= rijyiyj and

¢ _Q-sQ
Q'iqﬁ—sqﬁ” 0= S 5 v

Ql
=3

and
A:=1+3sQ+ (b* —sH)Q.

3. Conformally flat (a, 8)-metrics with x; = 0

Let F = ag¢(s),s = B/a be an (a, §)-metric on a manifold M, where oo =
Vaij(z)y'ys is a Riemannian metric and 3 = b;(z)y’ is a 1-form on M. Assume
that F' is conformally related to a Finsler metric F on M, that is, there is a scalar
function ¢(z) on M such that F = e“®) F. Tt is easy to see that F = a¢(5/a) is

;%lso an (a, B)-metric, where & = eic(“’)a, B =e @B, Write @ = a;;(z)ytys,
B = bi(x)y". Then a;; = e‘zc(a’)aij, b; = e~ °@p,. Further, denote ¢; := agg(ﬂ‘f) and

¢ :=a"c;, we have ([5])

bjlk: — (@) (BJ'H’C — Bij + Emcm&jk). (3.1)

Here Bij denote the covariant derivative of Ej with respect to &. Note that
a¥(x,y) = e~ 2" g (z,y). We have b := ||5||a = b.
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Under the assumption that F' is conformally flat, we can compute the cur-
vature tensor x; of F. Why is the x;? Firstly, the Lemma 2.1 implies

{F | F is of constant flag curvature.} C {F' | F satisfies x; = 0.}

Thus the non-Riemanian curvature tensor y; is useful to characterize the Finsler
metrics of constant flag curvature. Secondly, computing the curvature tensor y;
is simpler than computing the Riemannian curvature directly.

: . O%c(x) PO B SRS SR N ¥ i
Now, write ¢;j := 555, Yi = Gijy’, b' = a"b;, ¢' 1= a¢;, f := b'cy,

p; = cij?ﬂ, Po = piy’, Cio i= cijyj, co = iy, coo 1= cijyiyj. We can obtain the
following

Proposition 3.1. Let ' = a¢(s),s = f/a be a conformally flat («, 3)-
metric on a manifold M, that is, there exists a locally Minkowski metric F =
a¢(B/a) such that F = e“®)F, where ¢ = ¢(x) is a scalar function on M. Then
the curvature tensor y; of F is determined by

1
Xi = 5{ [AldfCQ + Ag(df)Q + Agcg + N/@po + M'coo

b; - -
+ M'(1+5Q)a*||Vela) a [Biafeo + Ba(af)? + Bscg

+ (N = sN")apg — sM'cop — sM' (1 + sQ)&*||Ve| 5] é/;
+ [Crco + Caoaf]e; — dNPi} (3.2)
where
.7 ® 72 . ®
M.fn+w(5+bQ), N := 2A2(1+5Q),
® = —(nA+1+45Q)(Q—sQ) — (* = 5*)(1+ 5Q)Q”
and

Ay = (1+5Q)(25°ON" 4 25*UM" — sN” +4sU M’ +2sON’ — 20N + M"
—20M' — 20b2M" — 200°N"),

Ay = —(1+ 5Q)(2Ub’N" 4 2UN — N — 25UN’ — 25> UN" + 20U M’),

As = (14 5Q)(2s*OM" — 200 M" — sM" + 4sOM' — M'),

By = (1+sQ)(—25°UM" — 253ON" — 25>ON’ — 65°UM’ + s> N" + 2sON
+ 25OM’ + 2sb?>UM" — sM" + 2sb*ON" + sN' — M’ + 20> M’ — N),

By := —54,,
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B := (1+5Q)(3sM’ + 2s0*OM" + 26°OM’ — 65>°OM’ + s> M" — 25°OM"),
C1 = —2(1 4 sQ)[s + O(b* — s*)| M,

Cy = —(1+sQ)(20°UM’' — M' — N — 25>U M’ + sN').

PROOF. It is well-known that (, 3)-metric F' is a locally Minkowski metric
if and only if & is flat and bj);;, = 0 ([1]). By Lemma 2.2, we have

G'={0(1+sQ)af + [L — O(s + b*Q)]co}y’

- “20 (1+ 5Q) + @b (Taf + Oco)(1 + sQ), (3.3)
= 9" _ e+ NG, (3.4)
oy™

Further, we need to compute the following
HTz = Mcio + Ndpi; (35)
T, = (M'co + N'af)s,: + Me; + N%f, (3.6)

Yy

yiym = (M'co+ N'af)syiym + {(M"co + N"af)s,i +M'c; + N'%f Sym

+ M'syicm+ N2y (N’fsyi — N%f) Im. (3.7)
a a a
By a series of direct computations, we have

Sy Era (3.8)
Syiym = | — % +385§1>ym — ngi - Sng’ (3.9)
syi)’ = b ; 82, syici = %, (3.10)
Syigm ™ = < 2 + 356%')5 = big - sz (3.11)
8yiym ™ = ( = 23 + 38(%11)60 = y@; = ‘;% (3.12)

Plugging (3.5)—(3.7) into (2.3) and by using (3.8)—(3.12), we get (3.2). O
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It is obvious that b = constant. If b = 0, then F = ¢“® g is a Riemannian
metric. So we always assume b # 0 in the following.

Lemma 3.2 ([7]). For an («, 8)-metric F = a¢(s), the mean Cartan torsion
is given by

Ii = — o=+ (6—s¢')h;, (3.13)

where
A:=1+sQ+ (b* —sH)Q, hi =b; —a tsy.

According to Deicke’s theorem, an (a, §)-metric is Riemannian if and only if
® = 0. In fact, such identity is a differential equation in ¢ which is very difficult
to solve. However, if ¢ = ¢(s) satisfies

Q - SQ/ = 07
o(s) = a1V 1+ azs?,

where a; and as are constants. Similarly, we have

it is easy to get

Lemma 3.3. If there is a neighborhood Us C [—b,b] such that Vs € Us, ¢(s)
satisfies
b¥’Q +s =0, (3.14)

then

#(s) = ap V' b% — s2,

where ag is a constant.

Remark 3.4. It Vs € Us, ¢(s) = apV/b? — s2, we have

¢ —s¢' + (b* —s%)¢" = 0.

Thus (a, §)-metric F is not a positive definite Finsler metric.

Further, we have

Lemma 3.5. If ¢(s) satisfies

s(b? — s)Q' + Q(b* + 5%) + 25 = 0, (3.15)

then ) )
Q:k’l(b — S )—1'

where k1 is a number independent of s.

S
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PRrROOF. By maple program, we get the solution of (3.15)

- kl(bz — 82) -1
_—5 .

Q
In special, if k1 = b%, then we have

¢ 5

¢—sd b2

d(8) = ka vV b% — $2.

where k5 is a number independent on s.

Thus

The following lemma is trivial. One can verify it directly.

Lemma 3.6. For any given ¢(s), if [(s) satisfies

N — ¢ — 5¢/ o 2 2\
[l_Sl]k_¢—s¢’+(b2—32)¢”[1 sl 4+ (b° — s9)1"],
where k is a constant, then
=ty [T
(s) =k
EN

ds + kss,

where kq, ko are constant.

395

In the following, considering conformally flat (a, 8)-metric F' = a¢(s),s =

B/« with x; = 0 on a manifold M, we have

Proposition 3.7. Let F = a¢(s), s = 8/« be a conformally flat non Rie-
mannian («, §)-metric on a manifold M of dimension n > 2. If F' has vanishing

Xi, then it is a locally Minkowski metric.

PRrROOF. By assumption and (3.2), we have

[A1afeo + Ag(af)? + Ascd + N'apo + M'coo + M' (1 4 sQ)a?||Ve||2]ab;

+ [BldfC() + BQ(CNM]C)2 + Bgcg + (N — SN/)dpo — SM/COO

— sM'(1+ 5Q)&*||VellZ]y: + [Creo + Cadf]@c; — &°Np; = 0.

(3.16)

To simplify the computations, we take an orthonormal basis at « with respect to

& such that
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Further, we take the following coordinate transformation in T, M,

P (s,ut) = (v'):
1 S A_ A

b2 — 52

where & = /> ,(u?)? (see [6]). Here, our index conventions are

1§iaj7ka"'§n7 2§A7B7C,S’I’L

We have B ~
- b ~ bs
OG=——0, f=—F7=—
B2 _ g2 B2 _ o2
Further,
c18 ~
002%07-#50, f=cib,
b2 _ 42
2 —
s 118 2C108
P1 11 a2+ 10 a + oo,

where

n n
Co = Z cay®,  po = ZPAZ/A7
A=2 A=2

n n
= A o A B
C10 ‘= E C1AY 5, Coo ‘= E CABY Y .
A=2 A,B=2

For ¢ = A, (3.16) is equivalent to the following two equations by the rational

terms and irrational terms in y4.

b2scia’ 540%072 as?a? , b2scr1
[Bl 72 _ g2 JrB2~2752 Bs <52 2 JrCO) + (N = sN') 72 _ g2
22 72 =2
, [ cuista® , b?||Vel|la
—sM <52 _52 +C00) —sM (1+SQ)W Yya
b2.a2
C’1~ ot ca =0V,
2—s
[B1828150 + 2B3scicy + (N — SN/)Bf)O — 282M,610]y,4

- b?a? b3a?
+(0101$+Cgb2C1)527S2CA—N52 Ssz:().

(3.17)

(3.18)
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Then (3.17) implies that there is a scalar function d := d(s) such that
B3E(2) - SM/E()O = da?.

Plugging it into (3.17) yields

b2301 1340% C%SQ , 528011 3., Cll
B152—52 +B2(32—52 + 57y 22 +(N_SN)52—32 —s°M R
V|| Vella b2co
/ & —
75M(1+SQ)m+d yA‘FCngiSQCA—O,

Contracting (??) with y# yields ¢(s)a? = g(s)e2, where

b2sc? 540% 32 , b2sciy
q(s) == 3152 — +BQB2 — +B352 — + (N_SN)E2 —
72
3y Cll / b*[|Vella
— S M 82_52 —SM (1+SQ)m+d,
_ b
q(s) :==Ch TR

We claim that ¢y = 0. Suppose &y # 0. When n > 2, if ¢(s) # 0 and g(s) # 0,
noting that s is independent on y*, then

1> Rank(cacg) = Rank(dap) > 2,
which is impossible. Hence ¢(s) = g(s) = 0, then we have C; =0, i.e.,
(14 sQ)[s + O — s*)|M' = 0. (3.19)
Noting that F' is a positive definite («, 5)-metric, we have

Glo—st' + D" L 0% oy

(¢ — s¢')? o —s¢’
Then (3.19) becomes to [s(b? — s2)Q’ + Q(b* + s2) 4+ 25| M’ = 0, Vs € [—b, b).
By above equation, we can prove M’ = 0 Vs € [—b,b]. If not, there must be

a neighborhood U, C [—b,b] such that M’ # 0,Vs € U,. Then s(b* — s)Q’ +
Q(b? + 52) +2s =0, Vs € Uy, by Lemma 3.5, we have

A:

k‘l(BQ - 82) -1
—S .

Q=
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Plugging it into the formulation of M, we get M = k1b*(n — 1), Vs € U,. It is
impossible. Thus M’ =0, Vs € [—b, ).
Noting that the formulation of M, we have

i) - _
n + W(s +b%Q) = d, (3.20)

where d is a constant. Put h(s) := s + b%Q, we can obtain

(0? — 52)¢' + s¢

M) = g

Then we have
- bo(b " —bp(—b
¢(b) — b’ (b) $(=b) +b¢'(=b)
Thus there exists b € (=b,b) such that b+ bQ(b) = 0. Taking s = b in (3.20), we
get d —n = 0. Then (3.20) becomes

<0

D(s+b°Q) = 0.

By Lemma 3.2, Lemma 3.3 and Remark 3.4, F' is a Riemannian metric. It is a
contraction. Thus ¢, = 0.
Substituting ¢4 = 0 into (3.17) yields

[B1b%5 + Bob* + Bys? — sM' (14 5Q)b*] ¢ + [(N — sN')b? — s2M]sc1y = 0. (3.21)

By a direct computation,

B1b%s + Bob* + Bss® — sM'(1 4 sQ)b* = —W(N”B4 +b2sM" + 2M'b?
0%’ N" — 025N’ + 02N — s> M" — 35> M"). (3.22)
It is easy to check
(N — sN')b»? — s>M' = Nb2 + sM — s(Nb2 + sM)’,
N"b* + b2sM" + 2M'0? = b?(Nb? + sM)",
—b?2N" —b*sN' + 02N — s°M" — 35’ M’ = [s(N — sN")b* — s° M)
Let [ := Nb2 + sM, then (3.21) can be reduced to

_1+3Q

A [l —sl' + (b* — s)1")2 + (1 — sl')ery = 0. (3.23)
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Finally, we show ¢; = 0. Suppose that ¢; # 0, let k = c11/c2, then (3.23)
becomes b6 s

¢ _ qu + (b2 _ 82)¢”

[l —sl')k= [l —sl' + (b — s?)1"].

By Lemma 3.6, we have

(¢ — s¢") Vb2 — 2]
l(s):k1/ Y ds + kos.
Then R —
N ) ard

JEN

Using the formulation of [, we have

ko [(¢>— s¢>’)\/ﬂr - [n— ko + %s— (;)l(i)? —32)%@.

Taking s = 0 in above equation, we obtain k; = 0. Thus [ = kss, i.e.,
sn — —— (b2 — §?) = kos. (3.24)

Further, let s = b in (3.24), we get ko = n. Then (3.24) can be reduced to

)

E(l~72 - 82) =0.

It implies that ® = 0. By Lemma 3.2, F' is a Riemannian metric. We get a
contraction. Thus ¢; = 0.
Hence ¢; = 0, that is ¢(z) = constant. Then F is a Minkowski metric. (]

By Lemma 2.1 and Proposition 3.7, we can obtain

Corollary 3.8. Let F' = a¢(s), s = B/a be a conformally flat (o, 8)-metric
on a manifold M of dimension n > 2. If F is of constant flag curvature, then it
is either a locally Minkowski metric or a Riemannian metric.
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