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Annihilators for the class group of a cyclic field
of prime power degree 111

By CORNELIUS GREITHER (Neubiberg) and RADAN KUCERA (Brno)

Abstract. The aim of this series of papers is to study cyclic extensions of Q of
odd prime power degree. This paper, which is the third of this series, concentrates on
the situation where some of the ramified primes are (partially) decomposed.

Introduction

As in the papers [1] and [2], we are interested in absolutely abelian cyclic
fields K of odd prime power degree [ = p*. We systematically search for roots of
circular units. This leads to an enlargement of Sinnott’s group of circular units.
The new group Cx, which we hope to be interesting on its own, is generated
by a set of explicitly given generators (see Lemmas 3.3 and 5.1, where bases are
described), and its index in the full group of units is given by Theorem 3.1. As
a consequence we obtain nontrivial divisibility statements on hy, often much
stronger than what is afforded by genus theory, and annihilation statements for
the class group of K. The difference with respect to [2] is that we allow the
ramified primes to (partially) split as well. This allows for much stronger results.

The process of finding the roots of circular units (Section 1) is admittedly very
similar to what was done in [2] and also in [3]. The same goes for the application
of the slightly adapted Rubin—Thaine technique (semispecial units) in Section 2,
which is crucial for getting annihilators of ideal classes. The authors faced a
dilemma between two options. First option: refer to our earlier work for these
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proofs and leave the task of supplying the necessary modifications to the reader.
Second option: take a couple of pages more to write out the proofs again in the
precise setting that is required. We have chosen the second option; readers who
are somewhat acquainted with these matters may go through these arguments
very quickly.

There is a new aspect with respect to [1] and [2]. After obtaining a strong
result on the divisibility of hx by powers of p in Section 3, we describe in Section 4
an alternative approach to class number divisibility via the Ambiguous Class
Number Formula. (Superfluous as it may be, we stress that the name of the latter
result refers to ambiguous ideal classes, and of course not to ambiguous numbers
or formulas.) The results in Section 3 that say “h is large” use circular units and
the Analytic Class Number Formula; they do not allow to write down a single ideal
class of order p, say. On the other hand, the ambiguous class number formula is
much more concrete, even though this is not clear from its bare statement; going
through its proof, one can somehow locate the nontrivial ideal classes. Ambiguous
ideal classes tend to come from classes of ramified primes. It is remarkable in our
opinion that both techniques (circular units, and the Ambiguous Class Number
Formula) lead to exactly the same divisibility result in a lot of cases. Admittedly
this does not happen in all cases; at the end of Section 4 we spend some time on
the question just when the two approaches “match exactly”, for whatever it is
worth.

Our annihilation result in Section 5 is again different from the standard result
which says, grossly simplified, that “every annihilator of the quotient of all units
by the circular units is also an annihilator of the class group”. In our situation, the
circular unit group is replaced by something considerably larger, so the quotient
has more annihilators. In compensation, we only get annihilation of a certain
(very explicit) subgroup of the class group. But it is possible to translate this
into a novel annihilation statement for the entire class group; see Theorem 5.3.

1. Extracting roots of Sinnott circular units in a cyclic field

Let us assume that the cyclic field K satisfies the assumptions of [2], p.
581. Explicitly, let us suppose that K/Q is a cyclic extension of degree [ = p*,
where p is an odd prime, such that the conductor m of K is not a prime power.
Let x be a generator of the group of Dirichlet characters corresponding to K.
Let us decompose X = Xp, - .- Xp,, Where X, is a nontrivial Dirichlet character
whose conductor f; is a power of a prime p; (the primes py, ..., ps are different; if
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p; # p then f; = p;). Let p¥ be the order of y,,. Hence s > 1 and py,...,ps are
precisely the primes which ramify in K and p* is the ramification index of p;.
Let ¢; = Ip~* and n; be the indices of the inertia and decomposition groups of p;
in Gal(K/Q), respectively, so n; | g;. We can suppose that the primes p1,...,ps
are ordered in such a way that p; is totally ramified in K/Q, so n; = ¢1 = 1, and
that n;y <ng <--- <ng <.

Let ¢ be a fixed [-th primitive root of unity and let ¢ be the generator of
Gal(K/Q) satisfying x(o) = ¢. Let K; be the abelian field corresponding to xy,
and let o; be the generator of Gal(K;/Q) determined by x,, (o) = ¢%.

For any J C I = {1,...,s} let K; = [[;c; Ki, let m; be the conductor of
K and, for J # 0, let ny = NQ(CmJ)/KJ(l —(m, ) be the “Sinnott circular number
of conductor level” of Kj; here (,, = e?mi/ms - Since K is real, iy is totally
positive. Then K = K7 is the genus field of K and n = NF/K("?I) is the “Sinnott
circular unit of conductor level” of K.

Let G = Gal(K /Q) and let D be the group of circular {py, ..., ps }-units of K,
i.e. D is the Z]|G]-module generated in K™ by —1 and by n, for all J C I, J # 0.
The following lemma describes D by means of the module U = (p;J C I)z¢
defined in [4] with v = s, for T; being the inertia group of p; in G and A; being
the Frobenius automorphism of p; in G with trivial action on K; (Frobenius is
determined modulo 7T; only). Hence G = Ty x --- x Ty, and U is the Z[G]-
submodule of Q[G] @ Z* generated by

S(Tr) [icr—g (L= p~ AT S(T3) i |1 = J| #1,
py = (1.1)
s(Ty)(1 —p~*is(Ty)) + e it I —J={j},
where ey, ..., e, is the usual basis of Z*, considered as a Z[G]-module with trivial
action of G, and s(H) = >, _;; h for any H C G.

Lemma 1.1. The Z[G]-modules D/{£1} and U/(s(G)Z) are isomorphic.
More precisely, ¥(n;) = pr—y for each J C I, J # 0, and U(—1) = 0 defines
a homomorphism ¥ : D — U of Z|G]-modules satisfying ker ¥ = {£1} and
U=9(D)a (s(G)Z).

PRrROOF. The circular numbers satisfy the following well-known norm rela-

tions
1

1T 77 =Nk, /x, sy (0s) = 77}13?} for each J C I, and each {i} & J
TET;

and

H nfj} = NKj/Q(n{j}) =p; foreachjel.
TETj
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The presentation of U described in [4, Corollary 1.6(ii)] together with the fact
that p; = s(G) does not appear in the relations [4, (1.9) and (1.10)] at all show
that U = (ps;J C I)ziq) © (s(G)Z) and that

O(py) =nr—y foreach J CI, P(p;)=1,

defines a homomorphism ® : U — D of Z[G]-modules whose image consists of all
(totally) positive numbers in D. Since the Z-rank of U is [ + s and the Z-rank of
Disl+ s —1, we obtain ker ® = p;Z = s(G)Z. This implies the existence of ¥
with the desired properties. (I

Let H = Gal(K/K) C G. Notice that

W(n) = U(Ng, (1)) = s(H)¥(nr) = s(H)py-

Each circular number « € D is either totally positive or totally negative, so for
each 7 € G we have ™! # —1. Since o € K if and only if ™! = 1 for all
T € H, which is the case if and only if (7 — 1)¥(«) = 0 for all 7 € H, we have
V(DN K) =¥(D).

Let n = ny = max{ny,...,ns} and let N,, = Zi/:”l o™, so N,, is the norm op-
erator from K to K’, the subfield of K of absolute degree n. Let R’ = Z[(0)]/(Ny)
and let X' : R" — (1 — 0™)Z[{o)] be the isomorphism of Z[{c)]-modules given by
multiplication by 1 — o™, i.e. N(x) = (1 — ¢™)z. Then

M= {z e YD) N,z =0}
is an R’-module without Z-torsion. If ¢ € Homp (M, R’) then
X o w S HOInZKC,)} (M, Z[<J>]).

Since UH /M has no Z-torsion, [3, Proposition 6.2] for f(X) = X! — 1 gives
Extyy v (U /M, Z[(0)]) = 0. Hence there is

¢ € Homg ) (U", Z[(0)])

such that [y = XN o 9. Let v € Homyyy (U, Z[(0)]) be defined by v(z) =
(1 = 0)p(zx), then v(t;e;) = 0 and [4, Corollary 1.7(ii)] gives

v(s(H)pg) € [T(1 = o™)Z[(0)],
=1
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because (1 — 0™)Z[(0)] is the ideal of Z[(o)] generated by 1 — resz ;- A; and by
L —resg T for all 7 € T;. We have Ng/g/(n) = 1 as p, splits completely in
K’ and s > 1, hence s(H)py € M. The multiplication by 1 — o is injective on
(1 —0™)Z[{o)], which means

N op(s(H)pg) = p(s(H)py) € H(l —o™)Z[{)],
hence =

wls(H)py) € [[(1— 0™ )R

Since y = Hf;zl(l — o™) is a non-zero-divisor in R’, [3, Proposition 6.2] for
f(X) = Zi/:”l X@=Dn gives § € M such that y6 = s(H)py = ¥(n). Hence
§ € Y (D) =¥ (DN K) and N, = 0. Therefore § = ¥(a) for a suitable totally
positive « € DN K and ¥(a¥) = ¥(n) and ¥(Ng/ k(o)) = 0. As a is totally
positive, we have Ng /s (a) = 1 and a¥ = 7. Since a € D has absolute norm 1,
it is a circular unit of K. Notice that « is uniquely determined by the conditions
a € K, Ng/g/(a) = 1 and oV = 5. Indeed, if there were two such o’s, their
quotient # would satisfy ¥ = 1, so f € K" and 1 = Ng/x/(8) = B hence
g =1.

Theorem 1.2. There is &« € DN K such that the circular unit n is equal

to oY , wherey = Hf;;(l — o™). Moreover « is a circular unit of K and there
are v, € K satisfying o = v~ = u1~* and Ny jo(1) € (~1,p1, .. ps)-

PRrROOF. Hilbert’s Theorem 90 for the cyclic extensions K/K’ and K/Q im-
plies that there are v, u € K* such that o = 4*="

= ', Since !~ = ais a
unit, the ideal uQf is ambiguous and so p can be chosen to be supported only

on ramified primes. (I

Let € be as in [2, Theorem 1.1]. Now we can prove the following stronger
version of [2, Proposition 1.6].

Proposition 1.3. Let v be the greatest common divisor of | and Hle ;.
Then the norm N g(e) is a v-th power in Q.
PrOOF. We have obtained
glo—1)"h _ n=a¥ =y1-o"), (1.2)
s TTs n;—1 _j s—
sod =c¢- 'y(fl) [Ti=2 2520 @7 ¢ Q% because 91 =1 Taking norms we
obtain

_1ys—1717s wrlaj _1ys—1 s .
NK/Q(g):NK/Q(ﬁ.V( D =2 250 )Zﬁl'NK/Q(W( DO Tizme . g
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Remark 1.4. We can compute « explicitly as a p-power root of a specific

circular unit. For each j =1,...,s, let
tng @/nj)-1
Np; = Z o™ and A, = Z 10"
i=1 i=1

s0 (1 =0")N,, =0and (1 —-0")A,, =Ny, — n% Then (1.2) implies
LS By QITZE (N, =) Z (-1 TEZHW/n) — (-1

s—1 |

N _ _ .
because o'» = 1, where r = [[;_, 7o is a power of p, so

o= {/nD Tz A, (1.3)
Similarly
771_[:?=2 A”i _ ,71_[5:2(1\]"7‘,_%,;) — ,y(—l)s(N'n_%)Hj;; »nil e /V(_l)s(Nn_fT)T.
Therefore

NK/K’ (’)/) . ’y_l/n = {/ 7’](71)5 ?:2 A"i = O[An.

It would be enough to compute Ng /x/(y) to get a formula for v but the authors
have no idea how to obtain Ng /g (v) if n > 1 (the case n = 1 is described by [2,
Theorem 1.1] since K’ = Q and v -£(-Y" € Q in this case).

2. The root p is semispecial

Let us recall the definition of semispecialness: let M be any p-power divisible
by 1571, For any prime ¢ = 1 (mod M) and any abelian field L let L(q) be the
compositum of L with the cyclic field Q(q) of absolute degree M and conductor gq.
Let

Qs = {q prime; q totally split in K, g=1+ M (mod M?),
p; is an M-th power modulo ¢ for each j =1,...,s}.

A number ¢ in K is called M-semispecial if for all but finitely many g € Qay,
there exists ¢, € le((q) satisfying
* Nk(g/x(€q) = 15
o If ¢ is the product of all primes of K(q) dividing ¢, then ¢ and ¢, have the
same image in (Og(q)/q)" /(M /1571).
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Let us fix a p-power M divisible by [*~! and any ¢ € Q. To simplify
notation, we denote psy1 = ¢, Ksr1 = Q(¢) and I' = {1,...,s+ 1}. Again, for
any J C I' let K = [],c; K;, let m; be the conductor of K; and, for J # (), let
ns = No(¢,. ,)/x, (1= Cn,) be the “Sinnott circular number of conductor level” of
K; here ¢, = e?™/m  This definition does not change the previous meaning
of K; and n; if J C 1. Then K(q) = K is the genus field of K(q).

Let G, = Gal(K(¢)/Q) and let D, be the group of circular {p1,...,ps,q}-
units of K(q), i.e. D, is the Z[G,]-module generated in K(g)* by —1 and by 1,
for all J CI', J # (. Let U, be the module U defined in [4] with v = s + 1, for
T; being the inertia group of p; in G4 and A; being the Frobenius automorphism
of p; in G4 with trivial action on Kj.

We identify G with Gal(K(q)/Q(q)), then the new groups T; for i # s+ 1
are equal to the old ones and H = Gal(K(q)/K(q)). The assumption ¢ € Qx;
implies that the new elements \; for ¢ € I are also equal to the old ones and that
As+1 € H. But this is not the case for the generators of U and U,, so we need
to distinguish them. Recall the notation of [4], namely that U C Q[G] & Z° has
Z|G)-generators py, J C I, described by (1.1), that the standard basis of Z° is
denoted by eq,...,es, and that 7 : Q[G] ® Z° — Q[G] is the projection to the
first coordinate, so U’ = w(U) is generated by p/; = m(ps). Similarly we denote
the Z[G]-generators of U, C Q[G,] & Z**! by py, hence Uy = (5557 C I') g,
and the standard basis of Z5t! by é1,...,€s11.

Lemma 2.1. There are injective Z|G]-homomorphisms x : U — U, and
x': U — U, defined by
X(ps) = progsty and  X'(p)) = ps

for each J C I. As Z[G]-modules, U, 2 U & Z & (U')M~1,

PROOF. The key role in this proof is played by the fact that A\; for ¢ € I are
the same in U and in U,. A presentation of both U and U’ is described in [4,
Corollary 1.6]. To show that x’ is well-defined, we need to check that the images
of p/; satisfy (1.8) of [4], which means that for each J C I, i € I — J we have

s(T) - X' (py) = s(T1) - pr = (L= A7) - pyugy = (1= A7) X (Phuay)-

Similarly one can show that the images of p; satisfy [4, (1.10)] and so x is well-
defined.

For each J C I we have s(Ts11)-p € {(pnu(s+1}; N € I)zjg), while s(Tsq1) -
pr = Mé, 1. Hence, as a Z[G]-module, U, is generated by Mé, 1, by psufs+13,
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and by 7py for all J C I and all 7 € Tsy1, 7 # 1. Therefore the sum

XU)+MénZ+ Y w(U)=U,
Te€Ts41—{1}

because it contains all the mentioned generators of U,. As rankzU = |G| + s,
rankz U’ = |G|, rankz U, = |Gy| +s+1 =M - |G| + s+ 1, and |Ts41]| = M, the
comparison of Z-ranks gives that the sum is direct and that both y and ' are
injective. (]

We can apply Lemma 1.1 to our new situation to obtain the corresponding
homomorphism ¥, : D, — U, of Z[G,]-modules defined by ¥,(n;) = pr— for
each J C I', J # 0, and ¥,(—1) = 0, satisfying ker ¥, = {£1} and U, =
Wy(Dy) @ (s(Gg)Z). We have for i) = Nz, /5o (1) that

Wq(7) = s(H)Wq(nr) = s(H)po

and ¥, (D, N K(q)) = ¥,(D,) since each element of D, is either totally positive
or totally negative.

We still have n = ny = max{ni,...,ns}, R = Z[{c)]/(Ny), where o is now
the generator of Gal(K(q)/Q(q)) whose restriction to K is the old o, and the
isomorphism of Z[(o)]-modules X' : R’ — (1 — ¢™)Z[{c)]. Then

M, ={x €V, (D,)"; N,z =0}
is again an R’-module without Z-torsion such that Uf /Mg has no Z-torsion and
so [3, Proposition 6.2] gives Ext%K@](Uf/Mq,Z[(a)]) = 0. Let us fix any ¢ €
Hompg/ (Mg, R'), then there is ¢ € Homg oy (U, Z[(0)]) such that o[y, = X o9,
The restriction of X' o7 : U — U, gives Y’ o : UH — Uf and

@ o X' om € Homgy,y (U, Z[(0)]).

As m(tje;) =0, we can use [4, Corollary 1.7(ii)] to obtain
p(s(H)pp) = pox om(s(H)py) € [J(1 ~ 0™)Z[(0)).
i=1

Since N,, is the norm operator with respect to K(q)/K’(¢), we have

Nps(H)pp = ¥q(Ng(q)/Kx(q)(1) =0,
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because p; splits completely in K’(g). Hence s(H)py € M, and

s—1
Y(s(H)pg) € [ —0™)R = (1-0)yR'.
i=1
Therefore [3, Proposition 6.2] gives § € M, such that (1—o)yd = s(H)py = V4(7).
So 0 = ¥, () for a suitable totally positive 8 € DN K (q) and Nk (q)/x/(q)(B) = 1
and B(1=9)¥ = /. The argument already used in Remark 1.4 shows that

_ r\l/ﬁ(—ns—l | by Ang (2.1)

where r = [[32, L. Since Nk (q)/x (1) = N7(g)/r (1) = 1 as g splits completely
in K, we have Ng(q)/x(8) = 1.

Since both ¢, and (p, - (4 are primitive my-th roots of unity, there is an
automorphism v of my.,-th cyclotomic field satisfying (¥

my = Gmy - Gg- This means
that

1" = N, )1/5@ 1= Cnp)” = Na,,)/5@ (1= Cnr - Co)
and so

7 = Na(e,, )/ @1 = Gnr) = Naen, )75 (1= Gn) 7D = 0= DA (mod ).
Since ¢ = 1 + M (mod M?), we have obtained that #” and 7 have the same
image in (Ok (/@) /M. Therefore (2.1), (1.3), and r | 1*~2 give that (1=
and o = p' =7 have the same image in (Og(y)/q)” /(M /1*72). Therefore

5(1—0)A1V _ B(Nl_l)u — 5_ly

and

M(lf@')Al —1

=p™M = Ngjo(p) - 1

have the same image in (O (q)/q)*/(M/1*~2). Theorem 1.2 gives that the ratio-
nal integer Ny q(u) is an M-th power modulo ¢, hence 3 and p have the same
image in (Ok(y)/q)* /(M /1°~'). We have proved the following

Theorem 2.2. The number p € K* from Theorem 1.2 is M -semispecial for
each p-power M such that 571 | M.
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3. An enlargement of Sinnott’s group of circular units

We keep the notation of Section 1 and introduce some other. Let us give a
name to each subfield of K as follows:

Q=LoCLiC LS C Ly =K, (3.1)

then [L; : Q] = p’. For each i =1,...,k let m; be the conductor of L;,
Cmi _ e27ri/mi,

i = Non,)/L:(1 = Gm,)

be the “Sinnott circular number of conductor level” of L;, and let

Mi:{je{l,...,s}; q; <pi}, (3.2)

so j € M; if and only if p; ramifies in L;/Q. Finally, let D; be the group of
circular {p;; j € M, }-units of L,.

For each j =1,..., s let us fix an integer ¢; such that p{c; and that o=%™
coincides with the Frobenius of p; on Liog, q;, the largest subfield of K where p;
is unramified; we can take ¢; = 1 if p; is totally ramified in K/Q. Hence 1 — g% ™
and 1 — o™ are associated in Z[(c)], i.e. each of them divides the other. On one
hand, if |M;| > 1 then Theorem 1.2 implies that there are a unit o; € D; N L;
and a number v; € L such that the circular unit 7; = o' and «; = 7}, where
zp = 1 — gOmaxMifwadi and y; = [[ican 1cjemaxnr, (1 — 0%97™), soy; = 1if
|M;| = 2. On the other hand, if |M;| = 1 then we put v; = n; and «; = 171-17‘7.

Let Ofi and Cr, be the full group of units of L; and the Sinnott group
of circular units of L;, respectively. Moreover, we define Cr,, to be the Galois
submodule of Ofi generated by —1,ay,...,a;. The aim of this section is to
prove the following

Theorem 3.1. The Sinnott group Cx of circular units of K is a subgroup
of Cx of index [C : Cx] = p”, where

k
V= E E le.
i=1 JEM;
1<j<max M;

[0k : Cxc] =271 D (IEIP"‘“"”“) ' ﬁ(%m’
i=1 J=t

Moreover
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where hyg is the class number of K. Therefore

o = (f[lp—"mwi) : H(i) (33)

j=1
is a divisor of h.

Before giving a proof, let us mention two examples. If there is at most one
partially split prime among the ramified primes, i.e. if we suppose n; = --- =
ns_1 = 1, then our group Cg coincides with the group C of [2] and we have
(O : Ck] =271 - by - 1175 [[j=, ¢; in accordance with [2, Proposition 1.2].
If only p; is totally ramified and all the other ramified primes po,...,ps split
completely in Lg_; then [OF : Cx] =271 hy pl=(s=2p
We now state a lemma that is needed to prove the theorem of this section.

Lemma 3.2. For eachv =1,...,k we have [Cr, : Cr, | = p", where
v
Uy = E E ;.
i=1  jeM;
1<j<max M;

PrOOF. We shall use induction with respect to v starting at v = 0 when we
put Cg = Cg = {+£1} and the statement is obvious. Suppose that 1 < v < k and
that the statement has been proved for v — 1. We have 1 € M, as p; is supposed
to ramify totally in K/Q. If [M,| = 1 then Cr, =Cr, = (05~ ")z0y- If [M,y| =2
then again Cr,, = Cr,, since both these groups are generated by all conjugates of
n, and by Cr,_, = Cr,_,. So we can suppose |M,| > 2. It is well-known that
Ni,/1, . (m) € Cr,_, but we need to show that Ny /7, ,(ay) € Cp,_,, to0.

We have

cCimng
HjEM,l,va_l (1—0%i"3)

NLU/LU%(%) = 771;-1 )
that is

v v

Yvzov — Y
uv_,yv_l.

Nz, o, (W)

Since (1 — 0™ )z, | p*~1z, in Z[(o)] for each j € M, and 1 is the only p-th root
of unity in L,,, we have obtained

Ni, /L ()™ =72, (3.4)
and so

Ni,/po () =N n, ()™ =771 € (w_1)z(0)) (3.5)

since 2,1 | 2, in Z[(0)]. Therefore to get a Z-basis of Cp, it is enough to add
{a?"; 0<i< (p—1)p*'} to a Z-basis of Cr, ,. Similarly Z-bases of Cr, ,Cr,
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and of C;. can be obtained by adding {1%'; 0 < i < (p — 1)p"~'} to Z-bases
of C;. , and of Cp,
matrices,

- .1, respectively. Hence, using the determinants of transition

[(Cr,Cr.):Cr,]=[CL,, :CL, ] (3.6)
Let f(X) = X®=Dr"" 4.4 XP"" 41 be the p’~th cyclotomic polynomial.
We have the following isomorphism of Z[{c)]-modules
ZIX]/(f(X)) = Cr,/CL,,
sending the class of X to the class of a,. Since Z[X]/(f(X)) = Z[(p»] and
Ny = a¥?, we have

Cr,:(Cr,_CL,)] =[CL,/CL,_, : (CL,_,CL,)/CL,_,]

= [zi6e )/ (TT = ¢2™))| = T »™

jeEM) jeEM)

where M, = {j € M,; 1 < j < maxM,}. The lemma follows from (3.6) and the
induction hypothesis. O

The statement concerning Z-bases which we have used in the previous proof
will be useful later on, so we state it here explicitly:

Lemma 3.3. The set Ule{agi; 0<i<(p—1)p' '} is a Z-basis of Cx.

PROOF OF THEOREM 3.1. The index [Cx : Ck] is immediately given by
Lemma 3.2 for v = k. We have

Z an:i Z nj:zi:lnj(k—logqu).

i=1 jEM; j=14=1,...k
p'>q;
Therefore
s k
n= (an(k: — logqu)) — (anaxlwi) —k+ |{% |M;| = 1}|
j=1 i=1
and

[Ck :Ck] = (ﬁ(é)%) ) (f[lp—nmxzwi) R =1

Jj=1

Sinnott’s index formula in [6, Theorems 4.1 and 5.3] gives in our case
(0% : Ci] = 2171 hye - phHHEIMI=1},

The theorem follows by taking the quotient of the two index formulas. O
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Let us show now that the divisibility of the class number hx obtained in (3.3)

is stronger than the divisibility by [K : K] given by genus theory.

Proposition 3.4. The number

k s n
P = [KTK] ' (il:[lp_nmmi) ' H(qu)

is a positive integer. Moreover, ¢ = 1 if and only if n1 =---=ng_1 = 1.
PROOF. Recall that ¢; = Ip~%i is the index of the inertia group of p; in

Gal(K/Q), so % = p%i is the ramification index of p;. Hence

o J

[K : K] =p *[I;—, p" and (3.2) implies

Therefore .

= k;j—|{i;1<i<k, j=max M;}|\"i —1
@K:H(pyl{ <i<k, j }I) )
j=1
Since

ki —H{51<i<k, j=maxM;} = {i;1<i<k, je M, j<maxDM;}|

we see that ¢y is an integer and that px = 1if ny = --- = ns_1 = 1. Let us
assume that px =1 and ns—1 > 1. We have

nj>1 = {i;1<i<k, jeM}={i1<i<k, j=maxM?}

foreach j =1,...,s. Let ¢ be defined by 1 =n; =---=ny <ngp1,s0t <s—1.
Then t + 1 € M}, gives t + 1 = max My, = s, contradiction. O

At the end of this section we shall give another interpretation of the product
H;Zl (q%)nj = H;Zl pFimi appearing in (3.3). For a Galois extension L/F of
number fields let e(L/F) be the product of the ramification indices in L/F of all

(non-zero) prime ideals of the ring Of of integers of F.

Proposition 3.5. Using the filtration (3.1) of subfields of K we get

Sl n s k
I1(;;)" = 11" = ITeto/ i
j=1 4 j=1 i=1

PROOF. Since the only ramifying primes in K/Q are the primes py,...,ps,
it is enough to compute the contribution of primes above p; to the product on
the right-hand side for each j =1,...,s. The primes above p; ramify in L;/L;_q
if and only if ¢ > kK — k; and for each of these k; values of ¢ the number of primes
of L;_y above p; equals n; and their ramification degree in L;/L;_ is p. O
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4. Another view on class number divisibility

In this section we give a different method of establishing divisibility state-
ments on class numbers of the same type of fields as considered previously. In a
certain class of cases we will get exactly the same divisibility, in the remaining
cases we obtain somewhat less. The main tool is the Ambiguous Class Number
Formula (AmCNF for short).

This formula contains as a crucial input the global ramification index e(L/F')
of a Galois extensions L/F, which was already defined at the end of the last
section. Recall that an important part of the class number factor @ can also
be expressed in terms of these ramification indices, see Proposition 3.5. Recall
moreover that K is a cyclic abelian field of degree | = pF, and the subfield of
absolute degree p® is denoted L; (so Lg = Q and Ly = K). The ramification
degree of p; in K is [/g;. This defines g;, and n; (a divisor of g;) is defined to
be the index of the decomposition group of p; in Gal(K/Q), in other words: the
number of primes above p; in K.

We now state the AmCNF for a cyclic Galois extension L/F with Galois
group I (see [5, chapter 13, Lemma 4.1]). With Er denoting the unit group O,
it says

e(L/F)
[EF : EFONL/FLX] . [L : F]

The term [Er : Er N Ny, pF*] will be (a little inaccurately) called norm
index; it is the most delicate ingredient, and we will just bound it from above,

el | = [clp |-

thus bounding the order of the I'-invariant part of cly from below. If T" is a p-
group, then all factors except possibly | cl} | and | clg | are p-powers, so it makes
sense to replace them by the corresponding p-parts. Finally, the big fraction on
the right hand side will be abbreviated to e(L/F).
Now we return to K/Q. Then an obvious inductive argument along the tower
QcLiCc...C Ly 1 CK gives:
k
hx = |clk | is divisible by the p-power He(Li/Li,l). (4.1)
i=1
(Should the exponent of that p-power be negative, this statement is simply to be

regarded as void.) Note: we get this divisibility even for | cl%al(K/ L-1) [, but we

do not get it for cl?(al(K/ D50 we prefer to stick to | clk |, for simplicity.

We evaluate the product Hle e(L;/L;—1). By Proposition 3.5, the product
of the e-terms is H;Zl (é)nﬂ The product of the terms [L; : L;—1] in the de-
nominator of each e(L;/L; 1) is simply p*. Let us denote by v; the norm-index
term [Er, | : Ep,_, N NLi/Li,lLiX}
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Lemma 4.1. (i) We have the divisibility relation v; | p*" ~. Note that the
latter term is 1 for ¢ = 1.
(ii) The product p*v, . ..v, divides p?" =D/ (=1)

PROOF. (i) The index v; is the order of the abelian group M = E,, ,/Ep, N
Np,/n,_ L. This group is annihilated by p (the degree of L;/L;_1), and it

requires at most p'~! — 1 generators, since the rank of Ep, , is precisely this
number, by Dirichlet, and there are no p-th roots of unity in Er, ,. This also
works for i = 1.

(ii) An easy consequence of (i) and the geometric summation formula. O

Hence (4.1) implies, by the preceding lemma and remarks, the following
result.

Theorem 4.2. The class number hy is divisible by the number

S

o H(qu)”j/p@’“—l)/(p—l).

j=1

We now wish to compare this to the results of the previous section. Let
i = Nimax p; (for the definition of the sets M;, please refer back to (3.2)). It was
shown in Theorem 3.1 that hx is divisible by the number

s n; k
o= 11G,)" /T

j=1

It strikes the eye that the numerators in ¢’ and g are the same, so the obvious
task is to compare the denominators. If for instance u; = p*~! fori =1,...,k,
then px = ¢%. And this can easily happen. Just assume that to each divisor
p' > 1 of | there exist at least one p; having precisely this ramification index,

k=t will equal

and no inertia. Then j will be in Mjy_+11, and actually n; = p
Hk—t+1, since no prime that starts ramifying in Ly_;4; can have decomposition
index larger than p*~*. That is, u; = p*~* for all i.

On the other hand it is easy to find examples with px # ¢. We discuss a
somewhat more complicated example. Take k = 3 and s = 4; assume M; = {1},
My = {1,2,3} and M3 = {1,2,3,4}. We are forced to take n; = 1. We take
ng = n3 = p (that is, we choose ps and ps, the two primes that start to ramify
in Lo/Lq, to be split in L;/Q), and we take ny = p too. So py is split in L;/Q,
inert in Lo/L; and ramified in L3/ Lo.
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The common numerator of px and ¢’ comes out as p® - p?P - p? - pP = poP+3,
We compare the denominators, giving names to them. Let d(K) and d'(K) be
the denominator of px and ¢, respectively. Then

d(K) = p@* =D/r=D)  q(K) = Hpm_

Hence d'(K) = p'*7*?°. For d(K) we note that p1 = 1 and ps = pus = p. So
d(K) = p'™2? which is much smaller. That is, the divisibility result obtained in
the last section is much stronger than the one obtained with AmCNF.

In fact there is a big improvement possible. In the example (and in many
other cases as we will see) it is unwise to apply the AmCNF to every layer in
the tower. Let us apply it to L1/Lg and to L3/L;. The only change is in the
upper bounds for the norm index factors. For L;/Lj this is 1 (since Ly = Q has
unit rank zero). For Lz/L;, the degree is now p? but the unit rank is just p — 1,
which gives an upper bound of p??~2. Previously we had 1 for L;/Lg, pP~! for
Ly/Ly and p?” =1 for L3/L,. Let d”(K) be the denominator that arises in the new
procedure, that is, the product of the norm index bounds for Li/Lg and L3/L4
times the factor p* = p3 (which is also present in d’'(K)). Then we get:

d(K) = p ", d'(K) = p'*t?,

and the latter is much better; in fact it matches d(K).

In the rest of this section we explain how to systematise this improvement
of the AmCNF approach, and how close we get to the other approach. In a well-
described and fairly large class of cases which contains the example just discussed,
we will exactly match it.

Let us call the index ¢ € {1,...,k — 1} a jump if p;41 > p;. Furthermore
the indices 0 and k are declared to be jumps. In the preceding example, the
jumps are 0, 1 and 3. If ¢ < ¢’ are consecutive jumps, then for all j € M; — M;
the decomposition index of p; is at most p;41, the largest decomposition index
of any prime in M;;q, and hence p; cannot split from L; to L;. This implies
that e(L;y /L;) = Hj/:iﬂ e(L,/L,—1): the global ramification index e(—/—) is
multiplicative between two jumps. This motivates the following procedure.

Let 0 = sgp < 81 < ... < 8 = k be all the jumps (so k < k). Apply the
AmCNF to the extensions Ls, /Lo, Ls,/Ls,, ..., K = Ls,_/Ls,_,. The product
of the corresponding e-factors is, by the preceding paragraph, the same as the
product Hf;l e(Li/Li_1), which was calculated already in Proposition 3.5. The
degree factors [L,, : L,,_,] also multiply up to give p* as earlier. We are left
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with the norm index factors v := [E(Ls, ) : E(Ls, )N NLst/Lst,lL;(t]' Each
of them is bounded above (by similar arguments as before) by p to the power
ug = (8¢ — s¢—1)(p**—t — 1). Define

d//(K) = pk Hput — pzz":l(stfstfl)pst—l .

t=1

(This notation is consistent with the last example!) Then by the same arguments
as before we obtain:

Theorem 4.3. hy is divisible by ¢ (K) =[]} (qij)”j/d"(K).

j=1
For each ¢ = 1,...,k let ¢/ denote the biggest jump below ¢, plus one. In

other words, ¢’ is minimal with p;; = p;. We then can rewrite

k
’

d'(K)=[]»" .

=1

Clearly we have p” ' > py = . (The reason for > is that primes with in-
dex in M, have to ramify in L, /L;_1, so they are totally ramified from L; _q
onwards.) Now d(K) equals Hle p*i. Therefore we have:

Proposition 4.4. (i) d(K) | d”(K) holds in general. This means that the
divisibility statement in Theorem 4.3 is never stronger than the statement in
Theorem 3.1.

(ii) The equality d(K) = d"(K) holds if and only if
p' = piyq for all jumps i < k. (4.2)

(Note the notation shift in the last formula: i — 1 has become i.)

It is helpful to recall our example. There the jumps were i = 0,1, 3, and we
had p1 = 1, pe = p. So the equivalent conditions in part (ii) of the proposition
hold.

It is tricky to understand the precise meaning of the equations (4.2). We give
an equivalent characterisation with a sketch of a geometric proof.

Proposition 4.5. The equations (4.2) are equivalent to the statement

For every j = 1,...,s there exists j' € {1,...,s} such
that n; < nj < ¢; and pj has no inertia (that is, nj; = q;:). (4.3)
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Before the proof, we again look at our example. There n; = 1; actually (4.3)
is void for j = 1, since p; is always fully ramified and hence without inertia.
Looking at j = 2,3,4, we always have n; = p; so we can take j' = 2, since p,
has no inertia. Hence (4.3) holds. It certainly also holds in the situation where
w; = p*~! for all i, because this yields inertia-less primes of any given ramification
index > 1.

Now for the sketch of proof. Each prime p; defines a point with integer
coordinates (logp nj,log, g;) in the first quadrant of the x-y-plane. (Coordinates
can be zero, but not negative.) Since n; divides g;, all such points are on or
above the diagonal x = y. One should think of each p; as defining a counter in
a board game; the counter is to be placed at the position with the coordinates
given above. One just has to accept the fact that positions may be occupied by
many counters at once (just pile them up).

Then the sets M; consist exactly of the counters whose y-coordinate is less
than 4. In particular, the origin (0, 0) is occupied by the totally ramified p;. Thus
1; indicates how far the rows having y < i extend to the right. Then i is a jump iff
the rightmost counter in row y = ¢ is a “corner”, that is, there are no counters in
the south-east quadrant whose origin is occupied by this counter. (More formally,
a counter at position (h,7) is a corner if all positions (h',4") # (h,i) with b’ > h
and ¢’ < 4 are empty.) Condition (4.2) says: Every corner is on the diagonal.
Condition (4.3) says: Starting from every counter which is not on the diagonal
one can find another one which is on the diagonal, no higher than the given
one, and no farther to the left. It is now “clear” from intuition that the two
statements are equivalent. Any corner not on the diagonal clearly violates the
second statement. On the other hand, any counter from which no other counter is
visible in the south-east is a corner. As an illustration we depict the situation in
our example, with four counters. Note the counters 2 and 3 in the same position:

©4
2,3
©1

One can see that the two corners are both on the diagonal. To finish, let us look
at another situation:
Os
©4
2,3
(OJ
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Here the fifth counter makes up a corner not on the diagonal, and hence the
equalities (4.2) cannot all hold.

5. Annihilating the class group of K

In this section we introduce one more assumption: let us assume that K/Q is
tamely ramified, in other words, the prime p is unramified in K/Q. This allows us
to use [1, Theorem 12] since the proof of this theorem has not used the assumption
of paper [1] that each prime ramifying in K/Q ramifies totally.

We shall use the notation and terminology introduced above: recall that
ti = Nmaxar; and that o; = 777, where z; and 1 — o/ are associated in Z[(c)].
We put pp = 0 and recall that ¢ € {0,1,...,k} is a jump iff i = k or ¢ < k and
Mit1 > i

Lemma 5.1. Let 0 = s9 < 51 < ... < s, =k be all the jumps. Then the
set Uf:1{a§:; 0 <i<p’ —p-1}isaZ-basis of C.

PRrROOF. Let 0 < u < v < k satisfy pu,, = py. Then all 2y, 2441, .., 2, are
associated with 1 — o#+ in Z[(o)]. Since (3.4) implies

Ni,/p, () =72,
we have

(N, /L. (@w))z)(0)] = (@u)z((o))-

Therefore ag,, ..., a,, are Galois module generators of Cx. The lemma follows
because the given set has visibly at most p* — 1 elements and the norm N L., /L

St—1

se_1 sp_1 st 81
corresponds to 1 +o? '~ 4 g2 T 4 fgP TP ([l

We denote E = O). We can suppose that p described by Theorem 1.2
satisfies u ¢ E since otherwise we take u - p; instead of p (this change does not
affect the properties of p described by Theorems 1.2 and 2.2). For brevity, let
() = ()z[(oy) C K* be the Z[(o)] submodule generated by p.

Lemma 5.2. Let r be the highest jump less than k, i.e., pi, < pip41 = ns. If
p € Z|(0)] satisties u* € Cr,, then

(l+o+o*+---+o” Hp=0.

PRrROOF. There are t € Z and p’ € Z[(o)] such that p =t + (1 — o)p’. Since
pl=7 =ay € E, we get p* € E and so t = 0. Hence of = u” € Cp,,.. There is a
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unique f € Z[xz], deg f < p¥, such that p' = f(c). Let g € Z[z], degg < p* — p",
be the remainder upon division of f by 2P =P" 44 22" 4 2P 4 1. Then

ai(g) € Cr, and Lemma 5.1 implies that g = 0. Therefore

p/ _ (1 + Up"' + 0.2117' S O-Pk—p"')p//

for suitable p”’ € Z[{o)] and the lemma follows. O

Let us fix an annihilator s € Anngy,y(E/Ck) and a large p-power M divis-
ible by 1571, We construct a map 21 : (u)E — Z[{(0)] as follows: for any u € (u)E
we have u* € (u)Cr = (u)Cr, due to Lemma 5.1, hence u”* = p” - v for suitable
p € Z[{o)] and v € Cy,,. If we put

2(u)=(14+o+02 4+ )y

then 21 (u) is well-defined due to Lemma 5.2. It is obvious that z; is Z[(o)]-linear
and that

a(p)=1Q+o0+0>+- 40" )

Let zo : ((u)E)/M — Z/M][(c)] be the reduction of z; modulo M. Let V =
((W)E)/M and V be the image of V in K*/M under the canonical mapping
j V=V,

Then [1, Lemmas 14 and 15] stated for 7 can be used for p in our situation
and [1, Proposition 16] gives a Z[(c)]-linear map z : V. — Z/M|[(o)] such that
zoj=(1—-0)zpand 2(VNQ) =0.

Hence z satisfies all assumptions of [1, Theorem 12] and so Theorem 2.2
gives that z(u), which is the class of (1 — ") modulo M, is an annihilator of
(clip)/(M/1571), a quotient of the p-Sylow subgroup clg , of the class group clx
of K. Since M can be arbitrarily large, we have proved the following generaliza-
tion of [2, Theorem 1.3]:

Theorem 5.3. If p is unramified in K/Q then
Anng,y (05 /Cr) € Anngjay (1 — o) clieyp),
where r is the highest jump less than k, i.e., pt, < pi+1 = ns. Therefore
(1= 0%") Anngj()) (05 /C) € Anngg(clk p)-

The jump r can also be described as follows: p" = min{g;; 1 <i<s, n; =ng}.



Annihilators for the class group of a cyclic field of prime power degree III 421

References

[1] C. GREITHER and R. KUCERA, Annihilators for the class group of a cyclic field of prime
power degree, Acta Arith. 112 (2004), 177-198.

[2] C. GREITHER and R. KUCERA, Annihilators for the class group of a cyclic field of prime
power degree II, Canad. J. Math. 58 (2006), 580-599.

[3] C. GREITHER and R. KUCERA, Eigenspaces of the ideal class group, Ann. Inst. Fourier
(Grenoble) 64 (2014), 2165-2203, doi: 10.5802/aif.2908.

[4] C. GREITHER and R. KUCERA, Linear forms on Sinnott’s module, J. Number Theory 141
(2014), 324-342, doi: 10.1016/j.jnt.2014.02.003.

[5] S. LANG, Cyclotomic Fields I and II, Combined 2nd Edition, Graduate Texts in Mathematics
121, Springer, New York, 1990.

[6] W. SINNOTT, On the Stickelberger ideal and the circular units of an abelian field, Invent.
Math. 62 (1980), 181-234.

CORNELIUS GREITHER
INSTITUT FUR THEORETISCHE INFORMATIK
MATHEMATIK UND OR

FAKULTAT FUR INFORMATIK

UNIVERSITAT DER BUNDESWEHR MUNCHEN
85577 NEUBIBERG

GERMANY

E-mail: cornelius.greither@unibw.de

RADAN KUCERA
FACULTY OF SCIENCE
MASARYK UNIVERSITY
KOTLARSKA 2

611 37 BRNO

CZECH REPUBLIC

E-mail: kucera@math.muni.cz

(Received April 1, 2014; revised December 2, 201/)



