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Differences of products of the extended Cesaro and composition
operators from F(p, g, s) space to pu-Bloch type space
on the unit ball

By LIANG ZHANG (Tianjin) and ZE-HUA ZHOU (Tianjin)

Abstract. This paper characterizes the boundedness of the differences of the prod-
ucts of extended Cesaro operators and composition operators from F(p, g, s) space to
p-Bloch type space on the unit ball of C". At the same time, some asymptotically equiv-
alent expressions of the essential norms of difference of products of generalized Cesaro
operators and composition operators are presented. As some corollaries, the compact-
ness of the difference operators are also characterized.

1. Introduction

Let H(B,) be the space of all holomorphic functions on B,,, the compact
open topology on the space H(B,,) will be denoted by co, where B,, is the open
unit ball of the complex n-dimensional Euclidean space C™. The collection of
all the holomorphic self-maps of B,, will be denoted by S(B,). Let dv denote
Lebesgue measure on B,, normalized so that v(B,,) = 1 and do the normalized
Lebesgue measure on the boundary 0B,, of B,,.

For f € H(B,), let
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be the radial derivative of f.
For 0 < a < oo, the weighted Banach space H® = HS°(B,,) consists of all
f € H(B,,) satistying

[ fllze = sup (1 —[2[*)*|f(2)] < 0.
z€B,,

Let 0 < p, s <00, —n — 1 < ¢ < 00, a function f € H(B,,) is said to belong
to F(p,q,s) if

11 g,y = LFOP + sup [ [RF(2)P(1 — |2]*)7g° (2, a)dv(2) < o0,
X acB, JB,
where the function g(z,a) in the integral is a Green’s function.

A positive continuous function g on [0,1) is called normal if there exist
constants a, b (0 < a < b), and ¢ € (0,1), such that

a _rr)a is decreasing on [4, 1) and rlir{l— (1M_(T:)a =0;
plr is increasing on [4,1) and lim (r) =00
(1—r)b ’ r—1- (1 —r)b

If a function p : B,, — [0, 00) is normal, we will also assume that it is radial,
that is, u(z) = u(|z|), for each z € B,,.

For o € (0,1), A, denotes the holomorphic a-Lipschitz space which is the
set of all f € H(B,,) such that for some C > 0,

1f(2) = f(w)] < Clz —w[*

for every z,w € B,. It is well known (see, [23]) that A, is endowed with a
complete norm ||.||s,, given by

[fllae = 1O+ sup

zF#w;z,WEB,

{If(Z)—f(w)I}

|2 = wl

If a function p : B,, — [0, 00) is normal, the p-Bloch type space B, (see, e.g.
[14]) is defined as the space of all f € H(B,,) such that

sup p(|2])|Rf(2)] < oo.
2€B,

As we all know that B, is a Banach space under the norm defined by

1flls, = 1F(O)] + n(lzDRf(2)].
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When u(r) = (1 —72)%(a>0) and u(r) = (1 —r*)172(0 < a < 1), the induced
spaces B, are the a-Bloch space B* and «a-Lipschitz spaces A, respectively.
Let ¢ € S(B,,), the composition operator C,, induced by ¢ is defined by

(Cof)(2) = f(p(2)), [fe HBy), z€By.

This operator is well studied for many years, readers interested in this topic can
refer to the books [4], [16], [22], which are excellent sources for the development
of the theory of composition operators, and the recent papers [18], [21], [24], [25]
and the references therein.

Assume that g € H(B,,) with g(0) = 0 and ¢ € S(B,,), then we introduce
the integral operator on the unit ball

1
1.5 (2) :/0 f(tz)%g(tz)%, [ HB,), 2B,

This operator is called generalized Cesaro operator. It has been well studied in
many papers, see, e.g. [6], [7], [8] and so on.

It is natural to discuss the product of extended Cesaro operator and compo-
sition operator. For g € H(B,,) with ¢g(0) = 0 and ¢ € S(B,,), the product can
be expressed as

1
1ot ) = [ Holt)Roe) T T € HB), 2 € B,

The product operator has been also studied by some authors, see, e.g. [1], [2], [3]
and the references therein.

If L : X — Y is a bounded linear operator, then the essential norm of the
operator L : X — Y, denoted by ||L||e, x—v, is defined as follows

[L]ex—y = ]igéfQ{HL + Kl x-v},

where (Q is the set of all compact operators from X to Y. From this definition and
since the set of all compact operators is a closed subset of the space of bounded
operators, it follows that operator L is compact if and only if || L], x—y = 0.

Let p,¢ € S(B,) and ¢g,h € H(B,), g(0) = 0,h(0) = 0. Differences of
products of extended Cesaro operators and composition operators on H(B,,) are
defined as follows:

1 1
(U0 = 1CIE) = [ fettmaen T = [ pwiesmuges) .
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Recently, there have been an increasing interest in studying the compact dif-
ference of composition operators acting on different spaces of holomorphic func-
tions. Some related differences of the composition operators or weighted com-
position operators on weighted Banach spaces of analytic functions, Bloch-type
space and weighted Bergman space on the unit disk can be found, for example,
[10], on the polydisk, e.g., in [5], [11], and on the unit ball, e.g., in [9], [19], [20].

In 2011, HosokAWAN and OHNO [10] studied the boundedness and com-
pactness of the differences of two weighted composition operators acting from the
Bloch space B to the space H* of bounded analytic functions on the open unit
disk. Such a study has a relationship to the topological structure problem of
composition operators on H°°. Using this relation, they estimated the operator
norms and the essential norms of the differences of two composition operators
acting from B to H*°.

In this note, we limit our analysis to the differences of products of generalized
Cesaro operators and composition operators and characterize the boundedness of
the difference J,C, — JpCy acting from F(p,q,s) spaces to the p-Bloch type
space, and find some asymptotically equivalent expressions of the essential norms
of the differences, which extend the results of [12], [13].

Throughout the paper, C' will denote a positive constant, the exact value
of which will vary from one appearance to the next. We say B is the upper
bound or lower bound of A, if there is positive constant C' such that A < C'B or
A > %B. The notation A =< B means that there is a positive constant C such
that B/C < A< CB.

2. Auxiliary results

For any point a € B,, \ {0}, we define

()= BELEL), .,

where s, = /1 — |a|?, P, is the orthogonal projection from C™ onto the one-
dimensional subspace [a] generated by a, and Q, = I — P, is the projection onto
the orthogonal complement of [a], that is

P,(z) = <fC;C2L>a, Qu(z) =z — P,(2), z € B,.

When a = 0, we simply define ¢,(z) = —z. It is well known that each ¢,
is a homeomorphism of the closed unit ball B,, onto B,,. Then we define the
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pseudohyperbolic metric on B,
pla,z) = [pa(2)].

We know that p(a, z) is invariant under automorphisms (see, e.g. [23]).
For any two points z and w in B,,, let v(¢) = (r1(¢), ..., (t)) : [0,1] — B,
be a smooth curve to connect z and w. Define

I(y) = / VBEO .7V

The infimum of the set consisting of all () is denoted by S(z,w), where 7 is a
smooth curve in B,, from z and w. We call the 8 the Bergman metric on B,,. It

is known that
1+ p(z,w)

1 —p(z,w)'

Now let us state a couple of lemmas, which are used in the proof of the main

Blz,w) = 3 los

results in the paper.
The following lemma, is the crucial criterion for compactness, whose proof is
an easy modification of that of Proposition 3.11 of [4].

Lemma 2.1. Suppose that p is normal on [0,1) and p,9 € S(B,), g,h €
H(B,,) and g(0) = 0,h(0) = 0. Then the operator J,C, — JyCy : F(p,q,s) = B,
is compact if and only if J,C, — JCy : F(p,q,s) — B, is bounded and for
any bounded sequence { fi, }ren in F(p, q, s) which converges to zero uniformly on
compact subsets of B, as k — oo, we have ||(J,Cy, — J,Cy) frlls, — 0, ask — oc.

Lemma 2.2 (Lemma 6, [17]). For each sequence {w;}jen inB,, with |w;|—1
as j — 0o, there exists its subsequence {ny } ren and functions { f;, }ren in H>(B,,)
such that

Sl <1,
k=1

for all z € B,, and

1
Jin(m) > 1= .k €N.

Lemma 2.3. Suppose that g € H(B,,), g(0) =0 and ¢ € S(B,). Then for
any f € F(p,q,s), we have

R[JgCo (N)(2) = F(p(2))Rg(2).

PRrROOF. The proof follows by standard arguments (see, e.g. [8]). O
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The following four lemmas can be found in [21].

Lemma 2.4. If f € B, then

ILf15, 0<a<l;
(&
aq =1:
Fe) <o WIEmT—Fp, e =1
171l
—_ 1.
A—|zppe1 7

Lemma 2.5. For 0 < p, s < 400, —-n—1 < q < 400, ¢+ s > —1, there
exists C' > 0 such that

/ (1 —|w[*)P
sup
acB, Jp, |1 — (2, w)[rHitatp

for every w € B.

(1= 12*)g"(2,a)dv(z) < C

Lemma 2.6. There is a constant C' > 0 so that for all t > —1 and z € B,
we have

1 (1—|wpP)* 1y
1 2 d <Clln——) .
/Bn' R L T e R L
Lemma 2.7. Suppose that 0 < p,s < oo,—n—1<qg<ooandqg+s>—1.

Iff € F(p7q73)7 then f € B(n-‘rl-‘rq)/p’ and ||fHB("+1+q)/p S CHf”F(p,q,s)-

By Lemma 4, Lemma 7, and Lemma 3 in [17], we can easily obtain the
following lemma.

Lemma 2.8. Suppose that 0 < p,s < 0o, —n—1< g <oo and g+ s> —1.
If f € F(p,q,s), then there is a positive constant C independent of f such that

(i) if n+ 14 q > p, then

ntltq g

=177 T f2) = (1= Jwl)
(ii) if n+14 g =p, then

fle)  _ fw)

e e
In 1—|z]? In 1—|w|?

ntltq g
P

f(’LU) < C||f||F(p7q7s)p(va);

< CHfHF(p,q,s)p(Zv w);

(iii) if n+ 1+ g < p, then

£ (2) = f(w)] < Clf | p(p.g.s) (2, w);

for all z,w € B,,.
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Lemma 2.9. Let {fx}ren be a bounded sequence in F(p,q,s) which con-
verges to zero uniformly on compact subsets of the unit ball B,,, where (n+1+q)/
p < 1. Then limg_,o sup,¢p, |fr(2)| = 0.

PROOF. Note that F\(p,q,s) € BMHHD/P and || f|| gor1tars < Clf||pp.g.s)-
When (n+ 1+ q)/p < 1, the proof of this lemma is similar to that of Lemma 3.6
of [14], hence the detail is omitted here. O

3. The boundedness and essential norm
of J,C, — JnCy : F(p,q,s) — B,

In this section, we characterize the boundedness and the essential norm of
JyCp — JpCy : F(p,q,s) — B, according to three cases, depending on two
parameters p, q.

3.1. The case for (n+ 1+ ¢q)/p > 1. For the sake of convenience, we first
introduce three quantities.

My = sup —EEDRIDN__ ) 1)) < oo 1)
B, (1= o))
M, := su M(|Z|)|§Rh$fl (p(2),¥(2)) < 0. (2)
CT e - e
M, = sup N(|Z|)§Rg£f3+q_1 B M(IZD?RthBH_l < . 3)
s (1= ) P) 5 (= ()5

Theorem 3.1. Let 0 < p,s < o0, —n —1 < g < 00, ¢+ s > —1 and
(n+1+q)/p > 1. Assume that p is normal on [0,1), p,¢ € S(B,) and g,h €
H(B,), g(0) = 0,h(0) = 0. Then the following statements are equivalent.

(i) J4Cp — JnCy : F(p,q,s) = B, is bounded.
(ii) The conditions (1) and (3) hold.
ii) The conditions (2) and (3) hold.

(iii

PrROOF. First, we prove the implication (i) == (ii). Assume that J,C, —
JnCy : F(p,q,s) = B, is bounded. Fix w € B,,, define the function

1 — |p(w)[?
ntliq

Py(z) =
(1= (2 0(w))) 7
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for z € B,,, then,

OPu(z) _ntl+a _ex)d-lp@)l®) .,

Oz P (1= (2 p(w)

So, by Lemma 2.5, it is easy to check that P, € F(p,q,s) and
SUPyep, || PuwllF(pg,s) < C1 for a positive constant C;.
If p(w) # ¢ (w), we consider the text function f,, defined by

(P(w) (2)s Py w) (P(w)))

fw(z) = Pw(z) |<P1/;(w)(50w))‘

(4)

for 2 € B,,. Thus f, € F(p,q,s) and sup,,cp,
It is clear that

fullP(p,q,s) < Ch for a constant Cf.

(p(w),
fulp(w)) = —L
T 1 o))

By the boundedness of J,Cy, — JiCy : F(p,q,s) — By, and using (5) and Lem-
ma 2.3, we have

o Fulbw) =0, (5)

p

P(w))
%)

00 > [|(JgCp — JnCy) fulls, = sup pI2DR((JgCp = TnCy) fu) (2)]
= sup (2D fu(p(2))Rg(2) = fu(¥(2))RA(2)]

(\wl)lﬁfg(w)\p(ﬁ@;%w)) (6)
(1= fp(w)?)>

for any w € B, with p(w) # ¥ (w).
Note that p(p(w),¥(w)) = 0 if p(w) = (w). Thus (1) follows immediately
from (6), since w is an arbitrary element of B,,.

Z/i

Next we prove (3). For given w € B,,, we consider the test function

( — 1- W(W)P )

(1= (z¢(w)) 7

Similarly, by Lemma 2.5 and a direct computation, we can obtain that Q,, €

F(p,q,s) with [|Qu| p(p,g,s) < C2 for a constant Co. It follows from Lemma 2.3
that

00 > [[(JyCp = JnCy)Qulls, = p(|w))R((JyCp — JnCy)Qu)(w)]
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= p([w))|Qu (p(w))Rg(w) — Qu (¢ (w))Rh(w)|

_ | Rg(w)p(lw) (1 — [p(w)[?) pl[w])Rh(w)
(1= (p(w), () "5 (1= p(w)2) 5!
= [I(w) + J(w)], (7)
where
Jw) = DR (D RAw)]
(1= [p()|2) 770 (1= [p(w)[2) =5
And,
_ Rg()p(w)(1 = [p@)?)  p(w)Re(w)]
(1= (p(w), ()7 (1= |plw)[2) 7
u|w])Rg(w) oy gl
- e (1= Jo(w) )7 1 Qu(p(w))
(1~ lp(w) )5 S0
—a- \w<w>|2>”*é*"*1@w<w<w>>}-
By (1) and Lemma 2.8, we conclude that
pllw)IRg(w >\
[J(w)| < C e 11Qul F(pg.0y (P (W), o(w))
(L~ [plu)2) 1P
e “(‘w')mgﬁﬁl (p(w), (w)) < oo,
A~ lp(w)p)y 517

Thus we obtain that |J(w)| < oo for all w € B,,. This combines with (7) we
obtain |I(w)| < oo for all w € B,,. Thus the desired result (3) follows.

(ii) == (iii). Assume that (1) and (3) hold, we need only to show that (2)
holds. Note that the pseudohyperbolic metric p is less than 1. Then we have

u(l=)IRA(:)| u(lDIRg(2)]
n+l4q 1 ( —_ n+1+q71 ( (Z)’w(z))
1= )R 1 lo(z)p) 5177
u(lDIRg(2)] u(l=)Rh(2)|
ntltq - ntltq ( (Z),¢(Z)) (8)
1 @) 5 (1)

From which, and employing (1) and (3), we can get (2).
(ili) == (i). Assume that (2) and (3) hold. By Lemma 2.3, Lemma 2.7 and
Lemma 2.8, for any f € F(p,q,s), we have

u(zDIR((JCp — InCy) F)(2)| = ul|zD1f (0 (2))Rg(2) — f(¥(2))Rh(2)|
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w(|z])|Rg(z w(|z|)|Rh(z
< Ol | —2EIRIEN WG
(1=le(z)?) > (1—v(2)?)
p(|2]) [ Rh(2)|
+ C”fHF(p,q,s) ntltq p(cp(z),d;(z)) < CHf”F(p,q,s) < 0.
1=[e)P2) 7

from which it follows that J,C, — J,Cy : F(p,q,s) = B, is bounded. The whole
proof is complete. O

Let h = 0 in the above theorem, we get a characterization for the boundedness
of the product of extended Cesaro operator and composition operator.

Corollary 3.1. Let 0 < p,s < o0, —-n—1 < ¢ < 00, ¢+ s > —1 and
(n+1+q)/p> 1. Assume that p is normal on [0,1), ¢ € S(B,,) and g € H(B,,)
with g(0) = 0. Then J,C,, : F(p,q,s) = B, is bounded if and only if

p(lz))[Rg (=)

ntltg
€8, (1 - p(2)[2) 7 !

Next, we characterize the essential norm of J,C, — J,Cy : F(p,q,s) = B,.

Denote
My = limsu =) Ry ()] z),(2)). 9
lim sup i |@(z)|2)%*1p(<p( ), ¥(2)) (9)
Ms := limsu M(|Z|)|%h(zl)| z),¥(2)). 10
lim sup i |1/)(Z)P)%_lp(w( ), ¥(2)) (10)
Mg = lim sup M(|Z|)3?9S2+q B u(IZI)i‘?thl)H A
min{le(2)l (-1 (1= [@(2)]?) 7 1 (1=|p(z)?) >

Theorem 3.2. Let 0 < p,s < o0, —n—1 < qg < 00, ¢+ s > —1 and
%}‘*‘q > 1. Assume that p is normal on [0,1) and p,v € S(B,,), g,h € H(B,)
and g(0) = 0,h(0) = 0, max{[¢locs [Vlloc} = L. I J,Cor JnCos : Flp.g,5) = By
are bounded, then the essential norm ||J,Cy — JnCylle,r(p,q,5)—B, 1S equivalent
to maximum M = max{My, M5, Ms}.

PrROOF. First we show that there is positive constant C' such that
HJ!]CQU - Jth)He,F(p,q,S)HBM <CM.

That is, the maximum M = max{My, M5, Mg} is a upper bounded for the essen-
tial norm.
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Consider the operators on H(B,,) defined by

Ty(f)(2) = f (kﬁl) Fen

It is easy to see that they are continuous on the co topology and that Ty (f) — f
on any compact subsets of B,, as k — oc.

On the other hand, since M, (f,r) = (faBn |f(r¢)[Pdo(¢))P are nondecreasing
in 7, by the polar coordinates formula

1
/ f(z)dv(z) = 2n/ r2n=tdr f(r$)do(¢)
B, 0 OB,
and the definition of F(p, ¢, s), we get

1T (N pwas) < IfllFpas, keN,

which implies that supyey |7kl F(p.q,5)— F(p.q,s) < 1. Moreover, it is easy to know

that Ty (k € N) are compact on F(p,q,s). By the boundedness of J,Cy, J,Cy :

F(p,q,s) — B,, we know that (J,C, — J,Cy )T} are also compact operators.
Let r € (0,1) be fixed and f € F(p,q,s) such that || f| p@p,qs < 1. Let

ge = —Tk)f, keN

We can easily obtain g, € F(p,q,s), k € N and supycy |9k || p(p,q,5) < 2. There-
fore,

H‘Igccp - Jh0¢||e,F(p7q7s)—>BH <| (Jngo - Jhcw)l — JyCp — Jhcw)Tk”F(p,q,s)ﬂB“

|
= sup  |[(JyCp =InCy)(I = Ti)flls,= sup  [[(JyCop —JInCy)gxll5,
Hf”F(p,q,s)Sl ”f”F(p,q.s)Sl

< sup sup (] 2))|gr (o (2))Rg(2) — g (¥ (2))RA(2)|

17 (p.a.o) ST l0(2)[>7

SR s |zl (p(2)Ra(2) - (V) RA()
F(p,q,5) <1 2)|>r
" o < 1(12]) gk (0(2))Rg(2) — g (1(2))Rh(2)]
min{l@()] (=)} <r
= Ipa(r) + T 2(r) + Ix 3(r). 12

First we estimate I3 1(r). By Lemma 2.7 and Lemma 2.8 and sup ||gx|| r(p,q,s) < 2
keN
we have

p(=DIRg(e)| —p(p(2),¥(2))

(1 —le(x)[?) 7

w(12D1gr (@ (2))Rg(2) — gr (¥ (2))RA(2)| < 2C
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N 2 715 T 1 1 .G T (13)
(1—[p(z))" 7L (1= Jy(z)2) 5

A similar estimate is obtained for Iy, o(r).

It is clear that for every f € H(B,,), limy_oo(I — Tk)f(2) = 0 and the space
H(B,,) endowed with compact open topology co is a Fréchet space. Hence, by
Banach—Steinhaus theorem, (I — T})f converges to zero uniformly on compacts
of (H(B,,), co). Since the unit ball of F(p, g, s) is a compact subset of (H(B,,), co)
it follows that

im  sup sup [(1— T)()(C)] =0. (14)

k=00 | 1l 5 g, <1 [¢I<r

From the boundedness of the operators J,Cy,, JnCy : F(p,q,s) — B,, we can
easily obtain the boundedness of J,Cy, — J,Cy : F(p,q,s) — B,. Then by Theo-
rem 3.1, we get (3).

On the other hand we apply (14) to the sequence {gi }ren, we have

lim  sup  sup [gx(¢)| = 0. (15)
k=00 | 1l 5 (g, <1 I¢I<r

Hence for each r € (0,1) and |¢(2)| < r, using (15) and (3), we have

timsup Tp1(r) <20 sup —LEDRION o) ).
s OB (1= [p(2)2)

If |¢(2)| > r, it follows from (13) that

. R
limsup [y 1(r) < 2C  sup (Elh] g& -p(e(2),9(2))
ki— 00 le(2)>r (1= |p(2)]2) 7 —
¢ tmewp  o| —REDRSEN_ p(eDIRMGE)]
min{le(2)LI¥)>r (1= |p(z)2) 7 —  (1—=|vR)?) » -

Letting » — 1 in the above inequality, we get an estimate for
limsup,._,; limsupy,_, o Ix1(r) < 2CMy 4+ 2M5 < CM. Similar estimate is ob-
tained for limsup,_,; limsupy,_, o I 2(7).

Next we estimate limy_, o I, 3. We take the test function f(2)=1€ F(p,q, s),
the boundedness of J,C,,, J,Cy : F(p,q,s) — B, implies that g, h € B,,. Combing
this with (15), it is easy to get limg_,o0 5 3(r) = 0. The desired upper estimate
follows.
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Next we show that the maximum M = max{My, M5, Mg} is a lower bound
for the essential norm. Choose a sequence {zj}ren such that |p(zr)] — 1 as
k — oo and

M, = lim ”“Z’“Dm‘qgi’il_lp(w(zmw(Zk))-

P (1= Jg(zr)?) 7
If such a sequence does not exist, then the estimate vacuously holds. Since
lp(zk)| — 1 as k — oo, by Lemma 2.2, we can find an sequence f; € H*(B,,),
k € N, such that

Yo, (16)
k=1
for all z € B,,, and
1
filg(er) > 1- g ke N, (17)

Define the test functions similar to that of Theorem 3.1

<<10’¢(Zk) (Z)7 Pop(zk) (QO(Z}C)»
[Pz (0(21)]

Gr(2) = fr(2)Pr(z) -

where o )|2
1— o2k
Pk(z) = ntltq

(1= (z,0(z))) 7

and C7 > 0 is a constant.
Similar to that of Theorem 3.1, we have that supycy |Gl F(p,q,s) < Ci-
Note that

p(w(Zk)’ibEicl)Bq_l, Gr(1(21,)) =0 (19)

(1= le(zr)?) 7

and, G — 0 uniformly on the compact subsets of B,, as k — oo. Then for

Gr(p(2x)) = fr(p(zk))

each compact operators K : F(p,q,s) — By, we have limy_, |[KG4|5, = 0.
Therefore

“w

CillJsCo = InCy = Kl w05, = limsup||(JyCy — JnCy — K)Gis
— 00

> limsup ||(J,Cp — JnCy)GilB, — li’rcnsup | KGL s,
— 00

k—o0

> limsup p(|2k|)|Gr(0(21))Rg(2) — Gr(¥(2x))Rh(21)|

k— o0
= tim sup (|2 | () L2 L) R )

oo (1= le(zR)?) 7
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. 1 p(l2e]) [Rg(zr)| _
= hz?isolip (1 - 2’“> (1- |90(z;g)|2)n+$“f1p(‘p(z’f)’MZ’“)) = My (20)

Therefore, M, is a lower bound for the essential norm. Similarly, M5 is also a
lower bound.

Next we prove that Mg is a lower bound for the essential norm. Let {zx }ren
be a sequence {z }reny with min{|o(zx)|, |¥(zk)|} — 1 as k — oo and

Mﬁzhmsup‘ pla o) pllzdRACe) |
b (1= [p(a)) 700 (1= p(a))

Setting | := limy_,o0 p((2k), ¥ (2k)) (if necessary, we choose a subsequence), then
1>0.

If I > 0, when min{|p(zx)|, [¥(zk)|} — 1 as k — oo, we have Mg < (M4 +
Ms)/l. Since we have proved that both My and M; are low bounds for the
essential norm, it follows that Mjg is also a lower bound. Now we can assume that
[ =0 when min{|p(zx)|, |¢¥(2x)|} — 1 as k — oo.

Let {fx}ren satistfy (16) and (17), and { Py }ren is defined in (18). Then we
choose the function Hg(2) = fr(2)Px(2), k € N.

We can know that supyey || Hk| p(p,q,s) < C1. Moreover, it is obvious that
Hi — 0 uniformly on the compact subsets of B,, as k — oo. By Lemma 2.1,
for each compact operator K : F(p,q,s) = By, we have limy_, || K Hy|

B, = 0.
Therefore, we have

CIHJQCQO - Jhc’l’ - KHF(p,q,s)—>B,l,
> limsup [|(JyCp — JuCy)Hills, — li]I:lSUP | K Hglls,
—00

k—oo

= hgi)supM(|Zk|)|Hk(<P(Zk))%9(2k) — Hy(¢(z))Rh(z1)]|

> timsup | UDRoC) s Brlen) (L
kﬂmp‘(llw(zm?) Tl (= () 2) T < 2’“)

p(lzx]) IR (2|

— Clim sup niitq p(@(’zk)v ¢(Zk))
koo (1= [(ze)|?) 7 !
. w(|zx ) Rg(zx w(|zi] ) RA(2g
:hmsup‘ (J2x]) 5 ("“)”—1 — (J2x]) ; (n+1>+q_1 . (21)
k=oo | (1 —[p(2x)[?) 7 (1= [e(z)?) >
So we know that the expression Mg is also a lower bound for the essential norm.
The whole proof is complete. O

From the above theorem, we can easily obtain the following corollary about
the compactness.
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Corollary 3.2. Let 0 < p,s < o0, —-n—1 < ¢ < o0, ¢+ s > —1 and
(n+144q)/p > 1. Suppose that u is normal on [0,1), ¢ € S(B,,) and g € H(B,,).
If J,C, : F(p,q,s) = B, is bounded, then J,C, : F(p,q,s) — B, is compact if

and only if
p(lz) Ry (2)|

lim sup pESErmEi 0

le(@)=1 (1 = |p(2)]?) " »

3.2. The case for (n + 1+ ¢)/p = 1. For the sake of convenience, we also
introduce three quantities.

M= sup p(|=)Rg()]In 7 (0(2), (2)) < o0 (22)
Ms : = sup u(|2]) [ Rh(z)] IHW p(p(2),¥(2)) < oo. (23)
My := ZSGHEEI M(|Z|)§R9(2)lnw — pu(|z[)Rh(z)In W <oo. (24)

Theorem 3.3. Let 0 < p,s < 0o, -n—1 < g < o0, ¢g+s > —1 and
(n+144q)/p = 1. Suppose that p is normal on [0,1), ¢, € S(B,), g,h € H(B,)
and g(0) = 0,h(0) = 0. Then the following statements are equivalent.

(i) J4Cp — JnCy : F(p,q,s) — B, is bounded.
(ii) The conditions (22) and (24) hold.
(iii) The conditions (23) and (24) hold.

PrOOF. First, we prove the implication (i) = (ii). Assume that J,C, —
JnCy : F(p,q,s) = B, is bounded. Fix w € B,,, define the function

e

Py(z)=ln——
R R ENFIIT
for z € B,,.

By Lemma 2.6, we know that P, € F(p,q,s) and sup,,cg . | Pullrip,q,s) < C.

If p(w) # ¢ (w), we consider the text function f,, defined by

(D) (2), Py (w) (P(w)))

fule) = P ) )]

(25)
for z € B,,. Thus f, € F(p,q,s) and sup,,cp, || fuwllFpqs < C. It is clear that

7|2p(<ﬁ(ﬂ0, Y(w)),  fuld(w)) =0. (26)
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By the boundedness of J,C, — J,Cy : F(p,q,s) — By, and using (26) and Lem-
ma 2.3, we have

00 > [[(JyCp = InCy) fulls, Sup (2D IR((JyCp = TnCy) fu)(2)]

= sup 12D fu(p(2))Rg(2) — fu($(2))RA(2)|

> ) Rgto)][In T (), vw) (27)
for any w € B, with p(w) # ¢¥(w )
Note that p(¢(w), ¥ (w)) = o(w) = ¥ (w). Thus if follows from (27) that

(22) holds.
Next we prove (24). For given w € B,,, we consider the test function

e

T (0 (w)

Similarly, by Lemma 2.6 and a direct computation, we can obtain that @, €
F(p,q,s) with |Qullp(pqs < C for a constant C. It follows from Lemma 2.3
that

Qu (Z) =1

00 > [[(JyCp = JnCy)Qulls, = p(|w)R((JyCp — JnCy)Qu)(w)]
= p(|w))|Qu (p(w))Rg(w) — Qu (¢ (w))Rh(w))|

= Ryl o T Sy oty ~ HleDRAG)
= [(w) + J(w)] (28)
where
() = In el Rg(w) =0 2o () Rh(w).
And,
(1) = Rg(w)p(w) 0 T = el Ry ()
¢ Qulp(w)) _ Qul(w)
=In ——pu(jw|)Rg(w -
1—|<p(w)|2ﬂ(| PRIy e e A e e
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By (22) and Lemma 2.8, we conclude that

)] < O|In s (D Rg () |Qu g, 0000 (0), ()
< O T (e Ry (@lp(e(w), v(w)) < oo.

Thus we obtain that |J(w)| < oo for all w € B,,. This combines with (28) we
obtain |I(w)| < oo for all w € B,,. Thus the desired result (24) follows.

(i) = (ili). Assume that (22) and (24) hold, we need only to show (23)
hold. Note that the pseudohyperbolic metric p is less than 1. Then we have that

e

S P EHARIRIOILEORIC)

€

In w/ﬂzmﬁg(z)‘ —In

In

+

Wu(\dﬂ%h(z)l p(p(2),1(z))
From which, and employing (22) and (24), we can get (23).

(ili) = (i). Assume that (23) and (24) hold. By Lemma 2.3, Lemma 2.4,
Lemma 2.7 and Lemma 2.8, for any f € F(p,q, s), we have

u(zDIR((JCp = JnCy) F)(2)| = pul|zD1f (0 (2))Rg(2) — f(¥(2))RA(2)|

€
< Clifp@pq.s |p(2])[Rg(2)[In

T o@E - P T e ARG

+ Cllf I p gy #12DIRA(2)p(p(2), ¢(2)) In m S Ol flF@p.g.s < 0o

from which it follows that J,C, — J,Cy : F(p,q,s) — By, is bounded. The whole
proof is complete. O

Let h = 0 in the above theorem, we have the following corollary.

Corollary 3.3. Let 0 < p,s < 00, —-n—1 < q < 00, g+ s > —1 and
(n+1+4q)/p = 1. Suppose that y is normal on [0,1), ¢ € S(B) and g € H(B).
Then J,C, : F(p,q,s) — B, is bounded if and only if

sup pa(]=]) [ Rg(2)]|In < .

z€B,

1—1e(2)?
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Next, we discuss the essential norm of J,C, — J,Cy : F(p,q,s) = B,.

‘lggﬁir; u([z)[Rg(2)]|In e p(p(2), ¥(2)). (29)
mﬁi% p(|z])[RA(2)]|In TR ple(2),¥(2)). (30)
min{lwl(igjzg)l}ﬂ |z Rg()n =75 POk = )RR s DR (31)

Theorem 3.4. Let 0 < p,s < 00, —n—1 < g < o0, ¢g+s > —1 and
(n+1+4q)/p=1. Suppose that u is normal on [0,1), ¢, € S(B,), g € H(B,),
9(0) = 0, h(0) = 0 and max{|¢loc, [¥lloc} = 1. I JyCo JnCo i Flpya,5) — By
are bounded, then the essential norm ||J,Cy — JnCylle,F(p,q,5)—B, 1S equivalent
to the maximum (29)—(31).

PRrROOF. The proof of this theorem follows the same idea as the proof of
Theorem 3.2 with minor modifications, we omit the detail. O

From this theorem, we obtain immediately the following corollary.

Corollary 3.4. Let 0 < p,s < 00, —-n—1 < ¢ < 00, ¢+ s > —1 and
(n+1+4q)/p=1. Suppose that p is normal on [0,1), ¢ € S(B) and g € H(B).
If J,C, : F(p,q,s) = B, is bounded, then J,C, : F(p,q,s) — B, is compact if
and only if
=0.

lim sup yu(|z]) | Rg ()| |In —

()| -1 1 —[p(2)?
3.3. The case for (n+1+q)/p < 1. Denote three quantities Mo, M11, M12 as
follows:

Mg = sup p(|z[Rg(2)|p(p(2),6(2)) < oo. (32)
M= sup p(|zIRA(:) pli(2). (=) < o (33)
My = sup (<l Rg() — (|21 Rn(z)] < oc. (34)

Similar to the discussion for the case (n + 1+ ¢)/p < 1, with minor modifi-
cations, we can obtain the corresponding theorems. For the sake of completeness
we state them here, and leave the details to the interested reader.

Theorem 3.5. Let 0 < p,s < 0o, —-n—1 < g < o0, ¢g+s > —1 and
(n+144q)/p < 1. Suppose that p is normal on [0,1), ¢, € S(B,,), g,h € H(B,,)
and g(0) = 0,h(0) = 0. Then the following statements are equivalent.
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(i) J4Cyp — JnCy : F (p,q,s) = B, is bounded.
(ii) The conditions (32) and (34) hold.
(iii) The conditions (33) and (34) hold.

Denote
M3 = llilin)s‘liri 1(lz))[Rg(2)|p(0(2), ¥(2)). (35)
My = limsup p(|z])[Rh(z)|p((2), ¥ (2)). (36)
[¥(2)|—1
M5 = lim sup (|2 Rg(2) — u(|2)RA(2)|. (37)

min{|e(2)[,|[%(2)]}—1

Theorem 3.6. Let 0 < p,s < 0o, —-n—1 < g < o0, ¢+ s > —1 and
(n+14q)/p < 1. Suppose that p is normal on [0,1), ¢,¢ € S(B,,), g,h € H(B,,)
and g(0) = 0, h(0) = 0, max{|plloc, [¥lloc} = 1. £ Jy,Cips JuCos : F(p,,5) — By
are bounded, then the essential norm ||J,Cy, — JnCylle,p(p.q,5)—B, IS equivalent
to M = HlaX{Mlg, ]\4147 M15}.

Corollary 3.5. Let 0 < p,s < 00, —-n—1 < g < 00, g+ s > —1 and
(n+1+q)/p < 1. Assume that u is normal on [0,1), ¢ € S(B,) and g € H(B,,).
Then the following statements are equivalent.

(i) J4Cy : F(p,q,s) — B, is bounded.
(ii) J4Cy : F(p,q,s) — B, is compact.
(ili) g € By
PROOF. (i) = (i). This implication is obvious.

(i) = (ili). From the boundedness of J,C,, it is easy to show that (iii)
follows by taking f(z) = 1.

(iii) = (ii). Suppose (iii) holds. By Lemma 2.7, we know f € B(+1+a)/p
for every f € F(p,q,s), and || f||gm+1+a/s < C|fllF(p,q,s). Note that %ﬁq <1,
it follows from Lemma 2.4 that |f(z)| < Cfllgm+i+ar < CllfllF(p,q,s) for any
z € B,,. Then, for any f € F(p,q,s) we obtain that

p1zD)IR(TCo £) ()] = nl2D)Rg ()| f (p(2))] < Cull2)Rg ()| fl| pensr+arrm
< Cp(lzD gDl pp.a.) < N9l Ml E@.0.0)-

So J,C, : F(p,q,s) = B, is bounded.
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Let {fx}ren be a bounded sequence in F(p,q,s) and fr — 0 on compact
subsets of B,, as k — oco. Note that (n +1+ ¢)/p < 1 again, by Lemma 2.9 we

get limp o0 sUp, ¢, |fr(2)| = 0. Since

17gC frlls, = sup u(|2))[Rg(2)]fr(p(2))|

z€B,,

< sup p(|z))[Rg(2)] sup [fe(p(2))] < Cllgls, sup [fx(p(2))] =0, &k — oo
z2€B, z€B, z€B,

It follows that limg o0 [|JgCy fx||5, = 0. The result (ii) is obtained by Lemma 2.1.
The proof of this theorem is complete. O
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