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Geometry of space-time and
generalised Lagrange gauge theory
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Dedicated to Professor Lajos Tamdssy on his 70th birthday

Abstract. In §1 and §2 the authors present the Einstein and Maxwell equations
for the generalised Lagrange space

GL™ = (M, gij (m, y) = 62U(z’y)’yi]‘ (CE)),

and characterize the case of vanishing mixed curvature tensor field of the canonical linear
d-connection. The Lagrangian gauge theory — in G.S. AsANOV’s sense [1] is developed
in §3 for the tangent bundle endowed with (h,v)-metrics, obtaining the generalised
Einstein - Yang Mills equations with respect to the metric gauge tensor fields and to
the gauge field o(x,y) for three remarkable cases in which the metrics are derived from
the fundamental tensor field g;;(z,y). Proofs are, in most cases, mechanical but rather
tedious calculations. They are omitted.

Introduction

In a previous paper [6] it was shown that the EPS conditions can
be satisfied in a more general frame than that of Finsler spaces, namely
for convenient generalised Lagrange spaces. More precise, was examined
the space GL" = (M, g;j(z,y)), where M is a n-dimensional differentiable
manifold and

(A1) gij(z,y) = 2@V (1),

7i;(x) being a metric tensor field on M, and o : TM — R a function of
class C* on TM = T M\ {0}, continuous on the null section of the tangent
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bundle. The space was endowed with the non-linear connection
(A2) N ={ I

where { klj} are the Christoffel symbols for 7;;(x). Under these assump-

tions, GL™ represents a convenient relativistic model, since it has the
same conformal and projective properties as the Riemannian space V" =

(M, 75 ().
§1. Einstein equations for GL"

Developing the formalism presented in [3,4], we remind that the ca-
nonical A- and v-symmetrical d-connection of GL" has the coefficients

L' =< ¢ +A
(1.1) Ik { jk‘} ik

C'bca = 5?@: + 530.-17 - 'ché-a
where we used the notations

A;k = (5;0'k —+ (5120']' — ’)/jk;O'i

1.1° .
(1) o = 00, 6o = 040, 0 =0y, 6% =",
and

” a A A 0 — 0
(1.1 ) 6k=8k—Nk(x,y)6a, 81):8—yb; (9]6:%

Then the torsion d-tensor fields of the canonical linear d-connection CT'(N)
of GL™ have the coefficients given by

(1.2) { Tjki - O’ Sgc = O’ Cjai7

Ry =iy, Pl = A
and the curvature d-tensor fields have the expressions
Rjjy = rjiq + 5fk0jl) — VROt + %‘sd(sRZ)l
. .1 -2 : 1 2 : .
<13) lekc = 5]lga'jc - 5éo'jk - ’)/ZS : ['}/jkgsc — YjcOsk + ’)/ZS’YckO'(sUj)

Sgcd = 5?0671760 - fyaS’)/b(cd-sd)
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where 7,%; is the curvature tensor field of v;;(z), tauj) = tij — tji, and we

considered the following d-tensor fields

79

1 H 1 m
Osl = Og| + 0501 — 5 Vsl0 = Ol = 0501 + 5510
1 ) 1 M ) 1 M
Osi = 0|1 + 0507 — 5%10’ = 0105 — 6501 + 5%50
Osi = Os|) + 050 — 5 Vsl 0 = 051 = 0501 + 5510

‘ . o 1 v o .. .. 1 v
Oo = 0|1 + 6507 — 3510 = Q165 — 6501 + 5810

. H M A
with 0 = 040°, 0 = 0,0°, 0 = 0,0°.
We also used the covariant derivatives

. t
(1.377) Us|l — 5l05 _ Lilatv Us|l = 3105 — C;lUt, O's‘fl = (9105 - {Sl}at.

Then, by contracting the indices, one can derive the four Ricci tensor fields,
expressed by

Rij = rij — %156 + (2= 1) - 035 + 75651t ja
1 2 1 1 .
(1.4) Py = (1 = n)opk + Ok — Vok0 + 010%)
Py = (1 - n)0be — G — 10e0 + O (cOb)
Ste = (2 = n)pe — Vb0
and then the curvature scalar fields

R=e"2r+2(1 - n)g + 2r5.y°5€|
1 2

(1.5) )
P=-P=¢2.2(1-n)o, S=e"2%-2(1—n)s,

where

0 ” 1 i1 2 52 ) .

0 =90y, 0 =190, 0 =170, & =7"abs 1ok = Tige T =7 Ton
Regarding the mixed curvature tensor field, the following result ob-

tained by direct calculation holds true:

Theorem. The following assertions are valid:

a) Pa_ — P =0 iff Gptow=0
. 1 1 .
b) P4.+ P, =0 iff ope—0a = %a(bac)
HV M, 1

=0.
c) P%.=0 1implies co0=0c¢° and o= 6=0
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1 2 e 1 .
d) Pbkszk:O iff Uka%G(bO'k)
1 2
e) Ojk = Oky-

Remark. Using a), b), and e) it becomes obvious that P,%,. = 0

. .1 2
implies opr = opr = 0.

The Einstein equations of the space GL™ have the generic form

H
(16) Rij — 3Rgi; = rT;

|4
Sab — %Sgab = KT qp

H v
where T;; and T, are called the h- and the v-components of the energy-
momentum tensor field of the space GL™ respectively, gay = 0507 - gij
and k is the gravific constant. Using the expressions of the Ricci d-tensor
fields (1.4) and of the curvature scalars (1.5) we obtain that the Einstein
equations of the space GL™ admit the equivalent form

1 H
rij = 3Tij +tij = KT
14
(2 - n) (O'-ab - O'vyab) = KT ap

(1.6")

where

O S (S
tij = (n—2)(7i;0 — 0ij) + YijTsty "+ Yis6 T?j)ayt

We remark that in the first equation of the system (1.6’) the term ¢;; is
complementary to the classical Einstein equations of the Riemannian space

V= (M, i (x)).
§2. Maxwell equations for GL"
Let the h- and v-deflection tensor fields be given respectively by
D'y =y, dj=y
and the corresponding ones having the indices lowered
Dij = gisD%;, dij = gisd®;.
Then we define the h- and v-electromagnetic tensor fields by

1 1
(2.1) Fij = §<Dij —Dji), fij = §(dz’j — dj;)
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respectively, and infer the Maxwell equations

2 :
o Fijii = g e T10°k;Yi0s
()

ijk
(2.2) Z,?sz'j’k + Z,;kamk =0
ijilk =0
i?kf”k

where o denotes cyclic summation in the indices 7, j, k and
ijk

r0°k; = kY, Y = sy’
Indeed, (2.2) takes place since D;; and d;; satisfy the relations
Dijik — Dik)j = Roijr — dis Ij),
Dij’k - dik|j = Poijr — Distk — diSPf‘k
dijlk — dirl; = Soijk

and the Bianchi identities lead to (2.2). Also, the same equations come up
clearly if we consider the expressions

Fij =¥ (yio; —yjoi), fij =¥ (yi- o) — 7500

using direct computation.
In the following we examine the Maxwell equations for some remark-
able particular examples of spaces GL":

1. if o(x,y) = %fyrsy’"ys, then the Maxwell equations are trivially satis-
fied, since as o = 0 and 0 = yi, we infer that

Fij = fi; =0.

2. If GL™ is locally Minkowskian, i.e. at any point (z,y) € TM there
exists a domain of a local map in which

then F; = 0 and f;; = €2 Wy;6;), and the Maxwell equations
Z_?kf ijlk =0
take place.

3. For a dispersive medium [7] (M, Vi(z),n(z,V (z))) where Vi(z) is the
speed of the particle and n(z, V (z)) is the refraction index, we can consider

a(x,y)za-(l—m

Remark that for y* = V*(x) the Maxwell equations have to be computed
directly, being not implied by (2.2).

>, aeR a>0.
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63. Generalized Einstein - Yang Mills equations

Let TM be endowed with a (h,v)-metric G, [3] given by
(3.1) G, = gi;dz' @ da? + hapdy® @ §y°

where {dz?,dy® | i,a = 1,n1,n} is the adapted basis for the cotangent
bundle, dual to (1. ’), and g;;(x,y), hap(z,y) are symmetric d-tensor fields

of rank n.
Let the coordinate transform on T'M be given by
rt = xt(27), det(d2'/0z7) # 0,
o2 ), aaior o)
ya = %gba i7j7a7b = 17”'

A generalized gauge transformation on T'M is a diffeomorphism of
T M compatible with the tangent bundle structure, given locally by

{ ot = XU(#7), det(dX'/977) £ 0,
=Y (2)§", det (Vy'(2)) #0.

A gauge d-tensor field is a d-tensor field which obeys tensor-type transfor-
mation rules with respect to (3.3); e.g. the gauge d-tensor field {w’{ (x,y)}
transforms relative to (3.2) and (3.3) according to

(3.3)

s _ l d

(3 4) w"; (:E y) gaa;:z gf’ﬁa = f ('CC y) gg? g§b7
) ~ija(~ ~\OXEoaye .k 8x! ayd
w3 (T, 9) G5 5 wzé(%y)wa—y-

Let TM be endowed with the nonlinear connection N = {N?(x,y)}.
If 6 given by (1.1) yields d-covector fields when acting on gauge scalar
fields (i.e. functions f € F(TM) which obey f(Z,7) = f(z,y), f(Z,§) =
f(z,y)), then N is called a generalized gauge non-linear connection. Fur-
ther, if |;, and |. are the h- and v-covariant derivations associated with a

linear d-connection D on T'M (i.e. a connection that preserves by paral-
lelism the distributions N and VT'M [3]), having the coefficients

{ij T y gk(xay>7 C;a(xay)v Cl?c(aj?y)}
given by the relations
Ds,0; = =Lk 0k, Dy 05 = C’;aél-

(3.5) . ; .
D5, 0y = L&ay Dy b= Ci0a

then we say that D is a gauge linear d-connection iff |, and |. preserve the
gauge tensorial character.
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In the following we suppose that N is given by (A2), that g;; and hgp
in (3.1) are gauge d-tensor fields, that ;; and o in (A1) are gauge fields
(tensor, respectively scalar), and we fix the coefficients

. . a
Cia =0, Ly, =0Ny = {bk}
Then we can infer the following

Proposition. If g;;;; = 0 and hgl|c = 0, Lé‘k = sz and Cp, = C4,
then

gis<5jgsk + 5kgsj - 5sgjk)
he? (8bhsc + 8.chsb - a‘shbc)-

R
Liy =

3.6
(3.6) co —

N[ po|=

We remark that if g;; is given by (Al) and hgp = 525{; - gij, then L;k
and C}, are those given by (1.1).

It can be shown by direct calculation that the torsion and curvature
d-tensor fields of DI'(NNV) are gauge d-tensor fields, and we have [3,4]

(3.7) =0, Sp.=0, P4 =0, Ci, =0, R =roy’
and
Ry =T + CiaRE, ;kc = acL;‘k

a a T
Pbkc - _Cbc|k7 Sjbc - 07

(3.8)

with R;kl and Sj., given by (1.3) for L;k and Cy. given by (1.1). So that
DTI'(N) admits one torsion and five curvature non-trivial gauge d-tensor
fields. It is obvious that the mixed Lagrangian
(3.9) L=0LR+I1sS+1L

is a gauge scalar field. Here

~ ~ h v v
(3.10) L=1yLo+lsR+ 3P +14P, Ly=RYRF R=RY, R

h % Jkc 2 a bkc
P = ijcPi , P=Py P lo,li,l2,1l3,0s,l5 €R

and R, S are given by (1.5), the raising/lowering of the indices being
performed using g;;(z,y) and hqp(z,y) for the corresponding index-types.
We remark that the Lagrangian (3.9) depends functionally on the gauge
fields g;;(z,y), hav(z,y) and their derivatives, by means of (3.8) and (3.6).
So that applying the gauge variational principle

5/£dm”dy” =0
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for the Lagrangian density
(3.11) L=LG, G=/|det(gi)|"?|det(ha)|"?

we infer the generalized Einstein-Yang Mills equations for £, obtained by
vanishing of the Euler-Lagrange derivatives

5L oL s (0L \_ oL _ (x x
%:8]{; (—a(ak¢))+aa (a(aa¢)) 8¢ 07 ¢€{9”< 7y)7hab< 7y>}

By direct calculation, we obtain the following equivalent expressions for
these equations:

1 1 oL ORs:
— s Rgij = 7 9agim *t -
Jij ll Jitds { aglm g aglm

1 oL . oL 1 N
o (6= )+ o, (6—ZE V| v —g.:(F +159),
G [ k< 5(3kglm)) ( 8(aaglm)):| J 25193( 5)

(3.12)

(3.13)

1 oL S

1
Sup — = Shap = —haehyy - { o= 4 pew 22w
b= gMab or U n, T G,

I

oL . OL
Ok <G—8(8khef)> + 04 (G—a(édhef)>

Remark that, for the case hqyp, = (53(5g -gi;, the equations (3.12, 3.13) contain
explicitly the Einstein h- and v-gauge tensor fields considered in (1.6)

1

1 A
—hap(L+ 11 R).
G P+ o(L+ 1 R)

215

Eab - Sab - %Shab

and that the right-hand terms of these equations stand for the energy-
momentum h- and v-tensor fields, respectively.

In order to obtain solutions {g¢;;(x,vy), hap(z,y)} for (3.12) and (3.13)
having the predefined form (A1), a necessary condition will be (as L will
depend on o(x,y) and its derivatives) the vanishing of the corresponding
Euler-Lagrange derivative

0L 1 oL . [ 0L oL
o 5= 2 (55) )

We shall describe the generalised Einstein-Yang Mills equation (3.15)
for the gauge Lagrangian L given in (3.9) for three special cases.
1°. If gi(x,y) = 62"(1’3/)%]-(:1:) and hgp = (5255 gij, then we obtain the
case of the almost Hermitian model H?" = (T'M, G, F) [3] given by the
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N-lift of the generalized Lagrange metric (A1) to T'M, and the almost
complex structure F' on T'M given in the local adapted frame (1.17) by

F(6;) = —0;, F(8;) = 6;.

In this case, we remark that L; p and C7. are given by (1.1), R and S are
described in (1.5), and (3.15) becomes

. _
SL 1 do (Chepp) : oL
— =— | | WH = —2,G—=Pb ) + 9, ( G

(316) oo G[’“(l R A (afra)

+2(1—=n)L+2(L—155) =0

where H = Ge™27, 8, = 00, and

_ v h v
(3.17) L=101R+13P +14P+15S.

2°. For g;; = vij(z), hap = e27 (@)~ (), we have L;k = {j"k}, R =r,
C}. given by (1.1-2), and
oL 1

o(Cyyy) : oL
oL _ 1| blc N be|l/
(3.18) 50— | 240k (GPa 7 )+8a <G %a) +

+ 2([4]73 + 155 — lOL()) —nL =0.

3°. For gij(z,y) = e2@¥ (), hay = Yap(r), we have L?k given by
(1.1-1), P = S = 0, and

5L 1 oo
5o { 110k <H8_ﬁk> +

0 . . i
(3.19) +2[l Dy (GRZ}'“ZR%M{% + 55517 = Ybd?Y f))
0 jkc 1S \TQ RN i nTQ
+l38y“ (Gpijk (V57" NG — 05N, _5k:Nj)> ]+

v h _

An open problem is the one of the one of determining valid solutions o (z, y)
for the equation (3.15), for suitable constants o, ... ,l5 in the Lagrangian
field (3.9).

Conclusions. The space GL", as a model for the geometry of space-
time [6] can be examined from the point of view of determining its Einstein
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and Maxwell equations, using for the first ones two approaches: the theory
of d-object fields for generalised Lagrange spaces and the generalized gauge
theory for vector bundles endowed with (h,v)-metrics. Explicit forms for
these equations are obtained, as a preliminary step for determining their
solutions. The Einstein-Yang Mills equation with respect to the scalar
gauge field o(x,y) is also derived for three cases of (h,v)-metrics related
to the fundamental metric of GL™.
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