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Character of the solution of difference
equations in the field of Mikusinski operators

By DJURDJICA TAKACT (Novi Sad) and ARPAD TAKACT (Novi Sad)

Abstract. In this paper a class of differential equations of the first order in the
field of Mikusiniski operators, F, is considered. This class may correspond to a class of
partial differential equations with constant coefficients.

We construct a discrete analogue for these differential equations in F, and obtain
difference equations of the first order. We find conditions for the existence of solutions of
difference equations, construct them and show that they can be treated as approximate
solutions of the corresponding differential equations in F. For that case, we also estimate
the error of approximation.

1. Notations and notions

For the convenience of the reader we shall rewrite some of the basic
notions from the Mikusinski operational calculus; it is completely exposed

in the monographs [2] and [3].
The set of continuous functions with supports in [0, 00), denoted by
C4, with the usual addition and the multiplication given by the convolution

F() % g(t) = / f()g(t —7)dr, >0,

is a ring. By the Titchmarsh theorem, C; has no divisors of zero, hence
its quotient field can be defined (see [2]). The elements of this field, the
Mikusinski operator field, F, are called operators. They are quotients of
the form s

Ea f€C+7 0§ég€c+,

where the last division is observed in the sense of convolution.
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(It is easy to show that if one starts, instead from C,, with the ring
of locally integrable functions with supports in [0, 00), then one gets the
same field F.)

Among the most important operators are the integral operator ¢ and
its inverse operator, the differential operator, s, while I is the identical

operator. We have
ta_]'
bs=1, (¢ = 0.
Tl {r<a>}’ "

If the function f € C4 has a continuous n-th derivative, then it holds

{Ff™M (&)} = s"f = s"Lf(0) — ... — fD(0)L.

Let us denote by F. the subset of F consisting of the operators repre-
senting continuous functions. If a € F, represents the continuous function
a(t),t > 0, then we put a = {a(t)}. We denote by F; the subset of F
consisting of the elements al, for some numerical constant «.

An operational function u(z) will be said to be continuous ([2], p. 191)
in a finite open interval J if it can be represented as

u(@) = q{u(z, 1)},

where u(x,t) is a continuous function (in the usual sense) in the domain
D = {(x,t), * € J, t > 0}, and ¢ is some nonzero operator from F.
Moreover, an operational function u(x) will be said to have a continuous
first order derivative v’(z) in an interval J C R if the function u(z,t) has a

continuous partial derivative a%u(x, t) in the domain D, and by definition

it holds P
u'(z) =¢q {%u(a:, t)} :

In this manner one also defines the derivatives of higher order of an oper-
ational function.
The absolute value of an operator a from F., a = {a(t)}, denoted by

la|, is the operator |a| = {|a(t)|}. Also, we put |a(x)| = {|a(x,t)|}.

In [2], p. 237, J. MIKUSINSKI proposed the following comparison of
operators from F.. For two operators a = {a(t)} and b = {b(t)} from F,.
he defined the relation “<” by

a<b iff a(t) <b(t) for each t > 0.

Analogously, we shall say for two operator functions a(x) and b(x) that
a(z) <7 b(z), = € lc,d],

if a(x) and b(x) are representing continuous real valued functions of two
variables, a(x) = {a(z,t)}, b(z) = {b(z,t)} and

a(xz,t) < b(z,t), for t €[0,T], x € [c,d].
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In this paper we shall use only the so called type I convergence
(shortly: convergence) in the field F (see [2], p. 155). By definition, a
sequence of operators (a,)nen converges to an operator a iff there exists
an operator g # 0, such that (ga,)nen is a sequence of continuous func-
tions on [0, 00) which converges uniformly on every finite interval to the
continuous function ag.

The convergence of an infinite sum in the field of Mikusinski operators
is defined accordingly. An example that will be used several times in this
paper is the infinite series

o0
> ¢,
i=1

where ¢ € F.. It is important to note that this series converges and its
sum is an operator from F..

(This follows from the estimations in the field F :

Tn—l

(n—l)!g’

9] <7 @l = [¢]" <p (P7)"l" <1 (P7)"

with ¢ = {¢(t)} and &7 = max [4(1)].)

2. Introduction

We analyze the following problem in the field of Mikusinski operators
P r '
(1) Z kps™u (z) + qusju(x) = f(z), z€eR,
m=0 j=0

with the initial condition
(2) u(0) = R.

In relation (1) (and throughout the paper) we suppose that p and r are
natural numbers, the coefficients k,,, m = 0,1,..,p, and ¢;, j =0,1,...,7,
are numerical constants, k, # 0,¢, # 0, and f(x) is a given, while u(z) is
the unknown operational function. In relation (2) R is a given operator. In
this paper we shall mostly consider two cases: the first when R represents
a continuous function (i.e., R is from F,.), and the other when R is from
Fr. (In distribution theory, the last case would mean that R is a multiple
of the Dirac delta measure.)

The significance of equation (1) lies in the fact that if f(x) and u(x) are
operators representing continuous functions f(x,t) and u(x, t) respectively,
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then equation (1) corresponds to the partial differential equation

i O u(x,t) <~ u(z,t)
2 b g 2 gy = i),
m=0 7=0

with certain given conditions. In the last equation the right-hand side
function fi(z,t) is expressed via the function f(x,t) from (1) and the
imposed conditions.

(As an example for the imposed conditions, we can have the following.
If in the problem (1), (2) it holds that » > p and R is from F,, then the
conditions can have the form

& u(z,0)
ot
(Cauchy conditions), and

=0, j=0,1,..,r—1, z€R,

w(0,t) = R(t), t>0,

where R = {R(t)}.)

In the field of Mikusinski operators, the solution of the homogeneous
equation for the differential equation (1) has the form ™, where w is the
solution of the characteristic equation of equation (1)

P T
Z kpms™w + qusj =0.
m=0 §=0

It is well known that in the field of Mikusinski operators one can apply
the algebraic operations (like, e.g., addition, multiplication, division, etc.)
in the same way as when one deals with real numbers. So, the solution of
the characteristic equation has the form

-y 4 = gt - > gt
=0 =0 j=0

) ~ B - p—1 :
mZ::o Foms Z kP ka + mZ:O 071

m=0

If we denote
p—1 r

(3) P = Z kP~ and Q= Z qj ",
m=0 =0

then we have

— _Q - H—l
© T kI+P kp;

p
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The operator P is from F.; for p > r the operator () represents a
continuous function too. In view of what was said on the convergence of
the geometric series at the end of Section 1, the last series converges in F
and hence w is from F..

If p =7, then w = a1 I + (., where a7 is a numerical constant and (3,
is an operator representing a continuous function.

Hence, in the case p > r the solution w of the characteristic equation is
logarithmic, i.e. the exponential function e™ exists (see [3], p. 18). Then

the solution of the homogeneous equation corresponding to the problem
(1), (2), R-e*, is from F., provided that R € F. and = # 0.

If, however, p < r,i.e. r = p+ v, v € N, then we have

p—1

_QTSV - QpI - ZO Qngpin
kpl + > kytp—m
m=0
I = > _Pp
= (as” =gl =D @l Y ()
p = 1=0 p
So we obtain the equality
-1 v v—1
(4) w:k—(qrs +a,_18" "+ ...+ aol) + B,
P

where aj, j = 0,1,..,7 — 1, are numerical constants and (. is an oper-
ator representing a continuous function. Therefore if v = r — p > 1, the
solution of the homogeneous equation e does not exist as an operator
from the Mikusinski operator field. In this case, we cannot apply some
general method (which uses the solution of the homogeneous equation) for
obtaining the particular solution of equation (1).

In the special case v = 1, the expression exp(—= )s for 4= > 0 gives

the shift operator from F.

We now look for the approximate solution of the problem (1), (2). In
fact, in Theorems 1, 2 and 3 we shall find the approximate solution for the
case when r > p. Unfortunately, this method cannot always be applied in
the case p > r. (See Theorems 5 and 6 below.) Let us mention that the
case p = r was considered in the papers [4]-[7].

From now on A will be a positive number. As is usual in numerical
analysis, we replace the derivative u'(z) with the quotient

u(x + h) — u(x)
3 .
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Putting
p T
A= Z kns™ and B = qusj,
m=0 7=0

we obtain the following difference equation in the field F (see [1], p. 14):

u(x + h) A B
6 AN (5 D) = f).

Let xg =0, put x, = x,_1 + h, n € Z, and define the operator f, by
fn = f(zn), n € 7.

Then instead of equation (5), we shall have the following difference equa-
tion in F:

(6) aup + bun+1 = f?’w ne Za
where
r A I p

(7) a—ijsj_ﬁ ka5m7

7=0 m=0
and

Ja

(8) b= T;) Koy s™

We shall impose the condition ug = R, where the operator R is the one
given in (2).

The solution u,, n € Z, of equation (6) will be treated in Section 4
as the approximate solution of the problem (1), (2).

The formal solution of equation (6) has the form

(9) Up = Z Gn—kfka

k=—o0

where

R(—¢)"F, n—k<o0,
(10) nk:{ (=)

(R—L)(—o)y=k n—k>1,

a

and R is the operator given by the initial condition (2). In the next section
we shall give conditions for the (type I) convergence of the series (9).
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3. The character of the solution of the difference equation

Our goal is to give an approximate solution for equation (1) using the
solution of the difference equation (6).

Lemma 1. If in equation (1) it holds that p < r and a and b are given
by relations (7) and (8), then the operator

(11) Ve = —

belongs to F..

PrRoOOF. The operator g can be written as

P P
L5 kpps™ S k7™
Yo m=0 - m=0 o
= — ‘ 5 = — ' 5 =
S st — £ Y kms™  RY qilmT — Y k™
7=0 m=0 7=0 m=0
P
Z kmgr—m
- m=0
- r—1 _ p :
hg I +h Y qilr=7 — > kplr—m
§=0 m=0

If we denote by P; and Q)7 the following operators from F :

D r—1
(12) Pl - Z kmgr—m’ Ql - Z ngr_j7
m=0 §=0
then we have ,
b P« (hQ1— P\’
- = -1 = .
a hQT ;( ) < hQT >

Since the operators P; and @7 from (12) are from F., it holds that the
last infinite series converges and represents a continuous function. This

implies that % is in F.. O

Lemma 2. If in equation (1) p < r,ie.r =p+v, v €N, and a
and b are given by relations (7) and (8), then the operator § € F belongs
neither to F. nor to F.

Proor. We have

r ) P r—1 ) P
WS Gl — 3 kplm™™  hg I+ h S gl — S k™
=0 m=0 =0 m=0

J J=

p p
22 ket =P 3 ke lr=m
m=0

m=0

a
b
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2) and (3), we obtain

Then, using notations (1

a r—p hg’f’I + th - P].
—=s

b

kpl + P
_p [ har hQi — Py hg +hQ) — P P
=" I+ + =D (-)")
( kp kp kyp ; kp
and we have
a
(13) Z = SV(OQI + 5672),

where ay is a nonzero numerical constant, while 3. > is an operator from
F ¢. Since v > 0, in view of the first member, the operator § does not
belong to F., nor to F. O

We can prove now

Theorem 1. Suppose that in equation (1) it holds r = p + v for
some natural number v. Then the solution of the homogeneous equation
corresponding to the equation (6) has the form

(14> up = R- s (063(77,)1 + ﬁ0,3(n)) y N 7& 07 n e Z7

where R is given by (2), asz(n) # 0 is a numerical constant and (3. 3(n) is
an operator representing a continuous function.

Moreover, if R is from F;, then for n > 0 the solution w, belongs
neither to F. nor to Fy.

If n < 0, then u,, belongs to F. provided that R is from F. or from
Fr.

PROOF. Let us suppose that n > 0. From relation (13) (used in the
proof of Lemma 2), it follows that the general solution of the homogeneous
equation corresponding to (6) can be written as

u, = R <—%>n = (—1)"Rs™ (ol + Be2)" =

n

= (—1)"Rs" (agf + (1)a3_15c,2 +..+ 522) 5

ag # 0 is a numerical constant and 3. 2 is an operator from F.. From the
last equality, relation (14) follows. Therefore, if R is from Fj, then in
this case u,,, n € N, is an operator which is neither from F_. nor from Fj.
However, if R is from F., then for some n wu,, might belong to F..

If the integer n < 0, hence ny = —n € N, then from (13) it follows
that

a —MN1 mny n1v I "
un = R(=)™" = (-1)" R ¢ <m) =
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= (-1)"R- ("M (a% i(—l)i <i—22>>m =

cme (LS ())

(The last two series converge in the field F because (.2 is from F..) So,
again for n < 0, we obtain relation (14), wherefrom it follows that the
solution u,, of equation (6) belongs to F., provided that R is from F,, or
from Fi.

One can obtain the same result from Lemma 1, using the equality

b\™
un:R<——) , n=-—nj. O
a

Remark. Notice that if in (14) n = 0, then up = R.

In the case when » = p+ v, v > 1, the solution of the homogeneous
equation corresponding to the equation (1) in the field F does not exist
(see relation (4)). However, in Theorem 1 we have proved that the solution
of the difference equation (6) exists in the field F. Since the equation (6)
is the discrete analogue for the differential equation (1), it follows that
relation (14) can be treated as the approximate solution of the problem

(1), (2).

Theorem 2. Assume that p < r and that the operators a and b are
given by (7) and (8) respectively and, moreover, assume that the right-
hand side operators f,, n € Z, from relation (6) either

I) satisfy the following equalities and estimates:
fn:FnIa ’Fn’<F1 TLGZ,

or else
IT) are from F. and satisfy the estimates

|fr| <1 Frt,

for some numerical constants F,,,n € Z and some constant F, resp. Fr,
independent from n.

Then there exists a solution of equation (6) in the field of Mikusinski
operators and it represents a continuous function.

PROOF. From relation (11) we have

b n
<_> = Ye,n nEN,
a
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where ., is from F.. Using relation (10), we obtain that the operators
G, _ 1 represent continuous functions only if R = é € F., and

I o b k—n
(15) Gon=4 oY (‘) , n-k<h,
0, n—k>1.

Now, the solution of (6) has the form
(16) Up = ! i(—l)"_kv k—nfk
n a et c,k—nJk-

Using conditions I or II, we easily get that the series (16) converges
in the field of Mikusinski operators and represents a continuous function.
Since the operator é is from F ., the solution given by relation (16) repre-

sents a continuous function.
Since 7 is neither an operator from F, nor from F7j, in the case when

R =0, the operator G,,_; will not represent a continuous function nor will
it be from F; and in the field F we do not consider such series. O

The case when p = r was analyzed in the paper [5], so we shall give
without proof only the statements on the character of the solution.

Lemma 3. If in equation (1) p = r and the operators a and b are

given by relations (7) and (8), then the operators ¢,2 € F, can be written
as

a
(17) 7= arl + B,
b
(18) a — CYQI + 50,57
where ay and as = -L are nonzero numerical constants and Be,a and B 5

o
are operators from F,.

Also, we have

Theorem 3. Assume that |a;| from Lemma 3 is nonequal to 1 and
assume that the right-hand side operators f,, n = 0,=*1,.., from relation
(6) either

I) satisfy the following equalities and estimates:
fn:FnIa |Fn|<Fa

or else
II) are from F. and satisfy the estimation

|fk| ST FTE,
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for some numerical constants F,,,n = 0,41, .., and some constants F' and
Fr independent from n.

Then the solution u,, n € Z, of equation (6) exists in both cases (I
and II) and represents a continuous function.

If, however, |a1| = 1, then equation (6) has no solution in F..
At the end of this section, we shall analyze the case p > 7.

Lemma 4. Ifin equation (1) p > r and a and b are given by relations
(7) and (8), then the operator 2 € F can be written as

b
(19) a =1 + 60,67

where 3.6 is an operator from F..

PROOF. We have

p p
L5 kpps™ 3k fP™
9 _ m=0 _ m=0 _
T p T p
N g — LS ks RS g — Y Kyl
7=0 m=0 7=0 m=0
p—1
kpl + 5 kptP™™
m=0
= - . p—l .
—kpl +h > qitp=i — Y Ky fr—m
j=0 m=0

Using the notations given by (3), we have

b P —kI-P/hQ-P\"
LA S (Q_)
a kp kp kp

=1

Since the operators P and @ from (3) and h@ — P are from F., the last
infinite series converges and represents a continuous function. This implies
the decomposition (19). O

In a similar manner we can prove

Lemma 5. If in equation (1) p > r and a and b are given by relations
(7) and (8), then the operator § can be written as

(20) % =1 + 50,77
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where 3.7 is an operator from F..

PrOOF. Using notation (3), we can write

r ] p
> s =5 2 kms™
j=0 m=0

a kI +hQ-P
= > = =
b Y e kol + P
m=0

hQ—P —k,J+hQ—P & P\’

=1+ + —2 (-1)" (—) :
kp kp ; kp
and the decomposition (20) follows. a

Analogously as Theorem 1, we can prove

Theorem 4. If in equation (1) r < p, then the solution of the homo-
geneous equation corresponding to the equation (6) has the form

(21) un, = R(as(n)l + Bes(n)),

where a3 (n) is a numerical constant and (3. s(n) is an operator representing
a continuous function.

Also, we can prove now

Theorem 5. Assume that in equation (1) p > r and the operators a

and b are given by relations (7) and (8) respectively and assume that the
right-hand side operators f,, n = 0,+1, .., from relation (6) either

I) satisfy the following equalities and estimates:
fn:FnL |Fn|<F;

or else
IT) are from F. and satisfy the estimates

| fn] <7 Frt

for some numerical constants F,,,n = 0,=+1, .., and some constants F' and
Fr independent from n.

Then, there is no solution of equation (6) in the field of Mikusinski
operators.

PROOF. From relations (19) and (20), for n € N, it follows that ()"
and (2)" can be written in the form

(%)" — (1) + 6,0,
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b n
<5 = (~1)"+ 3L,

where d.,, and 6&771 are operators from ., for every n € N.
Then from relation (10) we have

R(I+ (=1)"7%6 ), n—k<0,

(22) Gn_k = { (R— é)(l—l— (—1)n_k5c,n—k)7 n—k>1.

So, the solution of equation (6) should have the form

Up = (R — £) i (I‘f’(_l)n_kéc,n—k)fk +RZ(I+(_1)k_n62,k—n)fk

a
k=—o0 k=n
Hence,
I n—1 oo
w=(r-1) PIREROWE
(23) - -

n—1 oo
+ Z (_1)n_k60,n—k k+2(_1)k_n5c1,k—nfk-
k=n

k=—o00

If the fi satisfy either the relation (I) or the relation (II), then neither

of the two series from relation (23) converges in the field of Mikusinski
operators.

So, even if in the previous cases we have either R = 0 or R = é we
still do not have a solution of the equation (6) via formula (9). O

However, even if neither of the conditions (I) or (II) from Theorem 5 is
fulfilled, still there might exist a solution of equation (6) for some f,,n € Z.

Theorem 6. Ifin equation (6) the right-hand side operators f,, n € N

are of the form f, = ¢ and zero otherwise, then its solution belongs to
Fe.

PROOF. We shall prove only the case when in equation (1) p > 7, the
other two cases (p = r and p < r) being similar.

If G,y has the form (22), then for R = £ the solution has the form

I 00
n=— (I+(=1)r""5 )"
u a kz:%( + ( ) c,k—n)

Clearly, the last series converges to an operator from F.. O
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4. The error of approximation

In view of Theorem 2, we shall give the error of approximation for the
solution of the problem (1), (2) for » > p. This solution is approximated
by the solution w,, of the difference equation (6).

Theorem 7. Let us suppose that the first and the second derivative
of the function u(x) (which is the solution of equation (1)) are continuous
operational functions.

If we denote by u(x,,) the value of the exact solution of equation (1)
at the point x = x,,, then the error of approximation for its approximate
solution obtained as the solution of equation (6) u,, can be estimated by

(24) lu(zn) — un| <7 hR(T)M2(X,T)¢
where R(T') and
2u(z, t
My (X, T) = max M .
(0<t<T)x(—X<z<X)| Ox2
are positive numerical constants.

PrRoOOF. From the difference between the following equations

p T
Z ks (x,,) + Z qjsju(xn) = f(zn),
m=0 j=0

p
Unp — Unp
Z kms L + ZQJSJun - f(xn)
m=0

7=0

we obtain

Zq] ) ) = — kas ( ) w)

Hence, the difference between the exact and the approximate solution is

p
— > kps™
w(@n) — Uy = —1=0 (u/(%) _ w> '
. 458

=0

Using the properties of the absolute value in the field of Mikusinski oper-
ators, we get

p
- Z kmﬁ_m
(25)  fu(@n) —un| < [

> gl
=0
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The first factor on the right hand side represents a continuous function
and can be estimated as follows:

p
_ Z k.m[r—m
m=0
> 4t

=0

Qf
qr

<

dr

qr

J
If we denote by P;(T") and Q1(T") the numerical constants obtained from
the estimates:

P 1 ) 1
P mzokmm Z |km|(z m—1)!
— | = — <pq <P (T),
qr |CIr| |QT|
Vs \
and
T j—1 ) (r—1 77— j—1
o, ]z U =51 2 lasli==m
— <r < O (T)Y,
qr ‘QT‘ |qr,
) \
then we have
p
_ Z kmgr—m
(26) mrzo <r 771( E + 731 EZ QZ fz <r
£
> Ti—1 )
< V4 1 e <
TPI( ) +P1 Zlgl (Z_l)l <7

<p P1(T) (€ + Q1(T) exp(T' Q1 (T))¢?).

From the assumption on the second derivative of the function u(z) (which
is the solution of equation (1)) it follows that the partial derivatives by x
are continuous functions of two variables on their domains. Then using
the Taylor series we obtain

©27) | (zn) — w

<r My(X,T)h, 1z, €[-X,X] X >O0.

From relations (25), (26) and (27) we obtain

() — un| <z BP1(T) (1 N Q;

r eXp(TQl(T)) MQ(X, T)Tg ST
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<7 WR(T)Ma(X, T)L. [

Finally let us remark that the error of approximation for the solution
of equation (6), which is treated as the approximate solution of equation
(1), is O(h), h — 0 (as in “classical” numerical analysis).
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manuscript.
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