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Real hypersurfaces of non—flat complex space forms in terms of
the Jacobi structure operator

By THEOHARIS THEOFANIDIS (Thessaloniki) and PH. J. XENOS (Thessaloniki)

Abstract. Real hypersurfaces satisfying the condition ¢l = l¢, (I = R(.,£)E), have
been studied by many authors, under at least one more condition, since the class of these
hypersurfaces is too large. Moreover the operator [ has been studied satisfying other
conditions, including V¢l = 0 and [A = Al. Even more, not much work has been done
on the last equation. In the present paper we study condition ¢l = l¢, combined with
either V¢l = 0 or A = Al. All conditions are restricted in subspaces of the tangent
space, in order to produce larger classes.

0. Introduction

An n-dimensional Kaehlerian manifold of constant holomorphic sectional cur-
vature ¢ is called complex space form, which is denoted by M, (¢). A complete
simply connected complex space form is a complex projective space CP" if ¢ > 0,
a complex hyperbolic space CH™ if ¢ < 0, or a complex Euclidean space C™ if
¢ = 0. The induced almost contact metric structure of a real hypersurface M of
M,,(¢) will be denoted by (¢,&, 1, g).

Homogeneous real hypersurfaces in CP™, were classified by R. TAKAGI [16].
J. BERNDT [1] classified real hypersurfaces with principal structure vector fields
in CH™.

Another class of real hypersurfaces were studied by OKUMURA [14], and
MoNTIEL and ROMERO [12]. They classified real hypersurfaces satisfying ¢pA =
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A¢, in CP™ and CH™ respectively. In both cases, real hypersurfaces were cate-
gorized as type A, described in Section 1. For more details and examples on real
hypersurfaces of type A, we refer to [13].

A Jacobi field along geodesics of a given Riemannian manifold (M, g) plays
an important role in the study of differential geometry. It satisfies a well known
differential equation which inspires Jacobi operators. For any vector field X,
the Jacobi operator is defined by Rx : Rx(Y) = R(Y, X)X, where R denotes the
curvature tensor and Y is a vector field on M. Ry is a self-adjoint endomorphism
in the tangent space of M, and is related to the Jacobi differential equation, which
is given by V4(V4Y) + R(Y, %)% = 0 along a geodesic v on M, where 4 denotes
the velocity vector along v on M.

In a real hypersurface M of a complex space form M, (c), ¢ # 0, the Jacobi
operator on M with respect to the structure vector field &, is called the Jacobi
structure operator and is denoted by IX = R¢(X) = R(X,§)¢E.

Many authors have studied real hypersurfaces from many points of view.
Certain authors have studied real hypersurfaces under the condition ¢l = l¢p,
equipped with one or two additional conditions. U-H. KI et al. [9] classified real
hypersurfaces in complex space forms satisfying i) ¢l = l¢ and A%¢ = AL + 7€
(0 is a function, 7 is constant) ii) ¢l = l¢ and Q€ = of (where @Q is the Ricci
operator, ¢ is constant). U-HANG K1 [7] classified real hypersurfaces in complex
hyperbolic space satistying ¢l = l¢ and IQ = Ql. U-H. K1 et al. [8], classified real
hypersurfaces in complex space forms satisfying ¢l = l¢, IQ = QI, and additional
conditions on the mean curvature. U-H. KI et al. [10] studied real hypersurfaces
in complex space forms satisfying ¢l = l¢ and 1Q = 1Q ([7], [8], [9], [10]).

Other authors have studied real hypersurfaces under the conditions VxI =0
(X e TM) or Vel =0 [5], [11], [15].

In the present paper, we consider ¢l = l¢ (commuting structure Jacobi op-
erator) and Vel = 0 (Reeb parallel structure Jacobi operator). Both conditions
are restricted on the distribution on M : ker(n), (ker(n)* = span{¢}). Namely we
prove:

Theorem 0.1. Let M be a real hypersurface of a complex space form M, (c),
(n > 2) (c #0), satisfying ¢! = l¢ on ker(n). If Vel = 0 holds on ker(n) or on
span{{}, then M is a Hopf hypersurface. Furthermore, if n(A§) # 0, then M is
locally congruent to a model space of type A.

J. T. CHO and U-H. K1 in [4] classified real hypersurfaces M of a projective
space satisfying ¢l = l¢ and [A = Al on M. In the present paper we generalize
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this result, studying the real hypersurfaces of any complex space form satisfying
¢l = 1¢ on ker(n) and IA = Al on ker(n) or on span{¢}. We prove:

Theorem 0.2. Let M be a real hypersurface of a complex space form M, (c),
(n > 2) (c # 0), satistying ¢l = l¢ on ker(n). If IA = Al holds on ker(n) or on
span{¢}, then M is a Hopf hypersurface. Furthermore, if n(A¢) # 0, then M is
locally congruent to a model space of type A.

For the case of CP™ in order to determine real hypersurface of type A, the
technical assumption n(AE£) # 0 is needed. Actually, there is a non-homogeneous
tube with A{ = 0 (of radius 7) over a certain Kaehler submanifold in CP",
when its focal map has constant rank on M [3]. For Hopf hypersurfaces in CH",
(n > 2) it is known that the associated principal curvature of & never vanishes
[1]. However, in CH? there exists a Hopf hypersurface with A¢ = 0 [6].

We must also notice that equation (V¢l)X =0, X € ker(n), is equivalent to
(Vel)X = p&, X € ker(n) and p is a real valued function. Indeed, (V¢l)X =0
implies (Vel) X = pu&, where p = 0. Conversely if (V)X = p€ holds VX € ker(n),
then by putting —X instead of X we have —(V¢l)X = p& which is combined with
(Vel) X = pé to give p = 0.

1. Preliminaries

Let M, be a Kaehlerian manifold of real dimension 2n, equipped with an
almost complex structure J and a Hermitian metric tensor G. Then for any
vector fields X and Y on M, (c), the following relations hold:

J’X =-X, GUJX,JY)=GX)Y), VJ=0

where V denotes the Riemannian connection of G of M,,.

Now, let My,_1 be a real (2n — 1)-dimensional hypersurface of M, (c), and
denote by N a unit normal vector field on a neighborhood of a point in My, 1
(from now on we shall write M instead of Ma,,_1). For any vector field X tangent
to M we have JX = ¢X + n(X)N, where ¢X is the tangent component of JX,
n(X)N is the normal component, and

By properties of the almost complex structure J, and the definitions of n and
g, the following relations hold [2]:

P*=—I+n®E nop=0, ¢£=0, 7 =1 (1.1)
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9(@X,0Y) = g(X,Y) —n(X)n(Y), g(X,¢9Y)=—g(¢X,Y). (1.2)

The above relations define an almost contact metric structure on M de-
noted by (¢,&,9,n). For (¢,&,g,m), we can define a local orthonormal basis
Vi, Vo, .. . Vo1, 0V1, Vo, ... 0V, —1,E}, called a ¢-basis on M. Furthermore, let
A be the shape operator with respect to N, and denote by V the Riemannian
connection of g on M. Then, A is symmetric and the following equations are
satisfied

Vx€ = 6AX, (Vx@)Y = (Y)AX - g(AX,Y)E. (1.3)

As the ambient space M, (c) is of constant holomorphic sectional curvature c,
the equations of Gauss and Codazzi are respectively given by

c
R(X,Y)Z = K[Q(Y, 2)X = g(X,2)Y + g(¢Y, 2)9X — g(¢X, Z)pY
—29(¢X,Y)9Z] + g(AY, Z)AX — g(AX, Z)AY, (1.4)
c
(VxA)Y = (Vy )X = - [n(X)oY —n(Y)$X —29(¢X.Y)¢].  (1.5)
The tangent space T, M, for every point p € M, is decomposed as following
T,M = ker(n)* @ ker(n)

where ker(n)* = span{¢} and ker(n) is defined as following

ker(n) = {X € T,M : n(X) = 0}.

Based on the above decomposition, by virtue of (1.3), we decompose the vector
field A€ in the following way

A¢ = af + BU (1.6)

where 8 = [¢pV{| and U = —%(Z)ng € ker(n), provided that 8 # 0.

If the vector field A€ is expressed as A = &, then & is called a principal
vector field. Differentiation of a function f along a vector field X will be denoted
by (X f). All manifolds and vector fields of this paper are assumed to be connected
and of class C'*.

Finally, we mention the theorems of OKUMURA [14], and MONTIEL, ROMERO
[12], who proved respectively the following theorems.

Theorem 1.1. Let M be a real hypersurface of CP™, n > 2. If it satisfies
9((Ap —9A)X,Y) =0

for any vector fields X and Y, then M is a tube of radius r over one of the
following Kaehlerian submanifolds:
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(A1) a hyperplane CP"~!, where 0 < r < 5
(Az) a totally geodesic CP* (0 < k < n —2), where 0 <r < .

Theorem 1.2. Let M be a real hypersurface of CH™, n > 2. If it satisfies
9((Ap — 9A)X,Y) =0

for any vector fields X and Y, then M is locally congruent to one of the following:
(Ap) a self — tube, that is, horosphere,
(A1) a geodesic hypershere or a tube over a hyperplane CH" 1,
(A3) a tube over a totally geodesic CH* (1 <k <n —2).

2. Auxiliary relations

In the study of real hypersurfaces in a complex space form M, (c), ¢ # 0, it
is a crucial condition that the structure vector field £ is principal. The purpose
of this paragraph is to prove this condition.

Let V' be the open subset of points p of M, where o # 0 in a neighborhood of
p and Vj be the open subset of points p of M such that @ = 0 in a neighborhood
of p. Since « is a smooth function on M, then V' UV} is an open and dense subset
of M.

Lemma 2.1. Let M be a real hypersurface in a complex space form M, (c)
(¢ #0), satisfying ¢l = l¢ on ker(n). Then, B =0 on V.

PROOF. From (1.6) we have A = U on V. Then (1.4) for X = U and
Y =7 =€ yields

U= EU +g(AE &) AU — g(AU, € AL = EU (U, A¢) AE = (2 B ﬂ2> 0o
AU = (E ~ 8%) U
In the same way, from (1.4) for X = ¢U, Y = Z = ¢ we obtain
16U = J6U.

The last two equations yield 8 = 0. O
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Remark 1. We have proved that on Vy, A = 0 i.e., £ is a principal vector
field on V5. Now we define on V' the set V' of points p where 8 # 0 in a
neighborhood of p and the set V" of points p where 8 = 0 in a neighborhood of p.
Obviously £ is principal on V”. In what follows we study the open subset V' of

M and define the following classes
A = hypersurfaces satisfying ¢l = l¢ and {A = Al on ker(n),
B = hypersurfaces satisfying ¢l = l¢ and [A = Al on span{¢{},
C' = hypersurfaces satisfying ¢l = l¢ and V¢l = pé on ker(n),

D = hypersurfaces satisfying ¢l = l¢ and V¢l = p€ on span{}.

Lemma 2.2. Let M be a real hypersurface of a complex space form M, (c)
(¢ #0), satisfying ¢l = l¢ on ker(n). Then the following relations hold on the set

V' of classes A, B, C, D:

AU = (52 - C)U+B€, AU = — S oU
« 4ox 4o

B? c _c
a o oU; V¢U§_4aU

Vel = poU, Vy€= (
VU =Wi, VyU =W, VU =Ws— ig

c B

VeolU = 6Wh — BE, VU = oW + ( e

)57 VouoU = oWs.
where W1, Wy, W3 are vector fields on ker(n) satisfying Wy, Wo, W5 L U.
PROOF. From (1.4) we get
IX = Z[X —n(X)¢] + aAX — g(AX,§)AS
which, for X = U yields
IU = U +aAU — BAE.
The scalar products of (2.6) with U (resp. ¢U) yield
c B

’y
avy=2_ ¢
9(AU,U) o 404—’_(17

§(AU, 6U7) = ~g(10, 60)
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respectively, where v = g(IU,U) = g(élU, ¢U) = g(lpU, ¢U).
The second relation of (1.2) for X = U, Y = (U, the condition ¢l = l¢ and
the symmetry of the operator [ imply:

g(lU,¢U) = 0.
The above equation and (2.8) imply

g(AU, ¢U) = 0. (2.9)
The symmetry of A and (1.6) imply

9(AU, &) = B. (2.10)

From relations (2.7), (2.9) and (2.10), we obtain

gl B
AU:<Q—4+ )U—i—ﬁf—i—)\W (2.11)
where W € span{U, ¢U, £}+ and A = g(AU, W). Combining (2.11) with (2.6) we
obtain IU = yU + AaW. Acting on this relation with the tensor field ¢ and by
virtue of ¢l = lp we take U = vopU + AadW. On the other hand by virtue
of (2.5) we have l¢U = §oU + aA¢U. From the last two relations we obtain
ApU = (L — 5)oU + AW
On class A
Since lA = Al holds on ker(n) we have AW = AIW. This relation because of (2.5)
and (2.11) implies \GAE = 0 and so A = 0. Since A = 0, equations [AU = AlU,
(2.6) and (2.11) yield v = 0, therefore we have the first of (2.1). Moreover from
(2.5) we have I1pU = (U + aA¢U which is written as ¢plU = $oU + aAoU
(¢l = 1¢). From ¢lU = $¢U + aAgpU and v = A = 0 we obtain the second of
(2.1). Using (1.3) for X € {&,U, ¢U} and by virtue of (2.1) we obtain (2.2). It is
well known that:

Xg(Y.Z) = g(VxY. Z) + g(V.Vx Z). (2.12)

Let us set VeU = Wy and VygU = Wy, If we use (2.2) and (2.12), it is easy
to verify that g(VeU,U) = 0 = n(VeU) and g(VyU,U) = 0 = n(VyU) which
means Wy L{&, U} and Wo L{{,U}.

On the other hand using (2.12) and the third of (2.2) we find n(V4pU) =
—4= and g(V4pyU,U) = 0 which means that VU is decomposed as VyyU =
W3 — &€&, W3 L{U,&}. Now, by virtue of (1.3) and (2.3) for X = £,Y = U and
X=Y=Uand X =¢U,Y = U, we get (2.4).
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On class B

We analyze equation [A¢ = Al¢ by virtue of (1.6), (2.6) and (2.11) and we have
~YU 4+ AaW = 0. Since W L U we have v = A = 0. The rest of the proof is similar
to the one in class A.

On class C

The scalar product of (V¢l)¢U = 0 with ¢, the symmetry of [ and (2.12) yield
g(loU, ¢U) = v = 0. In addition (V¢l)¢W = 0 holds. So, the scalar product of
the previous equation with £, the symmetry of [ and (2.12) yield g(I¢U, ¢W) = 0,
which, by virtue of (2.5), the second of (2.1) and v = 0, yields A = 0. The rest of
the proof is similar to the one in class A.

On class D

We analyze (V¢l)€ = 0 and obtain Sl¢U = 0 = 19U = 0. We analyze (¢U = 0
using (2.5) and A¢U = (% — ﬁ)qﬁU + ApW, and we have y¢U + Aa¢pW = 0.
This relation and the linear independency of the vector fields ¢U and ¢W yield
v = A =0. The rest of the proof is similar to the one in class A. O

Lemma 2.3. Let M be a real hypersurface of a complex space form M, (c)
(¢ #£0), of class A, B, C, or D. Then on V' we have g(VU, ¢U) = —4a and

2
9(VuU,oU) = =48+ 155 (55 — 2y,
Proor. Putting X =U,Y =¢ in (1.5)7 we obtain

(VyA)E — (Ve AU = —quU.

Combining the last equation with (1.6), and Lemma 2.2 it follows:

2
(Ua)é + (UB)U + BW; + (—42 + i) Zou

8 c P _
_E(_7+7)U_ —@—Fg Wl_(fﬁ)€+AW1_O

Taking the scalar products of the last relation with £ and U respectively, we
obtain

Ua) = (£8) (2.13)

(UB) = (6(5;) - ;)) (2.14)

Combining the last three equations we have

and

do \ da le’ 4o

AWy = S (c — f) oU + (62 — C) Wy — fWs. (2.15)
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The scalar product of (2.15) with ¢W; yields:
Bg(eWir, Wa) = —g(AW1, ¢W7).
But from (2.5) we have
g(lgW1, Wh) = g(eW1,IW1) = ag(AW:, ¢Wh).

Moreover g(l¢W17W1) = g(¢W1,lW1) = 7Q(Wl,¢lW1> = 7Q(Wl,l¢W1) which
means that
g(loW1,Wy) = 0.

The above relations lead to g(¢W1, Ws) = 0 which, by virtue of (2.15) implies
g(AW1, 9W3) = 0.
In what follows we define the following functions:

K1 :g(W1a¢U) K2 :g(WQa(bU)? K3 :g(W3a¢U)

Putting X = ¢U, Y = ¢ in (1.5), we obtain

2
Ao = |52 s~ (ove)| ¢~ U+ £ (- %) - o2u
+ E(ga)w - iqul — AW (2.16)
The scalar product of (2.16) with & implies
(pUa) = % +af + r1f. (2.17)

Using the A is symmetric and ¢ is skew—symmetric, by taking the scalar product
of (2.16) with U we have

c B2 5 C
(6w, A0) = ~(08) ~ = (15 = )+ 7+ Logmi,o0)
which, eventually (with the aid of Lemma 2.2 and the definition of k1) yields
B c ﬁZ 5 62
Due to (2.5), (2.15) and (2.16) the condition ¢iW; = l¢pW; implies
3
B~ o -+ (6U) - 5%~ apé + all6Us) - 1 + o

= K1 BAE + = (§a)U.
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Taking the scalar product of the last relation with U we have
—2k1 6% + afrg + a(pUB) — af? = 0.

If in the above relation we replace the term s using (2.17) we obtain

36%¢

2a

—2B(¢Ua) + + aB? + aBky + a(pUB) = 0. (2.19)

The relation (VyA)pU — (Ve A)U = —5§, using Lemma 2.2 implies

c c (B2 c 9
e+ | (T ) 5 - ous)e
3
" [— e by ((bU(c - W))}U— W, — AGW,
4o o 4o o 4o
c B2
+ AWs3 + <4(Jé - Ot)WB =0. (220)

The scalar product of the above relation with U yields

n2ﬂ2_3ﬂc+ﬂ3+¢U<c BQ):O.
« 4o «

da
Expanding the last relation and by virtue of (2.19) we get

352 c 38 3683%¢  3Bc B
(=% + qem ) 0ve) + o)+ 5+ 5 =
Combining the last equation with (2.17) and (2.18) we obtain k1 = —4a.
The scalar product of (2.15) with ¢U because of k; = —4a, yields ke = —45 +
(i =5 0

Lemma 2.4. Let M be a real hypersurface of a complex space form M, (c)
(¢ #£0), of class A, B, C, or D. Then the structure vector field £ is principal
on M.

PRrROOF. The scalar products of (2.16) and (2.20) with ¢U, yield ({a) =

@/{3 and (Ua) = %/{3. Combining the last two relations with (2.13) and

(2.14) we have

4028 4a3?

(€)=, (W0) = (8) = v

Ky, (UB)= (,6’+ C)H;),. (2.21)

Cc
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Using (1.5) for X = ¢Ws, Y = & we have

c

Vow, AL — AV, & — VeAgWa + AVeoWs = o

WZ?
which, from (1.6) is further decomposed as
(@W2a)€ + apApWa + (9W2B)U + BV e, U — ApApW,
— Ve AWy + AV pW, = EWQ.

Taking the scalar product with £ and by using (1.6), (2.12), (2.21), Lemmas 2.2,
2.3 and Wy 1 ¢Ws we obtain

16a33

+ 5(5—2 - c)). (2.22)

« 4o

(61720 = s
On the other hand from (1.5) we get
Vi, AE — AV, & — Ve AWs + AV W; = —§¢>W3
which, by virtue of (1.6) is further decomposed as
(Wsa)§ +agAWs + (WaB)U + BVw,U = AV, € = VAW + AVWs = — oW,

Taking the scalar product of the last equation with £ and by making use of Lem-
ma 2.2, (2.12) and (2.21)we obtain

(Wsa) = 38 (i - a) Ks. (2.23)

In a similar way equation (1.5) yields (Vyow, A)U — (VyA)¢pW; = 0, which
by virtue of Lemma 2.2 is further analyzed as

B2 e g e
O G ) LR C ) At
+ (@W18)E + BoAPW1 — AV yw, U — Vy ApW1 + AV oWy = 0.

The scalar product of the above equation with £ and using g(¢W7, Wa) = 0, (2.21)
and Lemmas 2.2, 2.3, leads to

3
(oW1 8) = daks (ﬁ + 46) : (2.24)
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Now the calculation of Lie bracket [¢U,&]8, by virtue of (2.18), Lemma 2.3
and (2.21), results to

Bec  24aB3
2« c ]

(U, €18 = $U (€6) + r [ _Be

On the other hand from Lemma 2.2, (2.21) and (2.24) we obtain

2 120,32
[6U, €18 = (Vou€ — VedU)B = Brg [4& + L 2 } .
Equalizing the above two relations we get
3 2 36052
oU(£B) = Brs [42 + % —da - OC‘B } . (2.25)

In a similar way, combining (2.18), (2.21), (2.22), (2.23) and Lemmas 2.2,
2.3, the Lie bracket [¢U, Ula yields

2
[6U, Ula = ¢U(Uq) + 383 {a 4 Bab” _ 4004}
c 1205% B2
[¢U,U]OLZ(V¢UU*VU¢U)011[3/€3 — —ba — - -
«a c @
From the above equations we obtain
2 2
oU(Ua) = Brs [70 _ g — 3608° _ 6} (2.26)
4o c «

Because of (2.13) from (2.25) and (2.26) we obtain

é[c —40? — 23?3 = 0.
a

Let us assume there is a point p € V' such that x3 # 0 in a neighborhood
around p. Then we have ¢ = 4o + 232. Differentiating the last equation along &
and by virtue of (2.21) and k3 # 0 we take 2a2 + 32 = 0 which is a contradiction.
So kg =0= (Ua) = ({a) = 0 = [U,&]a = 0. But the last equation, because of
Lemma 2.2 yields

B e
( - ) (pUa) — (W) = 0. (2.27)

o 4o
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On the other hand from (1.5) for X = W7, Y = &, taking the scalar product
with &, using the Lemmas 2.2, 2.3 we have (Wia) = 8|W1]? — 5(4a? + 3¢). The
last relation, (2.27), (2.17) and Lemma 2.3 lead to

12(502 + %)c + 64a* = 1602 (|W, > + 382) + 32 (2.28)

Because of (2.28) f(w) = 64w? 4+ 60cw + 12¢3?, where w = o?, is positive for every
w, B. This holds if and only if the discriminant of f(w) is negative for all 3, c.
But this is not true, hence we have a contradiction. Therefore V' is empty and
the real hypersurface M consists only of Vo and V" i.e., the Reeb vector field £
is principal and M is a Hopf hypersurface. (I

3. Proof of theorems

From Lemma 2.4:
AL =af, a=g(A¢). (3.1)
We consider a ¢-basis {V;,dV;, €}, (i =1,2,...n—1). From (2.5) and (3.1)

we obtain
c

X =
4

[X = n(X)E] + aAX — n(X)a®¢. (3.2)

(3.2) for X =V; implies
IV = gw + AV, (3.3)

Applying ¢ to (3.3) we obtain
¢m=§¢w+a¢Avi, i=1,...,n—1. (3.4)
The relation (3.2) for X = ¢V; yields
16V = Z0Vi + aAgV.. (3.5)
Comparing (3.4) with (3.5), and by making use of the condition ¢l = l¢ we

have
(Ap — pA)V; =0, i=1,....,n—1. (3.6)

On the other hand the action of ¢ on (3.5) yields

O(l6Vi) = $8°V: + adAV, (3.7)
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which, by virtue of (1.1), is written in the form

()8V = —2Vi + al9A)oV;, (3.8)

Moreover, the calculation of (I¢)¢V; by virtue of (1.1) and (3.3) yields:

(19)8Vi = 167V, = —IV; = = 2Vi — aAV; = = 2Vi + aA¢?V,
= — Vit adgdV; < (19)0Vi = 1V +a(A9)sV.. (3.9)

Comparing (3.8) and (3.9), and by making use of the condition ¢l = l¢ we

have

(Ap — pA)$V; =0 (3.10)

for every i =1,...,n — 1. But from (1.1) and (3.1) we also have

(Ap — pA)E = 0. (3.11)

So, (3.6), (3.10) and (3.11) imply that A¢p = ¢A. This result and the Theo-

rems 1.1 and 1.2 complete the proof of Theorems 0.1 and 0.2. (]
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