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On some Hardy type inequalities involving generalized means

By PAWE L PASTECZKA (Warszawa)

Abstract. We discuss properties of a natural generalization of Power Means pro-

posed in 1971 by Carlson, Meany and Nelson. For a parameters k ∈ N; s, q ∈ R and

a vector v ∈ (0,+∞)n, n ≥ k they are defined by Ps(Pq(vi1 , . . . , vik ) : 1 ≤ i1 < · · · <

ik ≤ n) (Ps denotes the s-th power mean).

We determine when these means satisfy inequalities resembling the classical Hardy

inequality within a large part of the parameter space. Moreover we point out a Hardy

mean for which an arbitrarily small increment of the parameter q leads to means not

being Hardy.

1. Introduction

The most popular family of means encountered in the literature consists of

Power Means. They are parametrized by p ∈ R∪{±∞} and, for any all-positive-

components vector (v1, . . . , vn), n ∈ N, are defined by

Pp(v1, . . . , vn) :=















































min(v1, . . . , vn) if p = −∞,
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)1/p

if p 6= 0,
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)1/n

if p = 0,

max(v1, . . . , vn) if p = +∞.
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Upon putting p = 1, 0,−1 one gets Arithmetic, Geometric, and Harmonic

Mean, respectively.

Power Means have been investigated ever since their conception in the 19th

century. One of the classical results concerning them is the following inequality,

in its final form reproduced below due to Landau, [9]:

∞
∑

n=1

Pp(a1, . . . , an) < (1− p)−1/p ‖a‖1 for p ∈ (0, 1) and a ∈ l1(R+).

The constant (1− p)−1/p in the above inequality cannot be diminished for any p.

Similar inequality (with a non-optimal constant, however) was proved one year

earlier by Hardy, [6], in the course of his commenting some still earlier results

of Hilbert.

In particular, for p = 1
2 one has

∞
∑

n=1

P1/2(a1, . . . , an) < 4 ‖a‖1 for every a ∈ l1(R+). (1)

Nowadays these results are few of many in the emerging “theory of Hardy

means”. Precisely, one says that a mean A is Hardy when there exists a constant

C such that

∞
∑

n=1

A(a1, . . . , an) < C ‖a‖1 for every a ∈ l1(R+).

This definition was formally introduced by Páles and Persson in [11], but it

had been felt in the air since Hardy’s paper [6]. These authors proposed in

[11] certain conditions sufficient for a mean to be Hardy. Those conditions are

relatively mild and are satisfied by the means in a considerable number of families.

Hence it is natural to ask what other means are Hardy. In fact, this question

was extensively dealt with decades before the formal definition appeared. The

detailed history of the events related to, and facts implied by above inequalities

is sketched in catching surveys [13], [3], [10], and in a recent book [8].

Unfortunately, for many families of means the problem if they are Hardy

remains open. Such a problem for the two-parameter family of Gini means was,

for instance, considered in [11], where many special subcases were done. This

problem, explicitly worded three years later in [8, p. 89], was recently solved in

[12].

Other interesting families which might be considered in this context are the Hamy
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means (cf. [4], [1, p. 364] and Corollary 2 below) and Hayashi means (cf. [5],

[1, p. 365] and Corollary 3 below). These two families of means are intrinsically

related with what is going to be presented in this note.

We will analyse another multi-parameter family of means. Namely, in 1971

Carlson, Meany and Nelson [2], among other things, proposed the following

family, which in one time encompasses Power Means, Hamy means and Hayashi

means:

Mk,s,q(v1, . . . , vn) :=







Ps

(

Pq(vi1 , . . . , vik) : 1 ≤ i1 < · · · < ik ≤ n
)

if k ≤ n,

Pq(v1, . . . , vn) if k > n,

v ∈ ⋃∞

n=1(0,+∞)n. Those authors were interested in certain inequalities binding

the means Mk,s,q when the order of parameters s and q was being reversed.

These means are analysed here from the point of view of being or not being Hardy.

Namely, we are going to prove that these means are Hardy for

(s, q) ∈
(

(−∞, 1)× R
)

∪
(

{1} × (−∞, 0]
)

and any k ≥ 2

(see Figure 1 below for a better visualisation).

Let us note that, by [14], there hold the following inequalities

Mk,s,q ≤ Mk,t,p for s ≤ t and q ≤ p, (2)

Mk,s,q ≤ Mk−1,s,q for s > q. (3)

2. Main result

In our main Theorem 1 we are going to prove a seemingly isolated fact that

M2,1,0 is a Hardy mean. Obviously, all means majorized by some Hardy mean

(or, more generally, majorized up to some constant coefficient) are Hardy, too.

Therefore, one time M2,1,0 being Hardy, the inequalities (2) and (3) imply that

Mk,s,q are Hardy, too, for a vast family of parameters. This is precisely worded

in Corollary 1 below.

That corollary is a fairy wide extension of our Theorem 1. Its Hardy-negative

part subsumes regions in the parameter plane (s, q) which have until recently

seemed to be a kind of challenge – see for instance the second item, and especially

the subregion s ≥ k, q ≤ 0 encompassed by that item.
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Theorem 1. M2,1,0 is a Hardy mean and

∞
∑

n=1

M2,1,0(a1, . . . , an) < 4 ‖a‖1 for every a ∈ l1(R+).

Moreover, the constant 4 in this inequality is sharp.

Proof. We will show that M2,1,0 is majorized by P1/2. Indeed,

M2,1,0(a1, . . . , an) =

(

n

2

)−1
∑

1≤i<j≤n

√
aiaj =

1

n(n− 1)

∑

1≤i<j≤n

2
√
aiaj

=
n

n− 1

((

1

n

n
∑

i=1

√
ai

)2

− 1

n2

n
∑

i=1

ai

)

=
n

n− 1

(

P1/2(a1, . . . , an)−
1

n
P1(a1, . . . , an)

)

≤ n

n− 1

(

P1/2(a1, . . . , an)−
1

n
P1/2(a1, . . . , an)

)

= P1/2(a1, . . . , an). (4)

Hence, by (1), one obtains

∞
∑

n=1

M2,1,0(a1, . . . , an) ≤
∞
∑

n=1

P1/2(a1, . . . , an) < 4 ‖a‖1 .

The constant 4 in the above theorem cannot be diminished. Indeed, upon

taking an = 1
n , a simple calculation yields

lim
n→∞

a−1
n M2,1,0(a1, . . . , an) = 4.

Then the machinery originally devised for the Power Means in

[7, pp. 241–242] becomes applicable. It gives, by taking N arbitrary large and

considering the auxiliary sequence

(a1, . . . , aN , (N + 1)−2, (N + 2)−2, (N + 3)−2, . . . ),

that the constant cannot be smaller than 4. �

Theorem 2. Let k ∈ N+. Then Mk,k,−∞ is not a Hardy mean.
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Proof. Let us take any decreasing sequence a ∈ l1(R+). For any n ≥ k one

obtains

Mk,k,−∞(a1, . . . , an) =

((

n

k

)−1
∑

1≤i1<···<ik≤n

min(ai1 , . . . , aik)
k

)1/k

>

((

n

k

)−1

min(a1, . . . , ak)
k

)1/k

=

(

n

k

)−1/k

ak > n−1ak.

Hence
∑∞

n=1 Mk,k,−∞(a1, . . . , an) = +∞. �

3. Discussion of parameters

We know that for any fixed q > 0 and k ∈ N the inequality

Pq(v1, . . . , vk) =

(

1

k

∑

v
q
i

)1/q

>

(

1

k
max(vq1 , . . . , v

q
n)

)1/q

= k−1/q max(v1, . . . , vk) = C(k, q)max(v1, . . . , vk)

holds for any v ∈ R
k
+, with C(k, q) := k−1/q. In particular, for any r ∈ R∪{±∞},

Pq(v1, . . . , vk) > C(k, q)Pr(v1, . . . , vk) (5)

(cf. also [1, p. 237]). The above inequalities are instrumental in proving the

following

Corollary 1. For any k ≥ 2

• Mk,s,q is not a Hardy mean for any s ≥ 1 and q > 0,

• Mk,s,q is not a Hardy mean for any s ≥ k and q ∈ R ∪ {±∞},
• Mk,1,q is a Hardy mean for any q ≤ 0,

• Mk,s,q is a Hardy mean for any s < 1 and q ∈ R ∪ {±∞}
(see Figure 1).

Proof. Let us recall that the length of vectors in Pq in the definition of

Mk,s,q is fixed (and equal to k, whenever k ≤ n). Moreover, if a mean could be

majorized by some Hardy mean up to a constant coefficient, then it is Hardy,

too. Therefore the use of (5) is very natural to in the investigation of behaviour

of Mk,s,q while the parameter q is changed.
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Figure 1. Space of parameters, for which the mean Mk,s,q is Hardy

(solid lines), and for which it is not Hardy (dashed lines); k is fixed.

First item follows from the fact that Mk,1,1 is an arithmetic mean. So it is

not Hardy. But Mk,s,q ≥ Mk,1,q ≥ CMk,1,1 for some constant C, hence Mk,s,q is

not Hardy, too.

Second item is an immediate corollary from Theorem 2. Third one is implied

by Theorem 1 and (2).

Fourth item is being proved in two steps. First, with no loss of generality we

may assume that s ∈ (0, 1). We know that Mk,s,s = Ps, so it is a Hardy mean.

Second, applying (5), one gets Mk,s,s > C(k, s)Mk,s,q . So Mk,s,q is Hardy as

well. �

Corollary 2. For any k ≥ 2 the Hamy mean ha[k] := Mk,1,0 (cf. [4], [1, pp.

364–365] for more details) is a Hardy mean.

Corollary 3. For any k ≥ 2 the Hayashi mean hy[k] := Mk,0,1 (cf. [5] and

[1, pp. 365–366] for more details) is a Hardy mean.

3.1. Remaining cases. The problem whetherMk,s,q is a Hardy mean for k ≥ 2,

s ∈ (1, k) and q ≤ 0 remains open (see the central part in Figure 1).
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