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Differences of products of the extended Cesàro and composition
operators from F (p, q, s) space to µ-Bloch type space

on the unit ball

By LIANG ZHANG (Tianjin) and ZE-HUA ZHOU (Tianjin)

Abstract. This paper characterizes the boundedness of the differences of the prod-

ucts of extended Cesàro operators and composition operators from F (p, q, s) space to

µ-Bloch type space on the unit ball of Cn. At the same time, some asymptotically equiv-

alent expressions of the essential norms of difference of products of generalized Cesàro

operators and composition operators are presented. As some corollaries, the compact-

ness of the difference operators are also characterized.

1. Introduction

Let H(Bn) be the space of all holomorphic functions on Bn, the compact

open topology on the space H(Bn) will be denoted by co, where Bn is the open

unit ball of the complex n-dimensional Euclidean space Cn. The collection of

all the holomorphic self-maps of Bn will be denoted by S(Bn). Let dν denote

Lebesgue measure on Bn normalized so that ν(Bn) = 1 and dσ the normalized

Lebesgue measure on the boundary ∂Bn of Bn.
For f ∈ H(Bn), let

ℜf(z) =
n∑
j=1

zj
∂f

∂zj
(z)
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be the radial derivative of f .

For 0 < α < ∞, the weighted Banach space H∞
α = H∞

α (Bn) consists of all

f ∈ H(Bn) satisfying

∥f∥H∞
α

= sup
z∈Bn

(1− |z|2)α|f(z)| <∞.

Let 0 < p, s < ∞, −n− 1 < q < ∞, a function f ∈ H(Bn) is said to belong

to F (p, q, s) if

∥f∥pF (p,q,s) = |f(0)|p + sup
a∈Bn

∫
Bn

|ℜf(z)|p(1− |z|2)qgs(z, a)dν(z) <∞,

where the function g(z, a) in the integral is a Green’s function.

A positive continuous function µ on [0, 1) is called normal if there exist

constants a, b (0 < a < b), and δ ∈ (0, 1), such that

µ(r)

(1− r)a
is decreasing on [δ, 1) and lim

r→1−

µ(r)

(1− r)a
= 0;

µ(r)

(1− r)b
is increasing on [δ, 1) and lim

r→1−

µ(r)

(1− r)b
= ∞.

If a function µ : Bn → [0,∞) is normal, we will also assume that it is radial,

that is, µ(z) = µ(|z|), for each z ∈ Bn.
For α ∈ (0, 1), Λα denotes the holomorphic α-Lipschitz space which is the

set of all f ∈ H(Bn) such that for some C > 0,

|f(z)− f(w)| ≤ C|z − w|α

for every z, w ∈ Bn. It is well known (see, [23]) that Λα is endowed with a

complete norm ∥.∥Λα given by

∥f∥Λα = |f(0)|+ sup
z ̸=w;z,w∈Bn

{
|f(z)− f(w)|

|z − w|α

}
If a function µ : Bn → [0,∞) is normal, the µ-Bloch type space Bµ (see, e.g.

[14]) is defined as the space of all f ∈ H(Bn) such that

sup
z∈Bn

µ(|z|)|ℜf(z)| <∞.

As we all know that Bµ is a Banach space under the norm defined by

∥f∥Bµ = |f(0)|+ µ(|z|)|ℜf(z)|.
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When µ(r) = (1− r2)α(α > 0) and µ(r) = (1− r2)1−α(0 < α < 1), the induced

spaces Bµ are the α-Bloch space Bα and α-Lipschitz spaces Λα, respectively.

Let φ ∈ S(Bn), the composition operator Cφ induced by φ is defined by

(Cφf)(z) = f(φ(z)), f ∈ H(Bn), z ∈ Bn.

This operator is well studied for many years, readers interested in this topic can

refer to the books [4], [16], [22], which are excellent sources for the development

of the theory of composition operators, and the recent papers [18], [21], [24], [25]

and the references therein.

Assume that g ∈ H(Bn) with g(0) = 0 and φ ∈ S(Bn), then we introduce

the integral operator on the unit ball

Jgf (z) =

∫ 1

0

f(tz)ℜg(tz)dt
t
, f ∈ H (Bn) , z ∈ Bn.

This operator is called generalized Cesàro operator. It has been well studied in

many papers, see, e.g. [6], [7], [8] and so on.

It is natural to discuss the product of extended Cesàro operator and compo-

sition operator. For g ∈ H(Bn) with g(0) = 0 and φ ∈ S(Bn), the product can

be expressed as

JgCφf(z) =

∫ 1

0

f(φ(tz))ℜg(tz)dt
t
, f ∈ H(Bn), z ∈ Bn.

The product operator has been also studied by some authors, see, e.g. [1], [2], [3]

and the references therein.

If L : X → Y is a bounded linear operator, then the essential norm of the

operator L : X → Y , denoted by ∥L∥e,X→Y , is defined as follows

∥L∥e,X→Y = inf
K∈Ω

{∥L+K∥X→Y },

where Ω is the set of all compact operators from X to Y . From this definition and

since the set of all compact operators is a closed subset of the space of bounded

operators, it follows that operator L is compact if and only if ∥L∥e,X→Y = 0.

Let φ,ψ ∈ S(Bn) and g, h ∈ H(Bn), g(0) = 0, h(0) = 0. Differences of

products of extended Cesàro operators and composition operators on H(Bn) are
defined as follows:

(JgCφ − JhCψ)f(z) =

∫ 1

0

f(φ(tz))ℜg(tz)dt
t
−
∫ 1

0

f(ψ(tz))ℜh(tz)dt
t
.
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Recently, there have been an increasing interest in studying the compact dif-

ference of composition operators acting on different spaces of holomorphic func-

tions. Some related differences of the composition operators or weighted com-

position operators on weighted Banach spaces of analytic functions, Bloch-type

space and weighted Bergman space on the unit disk can be found, for example,

[10], on the polydisk, e.g., in [5], [11], and on the unit ball, e.g., in [9], [19], [20].

In 2011, Hosokawan and Ohno [10] studied the boundedness and com-

pactness of the differences of two weighted composition operators acting from the

Bloch space B to the space H∞ of bounded analytic functions on the open unit

disk. Such a study has a relationship to the topological structure problem of

composition operators on H∞. Using this relation, they estimated the operator

norms and the essential norms of the differences of two composition operators

acting from B to H∞.

In this note, we limit our analysis to the differences of products of generalized

Cesàro operators and composition operators and characterize the boundedness of

the difference JgCφ − JhCψ acting from F (p, q, s) spaces to the µ-Bloch type

space, and find some asymptotically equivalent expressions of the essential norms

of the differences, which extend the results of [12], [13].

Throughout the paper, C will denote a positive constant, the exact value

of which will vary from one appearance to the next. We say B is the upper

bound or lower bound of A, if there is positive constant C such that A ≤ CB or

A ≥ 1
CB. The notation A ≍ B means that there is a positive constant C such

that B/C ≤ A ≤ CB.

2. Auxiliary results

For any point a ∈ Bn \ {0}, we define

φa(z) =
a− Pa(z)− saQa(z)

1− ⟨z, a⟩
, z ∈ Bn.

where sa =
√

1− |a|2, Pa is the orthogonal projection from Cn onto the one-

dimensional subspace [a] generated by a, and Qa = I − Pa is the projection onto

the orthogonal complement of [a], that is

Pa(z) =
⟨z, a⟩
|a|2

a, Qa(z) = z − Pa(z), z ∈ Bn.

When a = 0, we simply define φa(z) = −z. It is well known that each φa
is a homeomorphism of the closed unit ball Bn onto Bn. Then we define the
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pseudohyperbolic metric on Bn

ρ(a, z) = |φa(z)|.

We know that ρ(a, z) is invariant under automorphisms (see, e.g. [23]).

For any two points z and w in Bn, let γ(t) = (r1(t), . . . , γn(t)) : [0, 1] → Bn
be a smooth curve to connect z and w. Define

l(γ) =

∫ 1

0

√
⟨B(γ(t))γ′(t), γ′(t)⟩dt.

The infimum of the set consisting of all l(γ) is denoted by β(z, w), where γ is a

smooth curve in Bn from z and w. We call the β the Bergman metric on Bn. It

is known that

β(z, w) =
1

2
log

1 + ρ(z, w)

1− ρ(z, w)
.

Now let us state a couple of lemmas, which are used in the proof of the main

results in the paper.

The following lemma is the crucial criterion for compactness, whose proof is

an easy modification of that of Proposition 3.11 of [4].

Lemma 2.1. Suppose that µ is normal on [0, 1) and φ,ψ ∈ S(Bn), g, h ∈
H(Bn) and g(0) = 0, h(0) = 0. Then the operator JgCφ− JhCψ : F (p, q, s) → Bµ
is compact if and only if JgCφ − JhCψ : F (p, q, s) → Bµ is bounded and for

any bounded sequence {fk}k∈N in F (p, q, s) which converges to zero uniformly on

compact subsets of Bn as k → ∞, we have ∥(JgCφ − JhCψ)fk∥Bµ → 0, as k → ∞.

Lemma 2.2 (Lemma 6, [17]). For each sequence {wj}j∈N in Bn with |wj |→1

as j → ∞, there exists its subsequence {ηk}k∈N and functions {fjk}k∈N inH∞(Bn)
such that

∞∑
k=1

|fjk(z)| ≤ 1,

for all z ∈ Bn and

fjk(ηk) > 1− 1

2k
, k ∈ N.

Lemma 2.3. Suppose that g ∈ H(Bn), g(0) = 0 and φ ∈ S(Bn). Then for

any f ∈ F (p, q, s), we have

ℜ[JgCφ(f)](z) = f(φ(z))ℜg(z).

Proof. The proof follows by standard arguments (see, e.g. [8]). �
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The following four lemmas can be found in [21].

Lemma 2.4. If f ∈ Bα, then

|f(z)| ≤ C


∥f∥αB, 0 < α < 1;

∥f∥αB ln
e

1− |z|2
, α = 1;

∥f∥αB
(1− |z|2)α−1

, α > 1.

Lemma 2.5. For 0 < p, s < +∞, −n − 1 < q < +∞, q + s > −1, there

exists C > 0 such that

sup
a∈Bn

∫
Bn

(1− |w|2)p

|1− ⟨z, w⟩|n+1+q+p
(1− |z|2)qgs(z, a)dν(z) ≤ C

for every ω ∈ B.

Lemma 2.6. There is a constant C > 0 so that for all t > −1 and z ∈ B,
we have ∫

Bn

| ln 1

1− ⟨z, w⟩
|2 (1− |w|2)t

|1− ⟨z, w⟩|n+1+t
dν(z) ≤ C

(
ln

1

1− |z|2

)2

.

Lemma 2.7. Suppose that 0 < p, s < ∞,−n− 1 < q <∞ and q + s > −1.

If f ∈ F (p, q, s), then f ∈ B(n+1+q)/p, and ∥f∥B(n+1+q)/p ≤ C∥f∥F (p,q,s).

By Lemma 4, Lemma 7, and Lemma 3 in [17], we can easily obtain the

following lemma.

Lemma 2.8. Suppose that 0 < p, s <∞, −n− 1 < q <∞ and q + s > −1.

If f ∈ F (p, q, s), then there is a positive constant C independent of f such that

(i) if n+ 1 + q > p, then∣∣∣(1− |z|2)
n+1+q

p −1f(z)− (1− |w|2)
n+1+q

p −1f(w)
∣∣∣ ≤ C∥f∥F (p,q,s)ρ(z, w);

(ii) if n+ 1 + q = p, then∣∣∣∣∣ f(z)

ln e
1−|z|2

− f(w)

ln e
1−|w|2

∣∣∣∣∣ ≤ C∥f∥F (p,q,s)ρ(z, w);

(iii) if n+ 1 + q < p, then

|f(z)− f(w)| ≤ C∥f∥F (p,q,s)ρ(z, w);

for all z, w ∈ Bn.
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Lemma 2.9. Let {fk}k∈N be a bounded sequence in F (p, q, s) which con-

verges to zero uniformly on compact subsets of the unit ball Bn, where (n+1+q)/

p < 1. Then limk→∞ supz∈Bn
|fk(z)| = 0.

Proof. Note that F (p, q, s) ⊆ B(n+1+q)/p and ∥f∥B(n+1+q)/p ≤ C∥f∥F (p,q,s).

When (n+ 1+ q)/p < 1, the proof of this lemma is similar to that of Lemma 3.6

of [14], hence the detail is omitted here. �

3. The boundedness and essential norm

of JgCφ − JhCψ : F (p, q, s) → Bµ

In this section, we characterize the boundedness and the essential norm of

JgCφ − JhCψ : F (p, q, s) → Bµ according to three cases, depending on two

parameters p, q.

3.1. The case for (n + 1 + q)/p > 1. For the sake of convenience, we first

introduce three quantities.

M1 := sup
z∈Bn

µ(|z|)|ℜg(z)|
(1− |φ(z)|2)

n+1+q
p −1

ρ(φ(z), ψ(z)) <∞. (1)

M2 := sup
z∈Bn

µ(|z|)|ℜh(z)|
(1− |ψ(z)|2)

n+1+q
p −1

ρ(φ(z), ψ(z)) <∞. (2)

M3 := sup
z∈Bn

∣∣∣∣ µ(|z|)ℜg(z)
(1− |φ(z)|2)

n+1+q
p −1

− µ(|z|)ℜh(z)
(1− |ψ(z)|2)

n+1+q
p −1

∣∣∣∣ <∞. (3)

Theorem 3.1. Let 0 < p, s < ∞, −n − 1 < q < ∞, q + s > −1 and

(n + 1 + q)/p > 1. Assume that µ is normal on [0, 1), φ,ψ ∈ S(Bn) and g, h ∈
H(Bn), g(0) = 0, h(0) = 0. Then the following statements are equivalent.

(i) JgCφ − JhCψ : F (p, q, s) → Bµ is bounded.

(ii) The conditions (1) and (3) hold.

(iii) The conditions (2) and (3) hold.

Proof. First, we prove the implication (i) =⇒ (ii). Assume that JgCφ −
JhCψ : F (p, q, s) → Bµ is bounded. Fix w ∈ Bn, define the function

Pw(z) =
1− |φ(w)|2

(1− ⟨z, φ(w)⟩)
n+1+q

p
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for z ∈ Bn, then,

∂Pw(z)

∂zk
=
n+ 1 + q

p
· φk(w)(1− |φ(w)|2)
(1− ⟨z, φ(w)⟩)

n+1+q
p +1

, k = 1, 2, . . . n.

So, by Lemma 2.5, it is easy to check that Pw ∈ F (p, q, s) and

supw∈Bn
∥Pw∥F (p,q,s) ≤ C1 for a positive constant C1.

If φ(w) ̸= ψ(w), we consider the text function fw defined by

fw(z) = Pw(z)
⟨φψ(w)(z), φψ(w)(φ(w))⟩

|φψ(w)(φw))|
(4)

for z ∈ Bn. Thus fw ∈ F (p, q, s) and supw∈Bn
∥fw∥F (p,q,s) ≤ C1 for a constant C1.

It is clear that

fw(φ(w)) =
ρ(φ(w), ψ(w))

(1− |φ(w)|2)
n+1+q

p −1
, fw(ψ(w)) = 0. (5)

By the boundedness of JgCφ − JhCψ : F (p, q, s) → Bµ, and using (5) and Lem-

ma 2.3, we have

∞ > ∥(JgCφ − JhCψ)fw∥Bµ
= sup
z∈Bn

µ(|z|)|ℜ((JgCφ − JhCψ)fw)(z)|

= sup
z∈Bn

µ(|z|)|fw(φ(z))ℜg(z)− fw(ψ(z))ℜh(z)|

≥ µ(|w|)|ℜg(w)|ρ(φ(w), ψ(w))
(1− |φ(w)|2)

n+1+q
p −1

(6)

for any w ∈ Bn with φ(w) ̸= ψ(w).

Note that ρ(φ(w), ψ(w)) = 0 if φ(w) = ψ(w). Thus (1) follows immediately

from (6), since w is an arbitrary element of Bn.
Next we prove (3). For given w ∈ Bn, we consider the test function

Qw(z) =
1− |ψ(w)|2

(1− ⟨z, ψ(w)⟩)
n+1+q

p

.

Similarly, by Lemma 2.5 and a direct computation, we can obtain that Qw ∈
F (p, q, s) with ∥Qw∥F (p,q,s) ≤ C2 for a constant C2. It follows from Lemma 2.3

that

∞ > ∥(JgCφ − JhCψ)Qw∥Bµ ≥ µ(|w|)|ℜ((JgCφ − JhCψ)Qw)(w)|
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= µ(|w|)|Qw(φ(w))ℜg(w)−Qw(ψ(w))ℜh(w)|

=

∣∣∣∣ℜg(w)µ(|w|)(1− |ψ(w)|2)
(1− ⟨φ(w), ψ(w)⟩)

n+1+q
p

− µ(|w|)ℜh(w)
(1− |ψ(w)|2)

n+1+q
p −1

∣∣∣∣
= |I(w) + J(w)|, (7)

where

I(w) =
µ(|w|)|ℜg(w)|

(1− |φ(w)|2)
n+1+q

p −1
− µ(|w|)|ℜh(w)|

(1− |ψ(w)|2)
n+1+q

p −1
.

And,

J(w) =
ℜg(w)µ(|w|)(1− |ψ(w)|2)
(1− ⟨φ(w), ψ(w)⟩)

n+1+q
p

− µ(|w|)|ℜg(w)|
(1− |φ(w)|2)

n+1+q
p −1

=
µ(|w|)ℜg(w)

(1− |φ(w)|2)
n+1+q

p −1

[
(1− |φ(w)|2)

n+q+1
p −1Qw(φ(w))

− (1− |ψ(w)|2)
n+1+q

p −1Qw(ψ(w))
]
.

By (1) and Lemma 2.8, we conclude that

|J(w)| ≤ C
µ(|w|)|ℜg(w)|

(1− |φ(w)|2)
n+1+q

p −1
∥Qw∥F (p,q,s)ρ(φ(w), ψ(w))

≤ C
µ(|w|)|ℜg(w)|

(1− |φ(w)|2)
n+1+q

p −1
ρ(φ(w), ψ(w)) <∞.

Thus we obtain that |J(w)| < ∞ for all w ∈ Bn. This combines with (7) we

obtain |I(w)| <∞ for all w ∈ Bn. Thus the desired result (3) follows.

(ii) =⇒ (iii). Assume that (1) and (3) hold, we need only to show that (2)

holds. Note that the pseudohyperbolic metric ρ is less than 1. Then we have

µ(|z|)|ℜh(z)|
(1− |ψ(z)|2)

n+1+q
p −1

ρ(φ(z), ψ(z)) ≤ µ(|z|)|ℜg(z)|
(1− |φ(z)|2)

n+1+q
p −1

ρ(φ(z), ψ(z))

+

∣∣∣∣ µ(|z|)|ℜg(z)|
(1− |φ(z)|2)

n+1+q
p −1

− µ(|z|)|ℜh(z)|
(1− |ψ(z)|2)

n+1+q
p

∣∣∣∣ρ(φ(z), ψ(z)). (8)

From which, and employing (1) and (3), we can get (2).

(iii) =⇒ (i). Assume that (2) and (3) hold. By Lemma 2.3, Lemma 2.7 and

Lemma 2.8, for any f ∈ F (p, q, s), we have

µ(|z|)|ℜ((JgCφ − JhCψ)f)(z)| = µ(|z|)|f(φ(z))ℜg(z)− f(ψ(z))ℜh(z)|
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≤ C∥f∥F (p,q,s)

∣∣∣∣ µ(|z|)|ℜg(z)|
(1− |φ(z)|2)

n+1+q
p −1

− µ(|z|)|ℜh(z)|
(1− |ψ(z)|2)

n+1+q
p −1

∣∣∣∣
+ C∥f∥F (p,q,s)

µ(|z|)|ℜh(z)|
(1− |ψ(z)|2)

n+1+q
p −1

ρ(φ(z), ψ(z)) ≤ C∥f∥F (p,q,s) <∞.

from which it follows that JgCφ − JhCψ : F (p, q, s) → Bµ is bounded. The whole

proof is complete. �

Let h = 0 in the above theorem, we get a characterization for the boundedness

of the product of extended Cesàro operator and composition operator.

Corollary 3.1. Let 0 < p, s < ∞, −n − 1 < q < ∞, q + s > −1 and

(n+ 1 + q)/p > 1. Assume that µ is normal on [0, 1), φ ∈ S(Bn) and g ∈ H(Bn)
with g(0) = 0. Then JgCφ : F (p, q, s) → Bµ is bounded if and only if

sup
z∈Bn

µ(|z|)|ℜg(z)|
(1− |φ(z)|2)

n+1+q
p −1

<∞.

Next, we characterize the essential norm of JgCφ − JhCψ : F (p, q, s) → Bµ.

Denote

M4 := lim sup
|φ(z)|→1

µ(|z|)|ℜg(z)|
(1− |φ(z)|2)

n+1+q
p −1

ρ(φ(z), ψ(z)). (9)

M5 := lim sup
|ψ(z)|→1

µ(|z|)|ℜh(z)|
(1− |ψ(z)|2)

n+1+q
p −1

ρ(φ(z), ψ(z)). (10)

M6 := lim sup
min{|φ(z)|,|ψ(z)|}→1

∣∣∣∣ µ(|z|)ℜg(z)
(1− |φ(z)|2)

n+1+q
p −1

− µ(|z|)ℜh(z)
(1− |ψ(z)|2)

n+1+q
p −1

∣∣∣∣. (11)

Theorem 3.2. Let 0 < p, s < ∞, −n − 1 < q < ∞, q + s > −1 and
n+1+q
p > 1. Assume that µ is normal on [0, 1) and φ,ψ ∈ S(Bn), g, h ∈ H(Bn)

and g(0) = 0, h(0) = 0, max{∥φ∥∞, ∥ψ∥∞} = 1. If JgCφ, JhCψ : F (p, q, s) → Bµ
are bounded, then the essential norm ∥JgCφ − JhCψ∥e,F (p,q,s)→Bµ

is equivalent

to maximum M = max{M4,M5,M6}.

Proof. First we show that there is positive constant C such that

∥JgCφ − JhCψ∥e,F (p,q,s)→Bµ
≤ CM.

That is, the maximum M = max{M4,M5,M6} is a upper bounded for the essen-

tial norm.
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Consider the operators on H(Bn) defined by

Tk(f)(z) = f

(
k

k + 1
z

)
, k ∈ N.

It is easy to see that they are continuous on the co topology and that Tk(f) → f

on any compact subsets of Bn as k → ∞.

On the other hand, since Mp(f, r) = (
∫
∂Bn

|f(rζ)|pdσ(ζ))p are nondecreasing
in r, by the polar coordinates formula∫

Bn

f(z)dν(z) = 2n

∫ 1

0

r2n−1dr

∫
∂Bn

f(rζ)dσ(ζ)

and the definition of F (p, q, s), we get

∥Tk(f)∥F (p,q,s) ≤ ∥f∥F (p,q,s), k ∈ N,

which implies that supk∈N ∥Tk∥F (p,q,s)→F (p,q,s) ≤ 1. Moreover, it is easy to know

that Tk(k ∈ N) are compact on F (p, q, s). By the boundedness of JgCφ, JhCψ :

F (p, q, s) → Bµ, we know that (JgCφ − JhCψ)Tk are also compact operators.

Let r ∈ (0, 1) be fixed and f ∈ F (p, q, s) such that ∥f∥F (p,q,s) ≤ 1. Let

gk := (I − Tk)f, k ∈ N.

We can easily obtain gk ∈ F (p, q, s), k ∈ N and supk∈N ∥gk∥F (p,q,s) ≤ 2. There-

fore,

∥JgCφ − JhCψ∥e,F (p,q,s)→Bµ
≤ ∥(JgCφ − JhCψ)I − JgCφ − JhCψ)Tk∥F (p,q,s)→Bµ

= sup
∥f∥F (p,q,s)≤1

∥(JgCφ−JhCψ)(I − Tk)f∥Bµ= sup
∥f∥F (p,q,s)≤1

∥(JgCφ−JhCψ)gk∥Bµ

≤ sup
∥f∥F (p,q,s)≤1

sup
|φ(z)|>r

µ(|z|)|gk(φ(z))ℜg(z)− gk(ψ(z))ℜh(z)|

+ sup
∥f∥F (p,q,s)≤1

sup
|ψ(z)|>r

µ(|z|)|gk(φ(z))ℜg(z)− gk(ψ(z))ℜh(z)|

+ sup
∥f∥F (p,q,s)≤1

min{|φ(z)|,|ψ(z)|}≤r

µ(|z|)|gk(φ(z))ℜg(z)− gk(ψ(z))ℜh(z)|

= Ik,1(r) + Ik,2(r) + Ik,3(r). (12)

First we estimate Ik,1(r). By Lemma 2.7 and Lemma 2.8 and sup
k∈N

∥gk∥F (p,q,s) ≤ 2,

we have

µ(|z|)|gk(φ(z))ℜg(z)− gk(ψ(z))ℜh(z)| ≤ 2C
µ(|z|)|ℜg(z)|

(1− |φ(z)|2)
n+1+q

p −1
ρ(φ(z), ψ(z))
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+2

∣∣∣∣ µ(|z|)|ℜg(z)|
(1− |φ(z)|2)

n+1+q
p −1

− µ(|z|)|ℜh(z)|
(1− |ψ(z)|2)

n+1+q
p −1

∣∣∣∣. (13)

A similar estimate is obtained for Ik,2(r).

It is clear that for every f ∈ H(Bn), limk→∞(I − Tk)f(z) = 0 and the space

H(Bn) endowed with compact open topology co is a Fréchet space. Hence, by

Banach–Steinhaus theorem, (I − Tk)f converges to zero uniformly on compacts

of (H(Bn), co). Since the unit ball of F (p, q, s) is a compact subset of (H(Bn), co)
it follows that

lim
k→∞

sup
∥f∥F (p,q,s)≤1

sup
|ζ|≤r

|(I − Tk)(f)(ζ)| = 0. (14)

From the boundedness of the operators JgCφ, JhCψ : F (p, q, s) → Bµ, we can

easily obtain the boundedness of JgCφ − JhCψ : F (p, q, s) → Bµ. Then by Theo-

rem 3.1, we get (3).

On the other hand we apply (14) to the sequence {gk}k∈N, we have

lim
k→∞

sup
∥f∥F (p,q,s)≤1

sup
|ζ|≤r

|gk(ζ)| = 0. (15)

Hence for each r ∈ (0, 1) and |ψ(z)| ≤ r, using (15) and (3), we have

lim sup
k→∞

Ik,1(r) ≤ 2C sup
|φ(z)|>r

µ(|z|)|ℜg(z)|
(1− |φ(z)|2)

n+1+q
p −1

ρ(φ(z), ψ(z)).

If |ψ(z)| > r, it follows from (13) that

lim sup
k→∞

Ik,1(r) ≤ 2C sup
|φ(z)|>r

µ(|z|)|ℜg(z)|
(1− |φ(z)|2)

n+1+q
p −1

ρ(φ(z), ψ(z))

+ lim sup
min{|φ(z)|,|ψ(z)|}>r

2

∣∣∣∣ µ(|z|)|ℜg(z)|
(1− |φ(z)|2)

n+1+q
p −1

− µ(|z|)|ℜh(z)|
(1− |ψ(z)|2)

n+1+q
p −1

∣∣∣∣
Letting r → 1 in the above inequality, we get an estimate for

lim supr→1 lim supk→∞ Ik,1(r) ≤ 2CM4 + 2M5 ≤ CM . Similar estimate is ob-

tained for lim supr→1 lim supk→∞ Ik,2(r).

Next we estimate limk→∞ Ik,3. We take the test function f(z)= 1∈F (p, q, s),
the boundedness of JgCφ, JhCψ : F (p, q, s) → Bµ implies that g, h ∈ Bµ. Combing

this with (15), it is easy to get limk→∞ Ik,3(r) = 0. The desired upper estimate

follows.
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Next we show that the maximum M = max{M4,M5,M6} is a lower bound

for the essential norm. Choose a sequence {zk}k∈N such that |φ(zk)| → 1 as

k → ∞ and

M4 = lim
k→∞

µ(|zk|)|ℜg(zk)|
(1− |φ(zk)|2)

n+1+q
p −1

ρ(φ(zk), ψ(zk)).

If such a sequence does not exist, then the estimate vacuously holds. Since

|φ(zk)| → 1 as k → ∞, by Lemma 2.2, we can find an sequence fk ∈ H∞(Bn),
k ∈ N, such that

∞∑
k=1

|fk(z)| ≤ 1, (16)

for all z ∈ Bn, and
fk(φ(zk)) > 1− 1

2k
, k ∈ N. (17)

Define the test functions similar to that of Theorem 3.1

Gk(z) = fk(z)Pk(z) ·
⟨φψ(zk)(z), φψ(zk)(φ(zk))⟩

|φψ(zk)(φ(zk))|
, (18)

where

Pk(z) =
1− |φ(zk)|2

(1− ⟨z, φ(zk)⟩)
n+1+q

p

and C1 > 0 is a constant.

Similar to that of Theorem 3.1, we have that supk∈N ∥Gk∥F (p,q,s) ≤ C1.

Note that

Gk(φ(zk)) = fk(φ(zk))
ρ(φ(zk), ψ(zk))

(1− |φ(zk)|2)
n+1+q

p −1
, Gk(ψ(zk)) = 0 (19)

and, Gk → 0 uniformly on the compact subsets of Bn as k → ∞. Then for

each compact operators K : F (p, q, s) → Bµ, we have limk→∞ ∥KGk∥Bµ = 0.

Therefore

C1∥JgCφ − JhCψ −K∥F (p,q,s)→Bµ
≥ lim sup

k→∞
∥(JgCφ − JhCψ −K)Gk∥Bµ

≥ lim sup
k→∞

∥(JgCφ − JhCψ)Gk∥Bµ − lim sup
k→∞

∥KGk∥Bµ

≥ lim sup
k→∞

µ(|zk|)|Gk(φ(zk))ℜg(zk)−Gk(ψ(zk))ℜh(zk)|

= lim sup
k→∞

µ(|zk|)
∣∣∣∣fk(φ(zk))ρ(φ(zk), ψ(zk))ℜg(zk)

(1− |φ(zk)|2)
n+1+q

p −1

∣∣∣∣
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≥ lim sup
k→∞

(
1− 1

2k

)
µ(|zk|)|ℜg(zk)|

(1− |φ(zk)|2)
n+1+q

p −1
ρ(φ(zk), ψ(zk)) =M4. (20)

Therefore, M4 is a lower bound for the essential norm. Similarly, M5 is also a

lower bound.

Next we prove that M6 is a lower bound for the essential norm. Let {zk}k∈N
be a sequence {zk}k∈N with min{|φ(zk)|, |ψ(zk)|} → 1 as k → ∞ and

M6 = lim sup
k→∞

∣∣∣∣ µ(|zk|)ℜg(zk)
(1− |φ(zk)|2)

n+1+q
p −1

− µ(|zk|)ℜh(zk)
(1− |ψ(zk)|2)

n+1+q
p −1

∣∣∣∣.
Setting l := limk→∞ ρ(φ(zk), ψ(zk)) (if necessary, we choose a subsequence), then

l ≥ 0.

If l > 0, when min{|φ(zk)|, |ψ(zk)|} → 1 as k → ∞, we have M6 ≤ (M4 +

M5)/l. Since we have proved that both M4 and M5 are low bounds for the

essential norm, it follows thatM6 is also a lower bound. Now we can assume that

l = 0 when min{|φ(zk)|, |ψ(zk)|} → 1 as k → ∞.

Let {fk}k∈N satisfy (16) and (17), and {Pk}k∈N is defined in (18). Then we

choose the function Hk(z) = fk(z)Pk(z), k ∈ N.
We can know that supk∈N ∥Hk∥F (p,q,s) ≤ C1. Moreover, it is obvious that

Hk → 0 uniformly on the compact subsets of Bn as k → ∞. By Lemma 2.1,

for each compact operator K : F (p, q, s) → Bµ, we have limk→∞ ∥KHk∥Bµ = 0.

Therefore, we have

C1∥JgCφ − JhCψ −K∥F (p,q,s)→Bµ

≥ lim sup
k→∞

∥(JgCφ − JhCψ)Hk∥Bµ − lim sup
k→∞

∥KHk∥Bµ

≥ lim sup
k→∞

µ(|zk|)|Hk(φ(zk))ℜg(zk)−Hk(ψ(zk))ℜh(zk)|

≥ lim sup
k→∞

∣∣∣∣ µ(|zk|)ℜg(zk)
(1− |φ(zk)|2)

n+1+q
p −1

− µ(|zk|)ℜh(zk)
(1− |ψ(zk)|2)

n+1+q
p −1

∣∣∣∣(1− 1

2k

)
− C lim sup

k→∞

µ(|zk|)|ℜh(zk)|
(1− |ψ(zk)|2)

n+1+q
p −1

ρ(φ(zk), ψ(zk))

= lim sup
k→∞

∣∣∣∣ µ(|zk|)ℜg(zk)
(1− |φ(zk)|2)

n+1+q
p −1

− µ(|zk|)ℜh(zk)
(1− |ψ(zk)|2)

n+1+q
p −1

∣∣∣∣. (21)

So we know that the expression M6 is also a lower bound for the essential norm.

The whole proof is complete. �

From the above theorem, we can easily obtain the following corollary about

the compactness.
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Corollary 3.2. Let 0 < p, s < ∞, −n − 1 < q < ∞, q + s > −1 and

(n+1+ q)/p > 1. Suppose that µ is normal on [0, 1), φ ∈ S(Bn) and g ∈ H(Bn).
If JgCφ : F (p, q, s) → Bµ is bounded, then JgCφ : F (p, q, s) → Bµ is compact if

and only if

lim sup
|φ(z)|→1

µ(|z|)|ℜg(z)|
(1− |φ(z)|2)

n+1+q
p −1

= 0.

3.2. The case for (n + 1 + q)/p = 1. For the sake of convenience, we also

introduce three quantities.

M7 := sup
z∈Bn

µ(|z|)|ℜg(z)|
∣∣∣∣ln e

1− |φ(z)|2

∣∣∣∣ρ(φ(z), ψ(z)) <∞. (22)

M8 : = sup
z∈Bn

µ(|z|)|ℜh(z)|
∣∣∣∣ln e

1− |ψ(z)|2

∣∣∣∣ρ(φ(z), ψ(z)) <∞. (23)

M9 := sup
z∈Bn

∣∣∣∣µ(|z|)ℜg(z)ln e

1− |φ(z)|2
− µ(|z|)ℜh(z)ln e

1− |ψ(z)|2

∣∣∣∣ <∞. (24)

Theorem 3.3. Let 0 < p, s < ∞, −n − 1 < q < ∞, q + s > −1 and

(n+1+ q)/p = 1. Suppose that µ is normal on [0, 1), φ,ψ ∈ S(Bn), g, h ∈ H(Bn)
and g(0) = 0, h(0) = 0. Then the following statements are equivalent.

(i) JgCφ − JhCψ : F (p, q, s) → Bµ is bounded.

(ii) The conditions (22) and (24) hold.

(iii) The conditions (23) and (24) hold.

Proof. First, we prove the implication (i) =⇒ (ii). Assume that JgCφ −
JhCψ : F (p, q, s) → Bµ is bounded. Fix w ∈ Bn, define the function

Pw(z) = ln
e

1− ⟨z, φ(w)⟩
for z ∈ Bn.

By Lemma 2.6, we know that Pw ∈ F (p, q, s) and supw∈Bn
∥Pw∥F (p,q,s) ≤ C.

If φ(w) ̸= ψ(w), we consider the text function fw defined by

fw(z) = Pw(z)
⟨φψ(w)(z), φψ(w)(φ(w))⟩

|φψ(w)(φ(w))|
(25)

for z ∈ Bn. Thus fw ∈ F (p, q, s) and supw∈Bn
∥fw∥F (p,q,s) ≤ C. It is clear that

fw(φ(w)) = ln
e

1− |φ(w)|2
ρ(φ(w), ψ(w)), fw(ψ(w)) = 0. (26)
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By the boundedness of JgCφ − JhCψ : F (p, q, s) → Bµ, and using (26) and Lem-

ma 2.3, we have

∞ > ∥(JgCφ − JhCψ)fw∥Bµ
sup
z∈Bn

µ(|z|)|ℜ((JgCφ − JhCψ)fw)(z)|

= sup
z∈Bn

µ(|z|)|fw(φ(z))ℜg(z)− fw(ψ(z))ℜh(z)|

≥ µ(|w|)|ℜg(w)|
∣∣∣∣ln e

1− |φ(w)|2

∣∣∣∣ρ(φ(w), ψ(w)) (27)

for any w ∈ Bn with φ(w) ̸= ψ(w).

Note that ρ(φ(w), ψ(w)) = 0 if φ(w) = ψ(w). Thus if follows from (27) that

(22) holds.

Next we prove (24). For given w ∈ Bn, we consider the test function

Qw (z) = ln
e

1− ⟨z, ψ (w)⟩

Similarly, by Lemma 2.6 and a direct computation, we can obtain that Qw ∈
F (p, q, s) with ∥Qw∥F (p,q,s) ≤ C for a constant C. It follows from Lemma 2.3

that

∞ > ∥(JgCφ − JhCψ)Qw∥Bµ
≥ µ(|w|)|ℜ((JgCφ − JhCψ)Qw)(w)|

= µ(|w|)|Qw(φ(w))ℜg(w)−Qw(ψ(w))ℜh(w)|

=

∣∣∣∣ℜg(w)µ(|w|) ln e

1− ⟨ψ(w), φ(w)⟩
− µ(|w|)ℜh(w)ln e

1− |ψ(w)|2

∣∣∣∣
= |I(w) + J(w)|, (28)

where

I(w) = ln
e

1− |φ(w)|2
µ(|w|)ℜg(w)− ln

e

1− |ψ(w)|2
µ(|w|)ℜh(w).

And,

J(w) = ℜg(w)µ(|w|) ln e

1− ⟨ψ(w), φ(w)⟩
− ln

e

1− |φ(w)|2
µ(|w|)ℜg(w)

= ln
e

1− |φ(w)|2
µ(|w|)ℜg(w)

[
Qw(φ(w))

ln e
1−|φ(w)|2

− Qw(ψ(w))

ln e
1−|ψ(w)|2

]
.
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By (22) and Lemma 2.8, we conclude that

|J(w)| ≤ C

∣∣∣∣ ln e

1− |φ(w)|2

∣∣∣∣µ(|w|)|ℜg(w)|∥Qw∥F (p,q,s)ρ(φ(w), ψ(w))

≤ C

∣∣∣∣ ln e

1− |φ(w)|2

∣∣∣∣µ(|w|)|ℜg(w)|ρ(φ(w), ψ(w)) <∞.

Thus we obtain that |J(w)| < ∞ for all w ∈ Bn. This combines with (28) we

obtain |I(w)| <∞ for all w ∈ Bn. Thus the desired result (24) follows.

(ii) =⇒ (iii). Assume that (22) and (24) hold, we need only to show (23)

hold. Note that the pseudohyperbolic metric ρ is less than 1. Then we have that∣∣∣∣ln e

1− |ψ(z)|2

∣∣∣∣µ(|z|)|ℜh(z)|ρ(φ(z), ψ(z))
≤ ln

e

1− |φ(z)|2
µ(|z|)|ℜg(z)|ρ(φ(z), ψ(z))

+

∣∣∣∣ln e

1− |φ(z)|2
µ(|z|)|ℜg(z)| − ln

e

1− |ψ(z)|2
µ(|z|)|ℜh(z)|

∣∣∣∣ρ(φ(z), ψ(z))
From which, and employing (22) and (24), we can get (23).

(iii) =⇒ (i). Assume that (23) and (24) hold. By Lemma 2.3, Lemma 2.4,

Lemma 2.7 and Lemma 2.8, for any f ∈ F (p, q, s), we have

µ(|z|)|ℜ((JgCφ − JhCψ)f)(z)| = µ(|z|)|f(φ(z))ℜg(z)− f(ψ(z))ℜh(z)|

≤ C∥f∥F (p,q,s)

∣∣∣∣µ(|z|)|ℜg(z)|ln e

1− |φ(w)|2
− ln

e

1− |ψ(z)|2
µ(|z|)|ℜh(z)|

∣∣∣∣
+ C∥f∥F (p,q,s)µ(|z|)|ℜh(z)|ρ(φ(z), ψ(z)) ln

e

1− |ψ(z)|2
≤ C∥f∥F (p,q,s) <∞.

from which it follows that JgCφ − JhCψ : F (p, q, s) → Bµ is bounded. The whole

proof is complete. �

Let h = 0 in the above theorem, we have the following corollary.

Corollary 3.3. Let 0 < p, s < ∞, −n − 1 < q < ∞, q + s > −1 and

(n + 1 + q)/p = 1. Suppose that µ is normal on [0, 1), φ ∈ S(B) and g ∈ H(B).
Then JgCφ : F (p, q, s) → Bµ is bounded if and only if

sup
z∈Bn

µ(|z|)|ℜg(z)|
∣∣∣∣ln e

1− |φ(z)|2

∣∣∣∣ <∞.
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Next, we discuss the essential norm of JgCφ − JhCψ : F (p, q, s) → Bµ.

lim sup
|φ(z)|→1

µ(|z|)|ℜg(z)|
∣∣∣∣ln e

1− |φ(z)|2

∣∣∣∣ρ(φ(z), ψ(z)). (29)

lim sup
|ψ(z)|→1

µ(|z|)|ℜh(z)|
∣∣∣∣ln e

1− |ψ(z)|2

∣∣∣∣ρ(φ(z), ψ(z)). (30)

lim sup
min{|φ(z)|,|ψ(z)|}→1

∣∣∣∣µ(|z|)ℜg(z)ln e

1− |φ(z)|2
− µ(|z|)ℜh(z)ln e

1− |ψ(z)|2

∣∣∣∣. (31)

Theorem 3.4. Let 0 < p, s < ∞, −n − 1 < q < ∞, q + s > −1 and

(n+ 1 + q)/p = 1. Suppose that µ is normal on [0, 1), φ,ψ ∈ S(Bn), g ∈ H(Bn),
g(0) = 0, h(0) = 0 and max{∥φ∥∞, ∥ψ∥∞} = 1. If JgCφ, JhCψ : F (p, q, s) → Bµ
are bounded, then the essential norm ∥JgCφ − JhCψ∥e,F (p,q,s)→Bµ

is equivalent

to the maximum (29)–(31).

Proof. The proof of this theorem follows the same idea as the proof of

Theorem 3.2 with minor modifications, we omit the detail. �

From this theorem, we obtain immediately the following corollary.

Corollary 3.4. Let 0 < p, s < ∞, −n − 1 < q < ∞, q + s > −1 and

(n + 1 + q)/p = 1. Suppose that µ is normal on [0, 1), φ ∈ S(B) and g ∈ H(B).
If JgCφ : F (p, q, s) → Bµ is bounded, then JgCφ : F (p, q, s) → Bµ is compact if

and only if

lim sup
|φ(z)|→1

µ(|z|)|ℜg(z)|
∣∣∣∣ln e

1− |φ(z)|2

∣∣∣∣ = 0.

3.3. The case for (n+1+ q)/p < 1. Denote three quantities M10,M11,M12 as

follows:

M10 := sup
z∈Bn

µ(|z|)|ℜg(z)|ρ(φ(z), ψ(z)) <∞. (32)

M11 := sup
z∈Bn

µ(|z|)|ℜh(z)|ρ(φ(z), ψ(z)) <∞. (33)

M12 := sup
z∈Bn

|µ(|z|)ℜg(z)− µ(|z|)ℜh(z)| <∞. (34)

Similar to the discussion for the case (n+ 1 + q)/p < 1, with minor modifi-

cations, we can obtain the corresponding theorems. For the sake of completeness

we state them here, and leave the details to the interested reader.

Theorem 3.5. Let 0 < p, s < ∞, −n − 1 < q < ∞, q + s > −1 and

(n+1+ q)/p < 1. Suppose that µ is normal on [0, 1), φ,ψ ∈ S(Bn), g, h ∈ H(Bn)
and g(0) = 0, h(0) = 0. Then the following statements are equivalent.
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(i) JgCφ − JhCψ : F (p, q, s) → Bµ is bounded.

(ii) The conditions (32) and (34) hold.

(iii) The conditions (33) and (34) hold.

Denote

M13 := lim sup
|φ(z)|→1

µ(|z|)|ℜg(z)|ρ(φ(z), ψ(z)). (35)

M14 := lim sup
|ψ(z)|→1

µ(|z|)|ℜh(z)|ρ(φ(z), ψ(z)). (36)

M15 := lim sup
min{|φ(z)|,|ψ(z)|}→1

∣∣µ(|z|)ℜg(z)− µ(|z|)ℜh(z)
∣∣. (37)

Theorem 3.6. Let 0 < p, s < ∞, −n − 1 < q < ∞, q + s > −1 and

(n+1+ q)/p < 1. Suppose that µ is normal on [0, 1), φ,ψ ∈ S(Bn), g, h ∈ H(Bn)
and g(0) = 0, h(0) = 0, max{∥φ∥∞, ∥ψ∥∞} = 1. If JgCφ, JhCψ : F (p, q, s) → Bµ
are bounded, then the essential norm ∥JgCφ − JhCψ∥e,F (p,q,s)→Bµ

is equivalent

to M = max{M13,M14,M15}.

Corollary 3.5. Let 0 < p, s < ∞, −n − 1 < q < ∞, q + s > −1 and

(n+ 1+ q)/p < 1. Assume that µ is normal on [0, 1), φ ∈ S(Bn) and g ∈ H(Bn).
Then the following statements are equivalent.

(i) JgCφ : F (p, q, s) → Bµ is bounded.

(ii) JgCφ : F (p, q, s) → Bµ is compact.

(iii) g ∈ Bµ.

Proof. (ii) =⇒ (i). This implication is obvious.

(i) =⇒ (iii). From the boundedness of JgCφ, it is easy to show that (iii)

follows by taking f(z) = 1.

(iii) =⇒ (ii). Suppose (iii) holds. By Lemma 2.7, we know f ∈ B(n+1+q)/p

for every f ∈ F (p, q, s), and ∥f∥B(n+1+q)/p ≤ C∥f∥F (p,q,s). Note that n+1+q
p < 1,

it follows from Lemma 2.4 that |f(z)| ≤ C∥f∥B(n+1+q)/p ≤ C∥f∥F (p,q,s) for any

z ∈ Bn. Then, for any f ∈ F (p, q, s) we obtain that

µ(|z|)|ℜ(JgCφf)(z)| = µ(|z|)|ℜg(z)||f(φ(z))| ≤ Cµ(|z|)|ℜg(z)|∥f∥B(n+1+q)/p

≤ Cµ(|z|)|ℜg(z)|∥f∥F (p,q,s) ≤ ∥g∥Bµ∥f∥F (p,q,s).

So JgCφ : F (p, q, s) → Bµ is bounded.
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Let {fk}k∈N be a bounded sequence in F (p, q, s) and fk → 0 on compact

subsets of Bn as k → ∞. Note that (n + 1 + q)/p < 1 again, by Lemma 2.9 we

get limk→∞ supz∈Bn
|fk(z)| = 0. Since

∥JgCφfk∥Bµ ≍ sup
z∈Bn

µ(|z|)|ℜg(z)||fk(φ(z))|

≤ sup
z∈Bn

µ(|z|)|ℜg(z)| sup
z∈Bn

|fk(φ(z))| ≤ C∥g∥Bµ sup
z∈Bn

|fk(φ(z))| → 0, k → ∞.

It follows that limk→∞ ∥JgCφfk∥Bµ = 0. The result (ii) is obtained by Lemma 2.1.

The proof of this theorem is complete. �
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