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Minus partial order in Rickart rings

By DRAGAN S. DJORDJEVIC (Nis), DRAGAN S. RAKIC (Nig)
and JANKO MAROVT (Maribor)

Abstract. The minus partial order is already known for complex matrices and
bounded linear operators on Hilbert spaces. The notion is extended to Rickart rings and
it is proved that this relation is a partial order. Some well-known results are generalized.

1. Introduction and motivation

Let A be a ring with the unit 1. If M C A, then the right annihilator of M
is denoted by M° = {x € A: (Ym € M)maz = 0}, and the left annihilator of M
is denoted by °M = {x € A: (Vm € M)am = 0}. M° is the right ideal of A,
and °M is a left ideal of A. Particularly, if a € A and M = {a}, then we shortly
use a® = {a}® and °a = °{a}.

The set of idempotents of A is denoted by A®* = {p € A: p? = p}.

A ring A is a Rickart ring, if for every a € A there exist some p, g € A® such
that a® = pA and °a = Aq. Note that if A is a Rickart ring, then A has a unity
element. The proof is similar to that used for Rickart *-rings [1].

Let H be a Hilbert space, L(H) the set of all bounded linear operators on H,
and let R(A) and AM(A) denote the range and the null-space of A € L(H). If
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M C H, we will denote by M the norm-closure of M in H. For a finite dimensional
Hilbert space H HARTWIG [3] defined a partial order in £(H) in the following
way:

A =< B if and only if rank(B — A) = rank(B) — rank(A4).

He also observed that there exists another equivalent definition of this order,

namely
A=<B ifandonlyif A—A=A"Band AA~ = BA™,

where A~ is a generalized inner inverse of A, i.e. AA~A = A. The partial order
=< is thus usually called the minus partial order.

In [6] SEMRL extended the minus partial order in L£(H) for an arbitrary
Hilbert space H. The notion of a rank of an operator (equivalently, a rank of a
finite complex matrix) can not be applied for bounded linear operators on general
Hilbert spaces. Moreover, A € L(H) has a generalized inner inverse if and only if
its image is closed. Since Semrl could not use the notion of rank of an operator
and since he did not want to restrict his attention only to closed range operators,
he found a new approach how to extend the minus partial order. He introduced
another equivalent definition of the minus partial order: for A, B € L(H), where
H is a finite dimensional Hilbert space, we have A < B if and only if there exist
idempotent operators P,Q € L(H) such that R(P) = R(A4), N(Q) = N(A),
PA = PB and AQ = BQ. Recall that the range of an idempotent operator
P € L(H), where H can be a general Hilbert space, is closed. Using the same
equations, only adding the closure on R(A) Semrl extended the concept of the
minus partial order in £(H) for an arbitrary Hilbert space H:

Definition 1.1. Let H be a Hilbert space and let A, B € L(H). Then A < B
if and only if there exists idempotents P,Q € (L(H))* such that the following
hold:

(1) R(P) = R(A);

(2) N(4) =N(Q);
(3) PA = PB;
(4) AQ = BQ.

Semrl proved that < is indeed a partial order in B(H). Moreover, it is proved
n [6] that SEMRL’s definition is a proper extension of Hartwig’s definition of the
minus partial order of matrices. Also, in [5], the minus partial order is generalized
on Banach space operators which have generalized inverses.

We prove the following result, which allows us to consider the algebraic ver-
sion of the minus partial order. First, we need the following auxiliary statement.
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Lemma 1.1. Let H, K, L, N, N # {0}, be Hilbert spaces, Ay € L(H, L)
and As € L(K,L). Then the following statements are equivalent:

(1) For every B € L(L,N) the following equivalence holds:
(BA; =0 and BA; =0) if and only if B = 0
(2) R(A1) +R(Az) = L.
PrOOF. (1) = (2): Suppose that R(A1) + R(Az2) # L. Then there exists
a non-trivial closed subspace L; of L, such that R(A;) + R(A2) ® Ly = L. Let

By € L(L1, N) be any non-zero bounded linear operator, and define B € L(L, N)
as follows:

0, RS R(Al) + R(AQ),
Bzx =
Bix, x¢€ L.

Obviously, B # 0, BA; =0 and BA; = 0.
(2) = (1): Obvious. O

Definition 1.2. Let H be a Hilbert space and let A, B € L(H). Then we
write A < B if and only if there exist idempotent operators P,Q € L(H) such
that the following hold:

(1) A= £(H) (I - P)
(2) A= -Q)-L(H);
(3) PA= PB;
(4) AQ = BQ.

Theorem 1.2. The minus partial order given by Definition 1.1 is on L(H)

equivalent to the order given by Definition 1.2.

PRrOOF. Let A, B € L(H) and suppose that A < B in the sense of Defini-
tion 1.1. Thus, there exist idempotents P, Q € (L(H))® such that R(P) = R(A),
N(A) = N(Q), PA = PB and AQ = BQ. Let us prove that A < B in the
sense of Definition 1.2. It is sufficient to show that °A = L(H) - (I — P) and
A°=(I-Q) - L(H).

Let D € L(H). Then D(I — P)A = 0, since R(A) C R(P) = N(I — P).
Thus, L(H) - (I — P) C °A. On the other hand, suppose that D € °A. Then
DA = 0so R(A) C N(D) since N'(D) is closed. We obtain R(P) C N (D) and
thus we have DP = (. Therefore

D=DP+1-P)=D(I—P)ecL(H)-(I-P).

Hence, °A = L(H) - (I — P).
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If D e L(H),since R(I-Q) =N (Q) =N(A), we get A(I—Q)D = 0. Thus,
(I —Q)-L(H) C A°. On the other hand, let D € A°. Then R(D) C N(4) =
N(Q), so QD = 0. We obtain

D=(Q+I1-QD=(I-QDe(I-Q)-L(H).

Therefore, A° = (I — Q) - L(H).

Let us now prove that Definition 1.2 implies Definition 1.1. Suppose that
A X B, A,B € L(H), in the sense of Definition 1.2. There exist idempotents
P,Q € (L(H))® such that °A = L(H) - (I — P), A° = (I — Q) - L(H), PA = PB
and AQ = BQ. Tt is sufficient to show that R(P) = R(A) and N (A) = N(Q).
From °A = L(H)-(I—P) we get (I—P)A =0,s0 R(A) CN({—P)=R(P), and
consequently R(A) C R(P), since R(P) is closed. Since H = R(P)®N (P), every
operator from £(H) has a 2 x 2 matrix form with respect to this decomposition.
Particularly, from R(A) C R(P), we obtain the following:

A As
0 O

R(P)
N(P)

R(P)

A= N(P)

—

Now we use the fact °A = L(H) - (I — P). Notice that C € L(H) - (I — P) if and
only if C'= C(I — P), that is, if and only if CP = 0. Also,

_ =y Of | R(P) R(P)
P=17 0]' NP T VP
1t
oo ] [re) R(P)
oy ol ve)| T V)]

then C'P = 0 is equivalent to Cy = 0 and C3 = 0. On the other hand, CA =0
holds if and only if
C1A; Ci1A,

=0.
C3A; CsA;

So we have the following conclusion. For arbitrary operators C; € L(R(P)) and
C3 € L(R(P),N(P)), we have the equivalence:

(ClAl = O, ClAQ = 0, CgAl = O7 CgAQ = 0) < (01 = O, 03 = O) (1)

One of the subspaces R(P) or N (P) is not the zero subspace. Without loss of
generality suppose that R(P) # {0}. Set C3 = 0. Now (1) becomes

(ClAl =0, ClAQ = 0) < Cl =0,
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for any C7 € L(R(P)). From Lemma 1.1 we obtain that R(A41) + R(As2) = R(P).
Since R(A) = R(A1) + R(Az) we have R(A) = R(P).
Now, from the condition A° = (I — Q) - L(H), using the result we have just

proved, the following hold:

A°=(I-Q) L(H) < °(A") = L(H)- (I - Q") < R(Q") = R(A")
— R(I-Q) =N(Q) = N(A).

Hence, A < B in the sense of Definition 1.2. O

2. Results in rings

Previous Theorem 1.2 suggests the following definition of the minus partial
order. Since some preliminary results can be proved in a general setting, we shall
in this section use that A is a ring with the unit 1.

Definition 2.1. Let A be a ring with the unit 1, and let a,b € A. Then
we write a =< b if and only if there exists idempotents p,q € A® such that the
following hold:

(1) °a = A(1 - p);

(2) a® =1 —-qA4
(3) pa = pb;
(4) aq = bq.

We call < the minus partial order on A. In the next section we will prove
that when A is a Rickart ring, < is indeed a partial order.
Notice that from (1) we obtain (1 — p)a = 0 so a = pa. Similarly, a = aq.
We need some auxiliary results.
Lemma 2.1. Let p,q € A®. Then
(1) AQ—p)="p;
2 A-qA=¢.
ProoF. We have A(1 —p) C °p, since (1 —p)p = 0. Suppose that for u € A,
up = 0. Then u = u(1 — p) € A(1 — p). The proof of (ii) is similar. O
It follows that we can replace the conditions (1) and (2) of Definition 2.1 by

the conditions °a = °p and a° = ¢° respectively.

Lemma 2.2. Let p € A* and a € A. Then
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(°p)° = (A —p))° ={ue A: (Vz € A) 2(1 - p)u =0}
={ueA:(1—-pu=0}=pA

(2): If °a = A(1 — p) then (°a)® = (°p)° by Lemma 2.1. Now, suppose that
(°a)° = (°p)° ie. (°a)® = pA. Let u € °a. As p € pA = (°a)° we have up =0
so u = u(l —p) € A(1 —p). On the other hand, suppose that u € A(1 —p) i.e.
up=0. As a € (°a)® = pA we have a = pa so ua = upa = 0. O

In the same manner we obtain the following lemma.

Lemma 2.3. Let ¢ € A®* and a € A. Then
(i) °(¢°) = Ag;
(ii) a® = (1 —g)A = °(a®) =°(¢°).

It follows that we can replace the conditions (1) and (2) of Definition 2.1 by
the conditions (°a)® = pA and °(a°) = Aq respectively.

Our definition of order < is a proper extension of well known partial order
on the set of idempotents.

Theorem 2.4. Let a,b € A®. Then a = b if and only if ab = ba = a.

PROOF. Suppose that a,b € A* and ab = ba = a. By Lemma 2.1 we
have °a = A(1 — a), a® = (1 — a)A and by assumption ae = ab, aa = ba so
a = b. Now suppose that a < b. There exist p,q € A® as in Definition 2.1 so
ab = (pa)b = (pb)b = pb = a and ba = b(aq) = b(bq) = bq = a. O

Recall that von Neumann regular ring is a ring A such that for every a € A
there exists an = € A such that aza = a. The following theorem shows that,
when A is a von Neumann regular ring, < order coincides with well known minus
partial order which is defined by a < b if there exists an x € A such that ax = bz
and xza = xb where axa = a. Thus, the minus partial order in von Neumann
regular ring is defined in the same way as in £(H) where H is a finite dimensional
Hilbert space.

Theorem 2.5. Suppose that A is a von Neumann regular ring with the
unit 1 and let a,b € A. Then a < b if and only if a < b.
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PROOF. Suppose that a < b and let p,q € A® be as in Definition 2.1. Since
A is von Neumann regular ring, there exists an x € A such that aza = a.
Set y = gxp. We have aya = a(qzp)a = axra = a, ay = aqxp = bgrp = by,
ya = qrpa = qrpb = yb so a < b.

Now suppose that a < b. There exists an x € A such that axa = a, ax = bz,
xa = xb. Set p = axr and ¢ = xza. Then p € A® and 1 — p € °a. On the other
hand if u € °a then up = u(azx) = 0, so v = u(1 — p), °a = A(1 — p). Moreover,
pa = axa = axb = pb. Similarly, ¢ € A®, a° = (1 — ¢)A, aq = bg, so a =< b. O

Since we can not use decompositions of spaces induced by projections, we
have to use idempotents appropriately.

Remark 2.1. We say that equality 1 = e; + es + --- + e,, where eq,e3, ...,
en € A®, is a decomposition of the identity of the ring A if e; and e; are orthogonal
fori # j,ie ee;=0fori#j. Letl=e1+---+e,and 1= fi+ -+ f, be
two decompositions of the identity of a ring A. For any = € A we have

n
p=l-al=(et+eo(fite+fa)= Y el
i,j=1
and above sum defines a decomposition of A into a direct sum of groups:

A= P eAf;. (2)

ij=1
It is convenient to write x as a matrix

11 T1in

Tpi o Tand g
where z;; = e;x f; € e; Af;j.

If = (zij)exs and y = (¥ij)exs, then it is obvious that = +y = (z;; +
Yij)exf. Moreover, if 1 = g; + -+ + g is a decomposition of the identity of
A and z = (z;;)rxg, then, by the orthogonality of idempotents involved, xz =
(> p—1 ®ik2kj)exg- Thus, if we have decompositions of the identity of A, then the
usual algebraic operations in A can be interpreted as simple operations between
appropriate n X n matrices over A.

When ¢; = f;, i = 1,n, the decomposition (2) is known as the two-sided
Peirce decomposition of the ring A, [4]. When n =2, e; = p and f; = ¢ then we

Tr11 Ti12
xr=
T21 T22
pXq

write
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We prove the following result.

Theorem 2.6. Let A be a ring with the unit, and let a,b € A. Then a <b
if and only if there exists idempotents p,q € A® such that the following three
conditions hold:

a _[a1 O .
(1) a= [01 g]pxq andb_ [0 bl]pxq’
(2) If z € Ap and zay = 0, then z = 0;
(3) If z € qA and a1z =0, then z = 0.

PROOF. Suppose that a < b and let p, g € A® be corresponding idempotents.
As we have seen a = pa = aq = pagq, so

o= a1 0
10 0 ’
pXq

Let

From p(b — a) = 0 we get

p 0 by —ar b _ p(b4 - al) pb2 —0
0 0 bs by 0 0 ’
PXDp pPXq pXq

implying that p(bs —a1) = 0 and pby = 0. Since pa; = ay, pby = by, and pby = by,
we get a; = by and by = 0. Analogously, from (b — a)q = 0 we get b3 = 0. Thus,
the statement (1) of this theorem is proved.

In order to prove the statement (2), suppose that z € Ap and za; = 0. Since
a = [“01 g]qu we get za =0, 80 z € °a = A(1 —p) = °p, i.e. z=2p=0. The
statement (3) can be proved proved in the same manner.

Now, we suppose that there exists idempotents p,q € A® such that state-

ments (1)—(3) of this theorem hold. We immediately obtain
» 0 0 0 0 0 ¢ 0
—b) = =0 and (a—b)g= —0.
pla="b) [0 0] lo —61] and (a—b)g lo —61] [0 o}
pXp pXq pXq axq

Now, we prove that °a = A(1 — p). If y € A(1 — p), then y = [8 zﬂqxp.
is easy to see that ya = 0. Thus, we established A(1 —p) C °a.
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To prove the opposite inclusion, suppose that z € °a. Then z = [ 22

zZ1a1 0

0=za= .
zZ30a7 0

qxq

We conclude z1a; = z3a; = 0. Since 21,23 € Ap, (2) shows that z; = z3 = 0.

]qXp
and

Thus, z = [§ Z]qx;; € A(1 — p). Hence, we proved °a C A(1 — p).
In the same manner we can prove that a® = (1 — ¢).A. O

3. The minus partial order in Rickart rings

The idempotents in Definition 2.1 need not be unique. Write
LP(a):={pe A®:°a=A(1 —p)},
RP(a) :={g € A*:a® = (1 - ¢)A}.
When A is Rickart ring then LP(a) and RP(a) are nonempty. Lemma 2.1 gives
characterizations LP(a) = {p € A® : °a = °p} and RP(a) = {g € A® : a®° = ¢°}.

Lemma 3.1. Leta € A, p € LP(a) and g € RP(a). (Such idempotents exist
if A is a Rickart ring.) Then

(1) LP(a) = {[§% ], - 21 € PA(L — 1) }:

0
(2) RP(@) = {[& 8], : @ € (1 —q)Aq].
PROOF. From (1 —p)a = 0 = a(1 — ¢q) we conclude that a = [aol g]qu' If
. ) 0
p=12m sy then p? =p'. Since 1 = [} 1—17]po we also have
0 —p ar O
1—p)a= =0. 3
AT .
pPXp pPXq
If u = [ul Zi]pXP € °a then uia = 0 and uga = 0 so u; = w1p = 0 and ug =

uzp = 0. On the other side, if u; = 0 and uz = 0 then it is clear that ua = 0.

From [{ Zﬂpx;) 5% Jpxp = 0 we conclude °a C °p’. Now, (3) and Lemma 2.1

give °a = A(1 —p’), that is p’ € LP(a).

Suppose now that p’ = [52 P € LP(a). Then °p’ = °a = °p, so

]PXP

D — D2 —p1 p 0 p—p2 0
0=(1-pp= =
( ) [ —Ps3 1]9]94] [0 01 [ —P3 0]
pPXp pPXp PXp
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and hence py = p and p3 = 0. From °a C °p’ it follows

0= 0 wusg P D1 _ |0 u2ps
0 wuy 0 pa 0 u4py ’
PXp pPXp pPXp
s0 ugpy = 0, for every ug € (1 — p)A(1 — p). Setting ug =1 —p we get py = 0.

Thus, the statement (1) of the theorem is proved. In the same manner we can
prove the statement (2). O

Corollary 3.2. Let a,b € A. Suppose that a < b and let p,q € A® be
corresponding idempotents. Then

{p € LP(a):a=p'b} = [p p11 :p1 € pA(1 —p), p1b1 =0
pxp

0 0
0
{d €RP(a):a=10bq'} = [qql 0] tqr € (1—q)Ag, bigi =0, , (4)
gxq

where by is as in Theorem 2.6.

PROOF. We will prove only the equality (4); the proof of the other one is
analogous. Since a < b, Theorem 2.6 gives

al 0 al 0
a= , b= .
0 O 0 b
pxq pXq
If p’ belongs to the set on the right hand side of (4) then, by Lemma 3.1,
p’ € LP(a). Also,

P D ar 0 _ o piby _|m 0 =a
0 0 0 b 0 0 00 |
PXP pXq pXq pXq
To prove the opposite inclusion, suppose that p’ € LP(a) and a = p'b.
Lemma 3.1 leads to p =[5 %}

b=

]po' Now, a = p'b gives

ap 0 / ar pib
= = b =
pPXq pXq

so p1by = 0. O
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However, to prove that < is actually a partial order, we need the assumption
that A is Rickart ring.
We now prove the main result of this section.

Theorem 3.3. Let A be a Rickart ring. Then =< is a partial order in A.

PROOF. Since A is a Rickart ring, for any a € A there exist idempotents
p,q € A®, such that °a = A(1 — p) and a° = (1 — ¢).A. Now the reflexivity of <
follows.

To prove the antisymmetry, suppose that a < b and b < a. Then

al 0 al 0
= b:
“ [0 0] : [0 bll ’ (5)
pPXq pXq

and there exist 7, s € A® such that b = ra = as. Let r = [} ;2 We have

al 0 ri1a71 0
= b =ra= 3
0 b1 Tr3aq 0
pXxq pXq

so by = 0 and hence a = b.

]PXP'

We have to show transitivity. Let a < b and b < ¢. Then there exist idempo-
tents p, q,7, s € A* such that a and b have the matrix forms as in (5), °a; = °p,
al =¢°and °b=A(1l —r) =°r, b° = (1 — s)A =s° b=rc=cs. Suppose that

L T2 C1 C2

r= and c¢= .
r3 T4 C3 C4

PXp pXq

Since

p—r1 —T3 ap 0
0=(1—-7r)b=
( T) [7‘3 ].p?%;| [0 b1‘|
pPXp pPXq
_|(p- T1)ay —raby
—Trzay (1 —pP— ’/‘4)b1 ’
PXq

ay; = °p shows that 0 = (p —r1)p = p —r1 and 0 = r3p = r3. Also, rob; = 0.
From b = rc we conclude that

ar 0 _|p 72 €1 C2 _
0 b 0 oy c3 ¢y o
pXq pPXP pXq

o

C1 +72C3 Co2+Tocy
T4C3 T4C4

)

pXq




302 Dragan S. Djordjevié, Dragan S. Rakié¢ and Janko Marovt

0
ap =c1 +recs and 0= cy + roca. (6)
Let p' = [§ ' ]x,- From Corollary 3.2 it follows that
a=A(1-p') and a=p'b. (7)
Since,
o= |@ +1rec3  C2 F+T2C4
p 0 0 )
pxq
(6) shows that
p'c=a. (8)
Similar consideration shows that if s = [§; 53] ., than s1 = ¢, s2 = 0 and that
for ¢’ = [8(13 g]qu we have
a®=(1-¢)A, a=bg =cq. 9)
By definition, from (7)—(9) we obtain that a < c. O

Moreover, from the proof of Theorem 3.3 it follows that if a < band b < ¢
then there exist common idempotents p’ and ¢’ showing that ¢ < b and a =< c.

Theorem 3.4. Let A be a Rickart ring and a,b € A. Then a = b if and
only if there exist decompositions of the identity of the ring A

l=eci+extes, 1=fi+fot+f3

such that the following five conditions hold:

00 a1 00
1)a:{a0100} andb:[olblo} ;
0 00lexy 0 0 0Jexs

(

(2) If z € Aey and za; =0, then z = 0;
(3) If z € f1A and a1z = 0, then z = 0;
(4) If z € Aeg and zby = 0, then z = 0;
(5) If z € faAand byz =0, then z = 0.

PrOOF. “If” part follows from Theorem 2.6. Now, suppose that a < b. By
Theorem 2.6 we have

_ ay 0 o a1 0
a—lo O] and b—[o b1‘| ,
pXq pXq
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such that z = 0 whenever z € Ap and za; = 0, and z = 0 whenever z € ¢A and
a1z = 0. Ais a Rickart ring so there exist r, s € A® such that °b; = A(1—7r) = °r
and b = (1—s).A = s°. Notice that pr = 0. Indeed, since b; € (1—p)A(1—q), we
have pb; = 0 and therefore p € °by = °r. Let ' :=r—rp(1—r) = r—rp =r(1—p).
We have r’ € A® since r'? = (r — rp)(r —rp) = r —rp = r’. Our next claim
is that °b; = °r’. If uby = 0 then ur = 0 so wr’ = 0. On the other hand,
(I =7y =1 —r+rp)rby =0, due to by = rby. Thus

°by = = A(1 —1"). (10)

Next, pr = 0 implies pr’ = 0. Moreover, 7'p = r(1 — p)p = 0. Set e; = p, es =17,
and e3 =1 —p—7'. Then 1 = e; + e + e3 is decomposition of the identity of the
ring A and from (10) it follows that zb; = 0 implies z = 0 when z € Aes.

Now, set f1 = ¢q, fa = (1—q)s and f35 = 1— f; — fo. With similar consideration
we can show that 1 = f; + fo + f3 is the decomposition of the identity of the ring
A and that condition (5) of this theorem holds. Of course, statements (2) and
(3) are satisfied by Theorem 2.6 since e; = p and f; = ¢q. As °b; = A(1 — r) and
by = (1 — s).A we have eabfy = (1 —p)b(1 — q)s = rbys = by. The statement (1)
is proved. (Il

Note that the statements (1)—(5) of the previous theorem are equivalent to
e;1 € LP(a), e;€LP(b—a), fi1€RP(a), f2€RP(b—a).

Corollary 3.5. Suppose that A is a Rickart ring and a,b € A. Then a <b
if and only if b—a < b.

We give one more characterization of minus partial order.

Theorem 3.6. Let A be a Rickart ring and a,b € A. Then a < b if and only
if there exists idempotents e; € LP(a), eo € LP(b—a), fi € RP(a), fo € RP(b—a)
such that ejes = 0 and fof; = 0.

PrOOF. The “only if” part follows from Theorem 3.4. In order to prove “if”
part suppose that e; € LP(a), e; € LP(b— a) and eje5 = 0. Then eja = a and
ertb =eja+e1(b—a) = a+ ejea(b — a) = a. Similarly, from fof; = 0 where
f1 € RP(a), fo € RP(b— a) it follows that af; = a and bf; = afi +(b—a)fi =
a+ (b—a)faf1 = a. By definition, a < b. O

We conclude this section with the following remark.
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Remark 3.1. Suppose that a < b and let us follow the notation of Theo-
rem 3.4. Let us prove that

e1+ey € LP(b) and fi+ f2 € RP(b),

ie. °(er +e2) =°band (f1 + f2)° = b°. From (1) of Theorem 3.4 it follows that
b= (e1 + e2)b so z(e1 + e2) = 0 implies zb = 0. On the other hand suppose that
z = [Zijlexe € °b. Then

z11a1  z12b1 O

0=2zb= Z210Q1 Zggbl 0

z31a1  232b1 0 exf
By Theorem 3.4 we obtain that z11 = z12 = 291 = 290 = 231 = 232 = 0. Now it is
easy to see that z(e; 4+ e2) = 0. Similarly we can show that (f; + f2)° = b°.

We next show that e; AN e A = {0}, Af; N Afs = {0} and

(61 + 62)./4 =e1 A+ e A and A(f1 + f2) = .Af1 + Afg

First, as we know ejes = ese; = 0. Now if e;xz = eqy for some z,y € A then
e1x = ere1x = ejeay = 0. It is clear that (e; + e2)A C e A + e2A. Finally, for
x,y € A we have e1x + ey = (e1 + e2)(e1x +e2y) so (e1 +e2)A =e; A+ eaA. In
the same manner we can show that Afi NAfy = {0} and A(f1+ f2) = Afr + Afa.
We have no proof for the opposite implication:
If there exist e; € LP(a), ea € LP(b — a), es € LP(b), f1 € RP(a), f2 €
RP(b—a), fs € RP(b) and if esANes A= {0}, Afi N Afs = {0} and

esA=eA+exA and Afs = Af) + Afa,
then a < b. Therefore we suggest treating it as an open problem.
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