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Adjoint preenvelopes and precovers of modules

By LIXIN MAO (Nanjing)

Abstract. Let C be a class of left R-modules and (—)" = Homgz(—,Q/Z), where
Z is the ring of integers and Q is the ring of rational numbers. A left R-module homo-
morphism M — N is said to be a C-adjoint preenvelope of M if N € C and the sequence
0= C"®@M — CT ® N is exact for any C € C. M — N is called a C-adjoint precover
of N if M € C and the sequence 0 - NT ® C — MT™ ® C is exact for any C € C. We
investigate the existence and properties of adjoint preenvelopes and adjoint precovers.
The relationships among adjoint preenvelopes, adjoint precovers, preenvelopes and pre-
covers are obtained. As a consequence, we characterize several important rings in terms
of adjoint preenvelopes and adjoint precovers.

1. Introduction

Preenvelopes and precovers were introduced in the early eighties of the 20th
century by ENOCHS and play crucial roles in relative homological algebra [9],
[11], [13], [22]. Let C be a class of left R-modules. Recall that a left R-module
homomorphism M — N is a C-preenvelope of M if N € C and the sequence
Hom(N,C) — Hom(M,C) — 0 is exact for any C € C. Dually we have the
definition of C-precovers.

On the other hand, the notion of purity has also a substantial role in module
and ring theory [2], [5], [12], [14], [20], [21]. There are two kinds of different notions
of purity defined in terms of Hom and ® respectively. According to AZUMAYA [2],
an epimorphism A — B of left R-modules is called C-pure if Hom(C, A) —
Hom(C, B) — 0 is exact. A monomorphism X — Y of left R-modules is called
weakly Z-pure if the sequence 0 - Z ® X — Z ® Y is exact. An exact sequence
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0> M — N — L — 0 of left R-modules is called pure if N — L is C-pure
for any finitely presented left R-module C, or equivalently, if M — N is weakly
Z-pure for any (finitely presented) right R-module Z by [20, Proposition 3]. In
this case, M — N is called a pure monomorphism and N — L is called a pure
epimorphism. A left R-module G is called pure-injective (resp. pure-projective)
if the functor Hom(—, G) (resp. Hom(G, —)) preserves the exactness of any pure
exact sequence of left R-modules.

Our starting point is an easy observation. Let C be a class of left R-modules.
Then an epimorphism A — B with A € C is a C-precover of B is just equivalent to
the condition that A — B is C-pure for all C' € C. So the concept of precovers may
be viewed as a generalization of C-pure epimorphisms. It is natural to ask whether
there exists a corresponding generalization of weakly Z-pure monomorphisms in
terms of the functor ®, which leads to the arising of the concepts of adjoint
preenvelopes and adjoint precovers in the present paper.

The layout of the paper is as follows:

In Section 2, we first give the notions of adjoint preenvelopes and adjoint
precovers, which may be viewed the adjoint of preenvelopes and precovers by re-
placing the functor Hom with ®. Some basic properties of adjoint preenvelopes
and adjoint precovers are obtained. Then we study the existence of C-adjoint
preenvelopes and C-adjoint precovers for some special module classes C. For ex-
ample, it is shown that every left R-module has a pure-injective (cotorsion) adjoint
preenvelope and a pure-projective (projective, flat) adjoint precover. Finally we
characterize copure flat modules introduced by ENocHS and JENDA [10] using
adjoint preenvelopes and adjoint precovers. For a left coherent ring R, we prove
that: (1) A right R-module M is a cokernel of a flat adjoint preenvelope if and
only if M is copure flat. (2) A left R-module N is a kernel of an absolutely pure
(injective) adjoint precover if and only if NT is copure flat.

In Section 3, we explore the connections between adjoint preenvelopes (ad-
joint precovers) and preenvelopes (precovers). Let C be a class of left R-modules.
We prove that: (1) If C*T C C and ¢ : M — N is a (resp. special) C-preenvelope
of M, then ¢ : M — N is a (resp. special) C-adjoint preenvelope of M. (2) If every
left R-module in C is pure-injective and ¢ : M — N is a (resp. special) C-adjoint
preenvelope of M, then ¢ : M — N is a (resp. special) C-preenvelope of M. (3)
If CTT CC, then ¢ : M — N with M € C is a (resp. special) C-adjoint precover
of N if and only if ¢™F : MT+ — NT7 is a (resp. special) C-precover of N*t+. It
is also proven that: (1) A left R-module homomorphism ¢ : M — N is a (resp.
special) C-adjoint preenvelope of M if and only if ¢T : N*T — M™T is a (resp.
special) Ct-precover of MT. (2) A left R-module homomorphism ¢ : M — N is
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a (resp. special) C-adjoint precover of N if and only if ¢t : NT — M™ is a (resp.
special) C*-preenvelope of N*.

Section 4 is devoted to some applications. Let C be a class of left R-modules
and D be a class of right R-modules such that C* C D and DT C C. We first
prove that ¢ : M — N with M € C is a C-adjoint precover of N if and only if
¢t : Nt — MT is a D-adjoint preenvelope of N*. Then we characterize some
kinds of rings such as left coherent rings, left Noetherian rings, left Artinian rings,
left coherent right perfect rings and left semihereditary rings in terms of adjoint
preenvelopes and adjoint precovers. For example, we prove that the following
are equivalent: (1) R is a left coherent ring. (2) Every left R-module has an
absolutely pure (injective) adjoint preenvelope. (3) Every right R-module has a
flat adjoint preenvelope. (4) A left R-module homomorphism ¢ : M — N is an
absolutely pure adjoint precover of N if and only if ¢* : N* — M is a flat
adjoint preenvelope of N*. (5) A left R-module homomorphism ¢ : M — N is
an absolutely pure adjoint preenvelope of M if and only if ¢* : Nt — MT is a
flat adjoint precover of M ™.

Throughout this paper, R is an associative ring with identity and all modules
are unitary. We denote Mod-R (resp. R-Mod) for the category of right (resp.
left) R-modules. Mp (resp. rM) denotes a right (resp. left) R-module. For
an R-module M, M* = Homg(M,Q/Z) will stand for the character module
and dy; : M — M™T will mean the canonical pure embedding. Let M and N
be R-modules. Hom(M,N) and M @ N will mean Hompg(M,N) and M @ N
respectively, and similarly for derived functors Ext' (M, N') and Tor; (M, N). All
classes of modules are assumed to be closed under isomorphisms. For a class C
of R-modules, we write CT™ = {M™* : M € C}. For unexplained concepts and
notations, we refer the reader to [1], [3], [11], [13], [14], [18], [21], [22].

2. Adjoint preenvelopes, adjoint precovers and copure flat modules

Let us start with the following definition.

Definition 2.1. Let C be a class of left R-modules. A left R-module homo-
morphism ¢ : M — N is called a C-adjoint preenvelope of M if N € C and the

sequence 0 — CT @ M 199, 0+ @ N is exact for any C € C. ¢ : M — N is called
+

a C-adjoint precover of N if M € C and the sequence 0 — Nt ®C 2O Mt eC

is exact for any C € C.

Remark 2.2. Let C be a class of left R-modules.
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(1) A left R-module monomorphism ¢ : M — N is a C-adjoint preenvelope
of M if and only if N € C and ¢ : M — N is weakly C*-pure for any C € C. A
left R-module epimorphism ¢ : M — N is a C-adjoint precover of N if and only
if M €Cand ¢ : Nt — M is weakly C-pure for any C € C.

(2) Any pure monomorphism M — N with N € C is clearly a C-adjoint
preenvelope of M. Any pure epimorphism M — N with M € C is obviously a
C-adjoint precover of V.

We note that C-adjoint preenvelopes need not be monomorphisms and C-
adjoint precovers need not be epimorphisms in general. But we have
Proposition 2.3. Let C be a class of left R-modules.
(1) If (Rr)™ € C, then any C-adjoint preenvelope is a monomorphism.
(2) If gR € C, then any C-adjoint precover is an epimorphism.

Proor. (1) Let M 2 N be any C-adjoint preenvelope of M. Consider the
following commutative diagram:

M—2 Ro M 22V np++ o 0
l¢ llz?@q/) i1R++®¢
= SR®1N
N—R®N —RT@N.
Since (Rg)™ € C, RTT @ M 1w+ 8% pt+ @ N is monic. Also R ® M RELBIN

R*™ ® M is monic, so R ®@ M 128 R ® N is monic. Thus M 2 N is a

monomorphism.
(2) Let M 2 N be any C-adjoint precover of N. Since RR€C,0 — NT ®

T®1 . . T .
R 28N v+ ® R is exact. Because Q/Z is an injective cogenerator in Mod-Z,

M 2% Nis an epimorphism. (]

The following result gives the closure properties of adjoint preenvelopes and
adjoint precovers.

Proposition 2.4. Let C be a class of left R-modules.

(1) If C is closed under direct limits and M; — Nj; is a C-adjoint preenvelope
of M;, i € I, where I is a direct set, then h_H}Mz — li_H}NZ- is a C-adjoint
preenvelope of hﬂM7

(2) If C is closed under direct sums and M; — N; is a C-adjoint preenvelope

of My, i € I, then [[,.; M; — [1,c; N; is a C-adjoint preenvelope of T, ; M.
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(3) If C is closed under finite direct sums and M; — Nj; is a C-adjoint precover
of Nj, i = 1,2,...,n, then [ M; — [[;_, N; is a C-adjoint precover of
H?:l Ni.

PROOF. (1) For any C € C and i € I, the sequence 0 - CT @ M, — CT @ N;
is exact. So the sequence 0 — ligl(C’Jr ®M,) — @(C& ® N;) is exact.
Consider the following commutative diagram:

0 —— lim(C* ® M,) — lim(C* ® N;)

|

C* @ limM, C* @ limN,.

Thus we get the exact sequence 0 — C'* @LmM,; — cTt ®limN;. Hence limM; —
limV; is a C-adjoint preenvelope of lim ;.
The proof of (2) and (3) are straightforward. O

Next we discuss the existence of C-adjoint preenvelopes and C-adjoint pre-
covers for some special classes of modules C.

Recall that a left R-module M is cotorsion [11] if Ext'(F, M) = 0 for any
flat left R-module F'. By [11, Proposition 5.3.7], for any R-module M, M7 is
pure-injective and so is cotorsion by [11, Lemma 5.3.23].

Proposition 2.5. Let R be a ring.
(1) Every left R-module has a pure-injective (cotorsion) adjoint preenvelope.

(2) Every left R-module has a pure-projective (projective, flat) adjoint precover.

PROOF. (1) For any left R-module M, M is pure-injective (cotorsion). So
the pure monomorphism dy; : M — M™T is a pure-injective (cotorsion) adjoint
preenvelope of M by Remark 2.2(2).

(2) For any left R-module M, there is a pure epimorphism N — M with N
pure-projective by [11, Example 8.3.2]. So N — M is a pure-projective adjoint
precover of M by Remark 2.2(2).

On the other hand, there is an epimorphism P — M with P projective (flat).
It is easy to see that P — M is a projective (flat) adjoint precover of M. O

We will discuss further the existence of adjoint preenvelopes and adjoint
precovers for other classes of modules in the latter sections.

Recall that a left R-module M is absolutely pure [16] if it is a pure submodule
in every module that contains it. Absolutely pure modules are also known as F'P-
injective modules [19]. Obviously, any injective left R-module is absolutely pure.
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By [16, Theorem 3], the left Noetherian rings are characterized by the condition
that every absolutely pure left R-module is injective.

Following [10], a right R-module N is copure flat if Tor; (N, E) = 0 for any
injective left R-module E, or equivalently, Tor; (N, A) = 0 for any absolutely pure
left R-module A by [15, Remark 3.2].

We also recall that a ring R is left coherent if every finitely generated left
ideal is finitely presented. By [4, Theorem 1], R is a left coherent ring if and only
if a left R-module M being absolutely pure is equivalent to M being flat.

DiNG and CHEN proved that, if R is left coherent, then a “finitely presented”
right R-module M is copure flat if and only if M is a cokernel of a flat preenvelope
(see [8, Theorem 3.4]). It is interesting to compare the result and the following
theorem.

Theorem 2.6. Let R be a left coherent ring. The following are equivalent
for a right R-module M :
(1) M is copure flat.
(2) For every exact sequence 0 - A — B — M — 0 with B flat, A — B is a
flat adjoint preenvelope of A.
(3) M is a cokernel of a flat adjoint preenvelope f : A — B.
PROOF. (1) = (2) For any flat right R-module F', F'" is injective by [12,
Theorem 2.1]. Then the exact sequence 0 — A — B — M — 0 induces the exact

sequence
0="Tor;(M,F") > A2 Ft - B F.

So A — B is a flat adjoint preenvelope of A.

(2) = (3) is clear since there always exists an exact sequence 0 — A —
B — M — 0 with B flat.

(3) = (1) There are an epimorphism 7 : A — im(f) and a monomorphism
A :im(f) — B such that f = Ar. For any injective left R-module E, ET is flat
by [4, Theorem 1]. We get the following commutative diagram:

1
A®E++MB®E++

TEle l %
Et+

im(f) @ E+F

1 ™
Since A® E++ 2154, Bo B4 s monic and A@ B+ TE1EHt, im(f)@E*TT is

. . A®1 . .
epic, we have that im(f) ® E¥T =2 B@ E** is monic. The exact sequence
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0 — im(f) 5B M0 yields the exactness of the sequence

A
0 = Tor,(B, E+**) — Tor (M, E™+) — im(f) ® B+ 22120, B g,

which forces Tor; (M, Ett) = 0. So Tor;(M, E) = 0 since E is isomorphic to a
direct summand of ETT. Thus M is copure flat. O

Theorem 2.7. Let R be a left coherent ring. The following are equivalent

for a left R-module M :

(1) M™ is copure flat.

(2) For every exact sequence 0 — M — N — L — 0 of left R-modules with
N absolutely pure (resp. injective), N — L is an absolutely pure (resp.
injective) adjoint precover of L.

(3) M is a kernel of an absolutely pure (resp. injective) adjoint precover f :A —B.

PRrROOF. (1) = (2) The exact sequence 0 - M — N — L — 0 induces
the exact sequence 0 — LT — Nt — M — 0. For any absolutely pure (resp.
injective) left R-module C, we get the induced exact sequence

0=Tor;(M",C) - LT®C—N"aC.

So N — L is an absolutely pure (resp. injective) adjoint precover of L.

(2) = (3) is obvious since there exists an exact sequence 0 - M — A —
B — 0 with A injective.

(3) = (1) There are an epimorphism 7 : A — im(f) and a monomorphism
A im(f) — B such that f = Ar. For any injective left R-module E, we obtain
the following commutative diagram:

4
B+®E&>A+®E

A e1E
T Rlg

(im(f))*" © E

ATR1p

n
S7®E, A+ @ E is monic and Bt @ B > 212, (im(f))* ® E is epic,

Since BT @ F
7T+ . . T
(im(f)" @ FE T 218, A+ @ E is monic. The exact sequence 0 — M — A 5

xt
im(f) — 0 induces the exact sequence 0 — (im(f))*T — AT — MT — 0. Note
that AT is flat by [4, Theorem 1]. So we obtain the induced exact sequence

T RlE

0 = Tor; (A", E) — Tory(MT,E) = (im(f))* @ FE m—2 AT ® E,

whence Tor (M1, E) = 0. Thus Mt is copure flat. O
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Recall that a left R-module M is copure injective [10] if Ext'(E, M) = 0 for
any injective left R-module F.

Corollary 2.8. Let R be a commutative Artinian ring. The following are
equivalent for an R-module M :
(1) M is copure injective.
(2) For every exact sequence 0 - M — N — L — 0 with N injective, N — L is
an injective adjoint precover of L.

(3) M is a kernel of an injective adjoint precover f : A — B.

PROOF. By [10, Lemma 3.6], M is copure injective if and only if M7 is
copure flat. So it is an immediate consequence of Theorem 2.7. O

3. Relationships between adjoint preenvelopes (adjoint precovers)
and preenvelopes (precovers)

Let C be a class of left R-modules and D be a class of right R-modules. We
write 'C = {X € Mod-R : Tor;(X,C) = 0 for all C € C} and
DT ={X € R-Mod : Tor;(D, X) =0 for all D € D}.

Lemma 3.1. Let C be a class of left R-modules and 0 - M — N —- L — 0
with N € C be an exact sequence of left R-modules.

(1) If L€ (C*)T, then M — N is a C-adjoint preenvelope of M.
(2) If MT € TC, then N — L is a C-adjoint precover of L.

ProOOF. (1) For any C' € C, the exact sequence 0 - M — N — L — 0
induces the exact sequence

0= Tor (CT,L) - CT @M — C* @ N.
So M — N is a C-adjoint preenvelope of M.
(2) The exact sequence 0 - M — N — L — 0 induces the exact sequence
0Lt >N — M* —0. For any C' € C, we get the induced exact sequence

0="Tor;(M",C) - LT®C - N"aC.

So N — L is a C-adjoint precover of L. O
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We call the C-adjoint preenvelope M — N in Lemma 3.1(1) a special C-
adjoint preenvelope and the C-adjoint precover N — L in Lemma 3.1(2) a special
C-adjoint precover.

Following [11, Definition 7.1.6], given a class D of right R-modules, a right
R-module M is said to have a special D-precover if there is an exact sequence
0=+ K—D—M-—0withD € Dand K € D+={X € Mod-R : Ext' (D, X) =0
for all D € D}. M is said to have a special D-preenvelope if there is an exact
sequence 0 - M — D — L — 0 with D € D and L € 1D = {X € Mod-R :
Ext!'(X,D) =0 for all D € D}.

There exist close connections between (resp. special) adjoint preenvelopes
(adjoint precovers) and (resp. special) preenvelopes (precovers) as follows.

Theorem 3.2. Let C be a class of left R-modules.

(1) If CtT* CCand ¢ : M — N is a (resp. special) C-preenvelope of M, then
¢: M — N is a (resp. special) C-adjoint preenvelope of M.

(2) If every left R-module in C is pure-injective and ¢ : M — N is a (resp.
special) C-adjoint preenvelope of M, then ¢ : M — N is a (resp. special)
C-preenvelope of M.

(3) If C*" C C, then ¢ : M — N with M € C is a (resp. special) C-adjoint
precover of N if and only if ¢T+ : M+t+t — NTF is a (resp. special) C-
precover of NTT.

PROOF. (1) We first assume that ¢ : M — N is a C-preenvelope of M. For

any C € C, the sequence Hom(N, C) — Hom(M, C) — 0 is exact. Since CT* C C,

we get the exact sequence Hom(N, C*+) — Hom(M,CTT) — 0.
Consider the following commutative diagram:

(CT@N)t —— (CT @ M)t

:l i:

Hom(N,C**+) —— Hom(M,C**t) —— 0.

So the sequence (C* ® N)* — (CT @ M)* — 0 is exact. Thus 0 - C* @ M —
CT ® N is exact, i.e., ¢ : M — N is a C-adjoint preenvelope of M.

Now we assume that ¢ : M — N is a special C-preenvelope of M. Then there
exists an exact sequence of left R-modules 0 - M — N — L — 0 with N € C
and L € +C. For any C € C, CT+ € C. By [3, VL 5.1] or [18, p. 360], we have

Tor, (CT, L)" = Ext!(L,C*T) = 0.

Thus Tor;(C*,L) = 0 and hence ¢ : M — N is a special C-adjoint preenvelope
of M.
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(2) We first assume that ¢ : M — N is a C-adjoint preenvelope of M. Then
for any C € C, the sequence 0 — CT®@M — CT® N is exact. So we get the exact
sequence (C* ®@ N)* — (CT @ M)* — 0. Thus the sequence Hom(N,C*+) —
Hom (M, C* 1) — 0 is exact. Since C is pure-injective, there exists 7 : Ct+ — C
such that méc = 1. So the sequence Hom (M, C*T*) — Hom(M, C) — 0 is exact.

Consider the following commutative diagram:

Hom(N,C*t+) —— Hom(M,C**t) ——0

| |

Hom(N,(C) —— Hom(M, C)

l

0

Thus the sequence Hom(N, C') — Hom(M,C) — 0 is exact, whence ¢ : M — N
is a C-preenvelope of M.

Now we assume that ¢ : M — N is a special C-adjoint preenvelope of M.
Then there exists an exact sequence of left R-modules 0 - M — N — L — 0
with N € C and L € (C*)". For any C € C, we have

Ext'(L,C*T) = Tor, (C*,L)* = 0.

Since d¢ : C — CT+ is split, Ext!(L,C) = 0. This means that ¢ : M — N is a
special C-preenvelope of M.

(3) For any C' € C, the sequence 0 - Nt ®@C — MT ®C is exact if and only
if the sequence (M+ @ C)* — (NT ® C)T — 0 is exact.

Consider the following commutative diagram:

(MT®C)t —— (Nt C)*t

gl lg

Hom(C, M**) —— Hom(C, N*1).
Since C*+ CC, ¢ : M — N with M € C is a C-adjoint precover of N if and only
if 7+ : M*TT — Nt is a C-precover of NTT.
On the other hand, for K = ker(¢) and any C € C, we have the isomorphism
Ext'(C, K™1) = Tor (KT, C)*.

Then there exists an exact sequence of left R-modules 0 - K - M — N — 0
with KT € TC if and only if there exists an exact sequence of left R-modules
0— K+tt - M+t - N*t = 0 with K** €C*+. So ¢: M — N with M € C is
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a special C-adjoint precover of N if and only if ¢+ : MT+ — N*+ is a special
C-precover of NT7T. O

Remark 3.3. (1) The condition “C** C C” in Theorem 3.2(1) is not superflu-
ous. For example, if R is a ring which is not left coherent, then there exists a left
R-module M which has not a (special) absolutely pure (injective) adjoint preen-
velope by Theorem 4.7 in the next section although M has a (special) absolutely
pure (injective) preenvelope by [13, Theorem 4.1.6].

(2) The condition “every left R-module in C is pure-injective” in Theo-
rem 3.2(2) is not superfluous. For example, if R is a left coherent ring but not left
Noetherian, then there exists an absolutely pure left R-module M which is not
injective by [16, Theorem 3|. Let M — FE(M) be the injective envelope of M. It
is clear that M — E(M) is a (special) absolutely pure adjoint preenvelope. But
M — E(M) is clearly not a (special) absolutely pure preenvelope.

Specializing Theorem 3.2 to the case C = the class of all pure-injective left
R-modules, we have
Corollary 3.4. Let ¢ : M — N be a left R-module homomorphism.
(1) ¢ : M — N is a (resp. special) pure-injective adjoint preenvelope of M if
and only if ¢ : M — N is a (resp. special) pure-injective preenvelope of M.
(2) ¢ : M — N with M pure-injective is a (resp. special) pure-injective adjoint
precover of N if and only if ¢*+ : MT+ — N*+ is a (resp. special) pure-
injective precover of Nt
Theorem 3.5. Let C be a class of left R-modules and ¢ : M — N be a left
R-module homomorphism. Then
(1) ¢ : M — N is a (resp. special) C-adjoint preenvelope of M if and only if
¢t : Nt — M™ is a (resp. special) C*-precover of M.
(2) ¢ : M — N is a (resp. special) C-adjoint precover of N if and only if
¢t : Nt — M™ is a (resp. special) C*-preenvelope of NT.

PROOF. (1) For any C € C, we have the following commutative diagram:

(C+ ® N)+ (C+ ® M)+

ul ul

Hom(C*, N*) —— Hom(C*, M ™).

So the sequence 0 = Ct ® M — C* @ N is exact if and only if the sequence
(CT®@ N)T - (CT ® M)"T — 0 is exact if and only if the sequence
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Hom(C*,N*) — Hom(C*, M%) — 0 is exact. Thus ¢ : M — N is a C-adjoint
preenvelope of M if and only if ¢+ : N* — M is a C*-precover of M.

On the other hand, by [3, VL. 5.1] or [18, p. 360], for L = coker(¢), we have
the standard isomorphism

Ext'(C*, L") = Tor, (CT, L)".

So an exact sequence of left R-modules 0 - M — N — L — 0 satisfies N € C and

L € (C*)T if and only if the induced exact sequence 0 — L+ — N+t — M+ — 0

satisfies N* € CT and LT € (C*)Y. Thus ¢ : M — N is a special C-adjoint

preenvelope of M if and only if ¢* : NT — M™ is a special C*T-precover of M.
(2) For any C € C, we have the following commutative diagram:

MTe(O)f ———= (Nt O)*"

[

Hom(M™*,C") —— Hom(N*,C™).

Hence the sequence 0 — NT ® C — Mt ® C is exact if and only if the se-
quence (MT ® C)" — (Nt ® C)t — 0 is exact if and only if the sequence
Hom(M™*,C") — Hom(N*,C*") — 0 is exact. So ¢ : M — N is a C-adjoint
precover of N if and only if ¢7 : NT — M™ is a CT-preenvelope of N 7.

On the other hand, for K = ker(¢), we have the isomorphism

Ext'(K+,C") = Tor (K T,C)".

So an exact sequence of left R-modules 0 - K — M — N — 0 satisfies M € C
and K+ € TC if and only if the induced exact sequence 0 — Nt — M+ —
KT — 0 satisfies Mt € C* and KT € +(C*). Thus ¢ : M — N is a special
C-adjoint precover of N if and only if 1 : Nt — M™ is a special CT-preenvelope
of N*T. O

Recall that a pair (A, B) of classes of R-modules is a Tor-pair [13] if A= TB
and B=A".
Proposition 3.6. Let (A, B) be a Tor-pair.

(1) If (BY)*+ C B*, then every left R-module has a special B+-adjoint preen-
velope.

(2) If every left R-module has a special B-adjoint preenvelope, then every left
R-module has a special (B+)"-adjoint precover.
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PrOOF. (1) By [13, Lemma 2.2.3 and Theorem 3.2.15], every left R-module
has a special B*-preenvelope. By Theorem 3.2(1), every left R-module has a
special B+-adjoint preenvelope.

(2) For any left R-module M, there is an exact sequence 0 - K — P —
M — 0 with P projective. By hypothesis, K has a special B-adjoint preenvelope,
i.e., there is an exact sequence 0 — K — G — L — 0 with G € Band L € (B*)T.
So we get the following pushout diagram:

0 0
0 K P M 0
0 G H M 0
L—==1L
0 0

For any B € B, the exact sequence 0 - P — H — L — 0 gives rise to the
exactness of the sequence

0 = Tory (BT, P) — Tory(B',H) — Tory(B*,L) = 0.

So H € (B*)". Since GT € Bt and BY C T((BY)T), Gt € T((BT)T). Thus
H — M is a special (B1)T-adjoint precover of M. O

4. Applications

In this section, we will characterize some important rings such as left coherent
rings, left Noetherian rings, left Artinian rings and left semihereditary rings in
terms of adjoint preenvelopes and adjoint precovers.

We first exhibit the dual property between adjoint preenvelopes and adjoint
precovers. Recall that a left R-module M is Q/Z-reflexive [1] if dpp : M — MTT
is an isomorphism.
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Theorem 4.1. Let C be a class of left R-modules, D be a class of right
R-modules such that C* C D and DT C C and ¢ : M — N be a left R-module
homomorphism.

(1) ¢ : M — N with M € C is a C-adjoint precover of N if and only if ¢T :

Nt — MT™ is a D-adjoint preenvelope of NT.

(2) If ¢T: Nt — M is a D-adjoint precover of M+ with N € C, then ¢ : M — N
is a C-adjoint preenvelope of M. The converse holds if M is Q/Z-reflexive.

N
PRrROOF. (1)“=" Forany C € C,0 - Nt @ C 28l M+ ® C s exact.

+®1
Since DT C C, we have 0 - Nt ® D™ ¢—D+> M*®DT is exact for any D € D.
Note that M+ € D. Thus ¢ : N — M is a D-adjoint preenvelope of N .
+®1
“«e=" Since C* C D, we have 0 - Nt @ C++ ¢4C++> M+t ® CTt is
1 8

exact for any C' € C. Note that NT @ C N+ 90
get the following commutative diagram:

0

|

NtT®C

NT ® C** is monic and so we

I
TRl M+ &C

1N+®5C\L J{lM+®5c
Pt @1t

1
0444e>]V+w®(j++Aiéga-ﬂl+(®(j++_

.
Consequently 0 — NT @ C 27919 M+ @ C s exact. Thus ¢: M — Nisa
C-adjoint precover of V.
(2) If o7 : Nt — M™ is a D-adjoint precover of MT with N € C, then
1 ++
0—=CteM** &7 o+ ® Nt is exact for any C € C since CT™ C D. Also

1,4+ ®6 . . . . .
CtoM -2 ¢+ ® M*+ is monic. So we obtain the following commutative
diagram:
0

|

1o+ ®¢
Ccteo M T o+ QN
1o+ @M \Llc+®5z\r
++
0 — > 0+ @ M+ 2% o @ N+,
1
It means that 0 — CT™ @ M ﬂ) CT ® N is exact. Thus ¢ : M — N is a
C-adjoint preenvelope of M.
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Conversely, if ¢ : M — N is a C-adjoint preenvelope of M and M is Q/Z-

1 ®
reflexive, then 0 — DT+ @ M 1o+ @9,

DT CC.
Consider the following commutative diagram:

D**t ® N is exact for any D € D since

DH oMM Do M —2> Do M+

1D++®¢J/ 1D®¢J/ ilu®¢++

D@ N2EY Do N 12%p @ Nt

Since 0 — D@ M 2291, D++ @ M is exact, 0= DoM 22% Do N is exact.

4
Because 0 — D@ N 220V, Do N++ i exact, 0 = DQM™TT 1097, D N+t

is exact. Hence ¢ : NT — M is a D-adjoint precover of MT. O

As applications, we list some corollaries of the Theorem 4.1 above.

Corollary 4.2. Let ¢ : M — N be a left R-module homomorphism.

(1) ¢ : M — N with M pure-injective (resp. cotorsion) is a pure-injective (resp.
cotorsion) adjoint precover of N if and only if ¢T : Nt — M is a pure-
injective (resp. cotorsion) adjoint preenvelope of N7T.

(2) If o7 : Nt — M™ with N pure-injective (resp. cotorsion) is a pure-injective
(resp. cotorsion) adjoint precover of M, then ¢ : M — N is a pure-injective
(resp. cotorsion) adjoint preenvelope of M.

PROOF. It is obvious by letting C = the class of all pure-injective (resp.
cotorsion) left R-modules and D = the class of all pure-injective (resp. cotorsion)
right R-modules in Theorem 4.1. ([l

It is known that R is a left Noetherian ring if and only if a left R-module M
being injective is equivalent to M ™ being flat (see [4, Theorem 2]). So we have
Corollary 4.3. The following are equivalent for a ring R:
(1) R is a left Noetherian ring.

(2) A left R-module homomorphism ¢ : M — N is an injective adjoint precover
of N if and only if 7 : NT — M is a flat adjoint preenvelope of Nt.

(3) A left R-module homomorphism ¢ : M — N is an injective adjoint preenve-
lope of M if and only if 7 : NT — M™ is a flat adjoint precover of M+.
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PROOF. (1) = (2) Letting C = the class of all injective left R-modules and
D = the class of all flat right R-modules. Then C* C D and D+ C C by [4,
Theorem 2]. So (2) follows from Theorem 4.1(1).

(2) = (1) M is an injective left R-module if and only if M - M is an
injective adjoint precover if and only if M T ”L> M is a flat adjoint preenvelope
if and only if M is a flat right R-module. Hence R is a left Noetherian ring.

(1) = 8) “="1If ¢ : M — N is an injective adjoint preenvelope of M,
then ¢ is monic by Proposition 2.3(1). So ¢+ : M+t — N** is monic. Since
Nt is flat, o7 : Nt — M is a flat adjoint precover of M.

“ <=7 Tt follows from Theorem 4.1(2) by letting C = the class of all injective
left R-modules and D = the class of all flat right R-modules.

(3) = (1) M is an injective left R-module if and only if M 1My M s an
injective adjoint preenvelope if and only if M+ 1M—+> M is a flat adjoint precover
if and only if M7 is a flat right R-module. Hence R is a left Noetherian ring. [

Corollary 4.4. The following are equivalent for a ring R:

(1) R is a left Artinian ring.

(2) A left R-module homomorphism ¢ : M — N is an injective adjoint precover
of N if and only if * : Nt — M™ is a projective adjoint preenvelope of N*.

(3) A left R-module homomorphism ¢ : M — N is an injective adjoint preen-
velope of M if and only if T : Nt — MT is a projective adjoint precover
of M™.

PROOF. By [4, Theorem 4], R is left Artinian if and only if a left R-module
M being injective is equivalent to M ™ being projective. So the proof is similar to
that of Corollary 4.3 by letting C = the class of all injective left R-modules and
D = the class of all projective right R-modules in Theorem 4.1. O

Corollary 4.5. The following are equivalent for a ring R:

(1) R is a left coherent right perfect ring.

(2) A left R-module homomorphism ¢ : M — N is an absolutely pure adjoint
precover of N if and only if ¢t : NT — M is a projective adjoint preenve-
lope of NTt.

(3) A left R-module homomorphism ¢ : M — N is an absolutely pure adjoint
preenvelope of M if and only if ¢7 : Nt — M™ is a projective adjoint
precover of M.

PRrROOF. By [4, Theorem 3], R is left coherent right perfect if and only if
a left R-module M being absolutely pure is equivalent to M being projective.
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So the proof is similar to that of Corollary 4.3 by letting C = the class of all
absolutely pure left R-modules and D = the class of all projective right R-modules
in Theorem 4.1. (]

Lemma 4.6. Let R be a ring.

(1) A finitely presented left R-module M has a flat adjoint preenvelope M — N
if and only if M has a projective adjoint preenvelope M — P with P finitely
generated.

(2) A pure-injective left R-module N has an absolutely pure adjoint precover
M — N if and only if N has an injective adjoint precover E — N.

Proor. (1)“=" Let ¢ : M — N be a flat adjoint preenvelope. Then
there exists a finitely generated projective left R-module P, o : M — P and
B : P — N such that ¢ = fa. For any projective left R-module @, we get the
following commutative diagram:

1t ®0
OtoM XL QteN

1 Ra
Qt+
J/ 1Q+ ®B

QteP

Thus 1o+ @ : QT @ M — Q1 ® P is monic since 1o+ ®¢: QT @M — QT @ N
is monic. Hence o : M — P is a projective adjoint preenvelope of M.

“«<=" Let f: M — P be a projective adjoint preenvelope of M. For any
flat left R-module F', there is an epimorphism g : B — F with B projective. So we
get the split monomorphism g+ : F+ — BT. Consider the following commutative

diagram:
1.4Qf
FreM S FtgPp
g @1 lg+®1p
1B+ Qf

Bt@M ——s= Bt gP.

Since lg+ @ f : BT@M - Bt@Pand gt @1y : FT @M — BT @ M are
monic, 1p+ ® f : FT® M — FT ® P is monic. Hence f : M — P is a flat adjoint
preenvelope of M.

(2)“="Let ¢ : M — N be an absolutely pure adjoint precover of N. Then
there exist an injective left R-module F, ¢ : M — FE and 6 : E — N such that
@ = 0. For any injective left R-module H, we get the following commutative
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diagram:
Nt®H

+
YRl
/ leﬁ-@lH
+

MroH< " pron
Thus 0T ®1: NT ® H — ET ® H is monic since oT ® 1 : NTQ H - MT @ H
is monic. Hence 6 : E — N is an injective adjoint precover of N.
“«<=" Let v : C — N be an injective adjoint precover of N. For any
absolutely pure left R-module D, there is a monomorphism 7 : D — G with G
injective. Consider the following commutative diagram:

.
N+oD 22 c+ oD

1N+®’7\L \Llc+®n
7rele

Nte(G@ —CT®da.

Note that I+ ®n: NT @D - NT®Gand " ®@1g: NT @G - CT G
are monic. So 7T ® 1p : Nt ® D — Ct ® D is monic. Hence v : C — N is an
absolutely pure adjoint precover of V. O

It is known that every left R-module has an absolutely pure precover if R is
a left coherent ring [17]. But the converse is still open. The following theorem
shows that R is a left coherent ring is equivalent to the condition that every left
R-module has an absolutely pure adjoint preenvelope.

Theorem 4.7. The following are equivalent for a ring R:
1
2

R is a left coherent ring.

Every left R-module has an absolutely pure adjoint preenvelope.

4
5

(1)
(2)
(3) Every left R-module has an injective adjoint preenvelope.
(4) Every right R-module has a flat adjoint preenvelope.

(5)

A left R-module homomorphism ¢ : M — N is an absolutely pure adjoint
precover of N if and only if ¢T : Nt — MT is a flat adjoint preenvelope
of N*.

(6) A left R-module homomorphism ¢ : M — N is an absolutely pure adjoint
preenvelope of M if and only if ¢t : NT — M™ is a flat adjoint precover
of M.
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PROOF. (1) = (2) For any absolutely pure left R-module E, ETT is abso-
lutely pure by [4, Theorem 1]. Since every left R-module M has an absolutely
pure preenvelope M — N by [11, Proposition 6.2.4], M — N is an absolutely
pure adjoint preenvelope of M by Theorem 3.2(1).

(2) = (1) We will show that M™ is flat for any absolutely pure left R-
module M. Let 0 > A — B — C — 0 be any exact sequence of left R-modules.
Then A has a monic absolutely pure adjoint preenvelope A — N by (2) and
Proposition 2.3(1). So we get the following pushout diagram:

0 0
0 A B C 0
0 N H c 0
L—==1L
0 0

which yields the following commutative diagram with exact rows and columns:

0

MTRQA— MT@B—> MT®C ——=0

0— MtQQN —MT"@QH —M"®C ——0

MtTQL——M+*Q L

0 0

Hence 0 = MT® A - MT®B - M+T®C — 0is exact. So M7T is flat. Thus
R is a left coherent ring by [4, Theorem 1].
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(1) = (3) For any injective left R-module E, E** is injective by [4, The-
orem 1]. Since every left R-module M has an injective preenvelope M — N,
M — N is an injective adjoint preenvelope of M by Theorem 3.2(1).

(3) = (1) Let N be an absolutely pure left R-module. Then there exists a
pure exact sequence 0 - N — E — L — 0 with E injective. Thus we get the split
exact sequence 0 — LT — ET — NT — 0, By (3) and the proof of (2) = (1),
E™* is flat, and so is N*. Thus R is a left coherent ring by [4, Theorem 1].

(1) = (4) Every right R-module A has a flat preenvelope A — B by [9,
Proposition 5.1]. For any flat right R-module F, F*+ is flat. So A — B is a flat
adjoint preenvelope of A by Theorem 3.2(1).

(4) = (1) Since every finitely presented right R-module A has a flat adjoint
preenvelope A — B, A has a projective adjoint preenvelope A — C with C finitely
generated by Lemma 4.6(1). For any projective right R-module P, A @ P+ —
C ® P is monic. So we get the following commutative diagram:

0— = APt C® Pt

| .

Hom(A4, P)* —— Hom(C, P)™".

By [6, Lemma 2], 71 and 73 are isomorphisms. Hence Hom(A, P)* — Hom(C, P)™
is monic and so Hom(C, P) — Hom(A, P) is epic. Therefore A — C' is a projective
preenvelope. Thus R is a left coherent ring by [7, Corollary 3.11].

(1) < (5) < (6) The proof is similar to that of Corollary 4.3 by [4,
Theorem 1] and letting C = the class of all absolutely pure left R-modules and
D = the class of all flat right R-modules in Theorem 4.1. O

As a consequence of Theorem 4.7, we have

Corollary 4.8. Let R be a ring. Then

(1) Every right R-module has a monic flat adjoint preenvelope if and only if R
is a left coherent ring and rR is absolutely pure.

(2) Every right R-module has an epic flat adjoint preenvelope if and only if R is
a left semihereditary ring.

PrOOF. (1)“=" R is a left coherent ring by Theorem 4.7. Since the
injective right R-module (g R)* has a monic flat adjoint preenvelope (rR)* — F,
(rR)* is flat. Thus gR is an absolutely pure left R-module.

“ «<=" By Theorem 4.7, any right R-module M has a flat adjoint preenvelope
¢: M — F. Since (rR)" is flat, ¢ is monic by Proposition 2.3(1).
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(2)* =" R is a left coherent ring by Theorem 4.7.

Suppose that A is a submodule of a flat right R-module B and i : A — B
is the inclusion. Let ¢ : A — I be an epic flat adjoint preenvelope. Then
A® BT — F ® B" is monic. So Hom(B™*, F*) — Hom(B*, A") is epic. Thus
there exists o : BT — F7T such that i™ = pta. Since i is epic, o is epic.
Hence ¢ is monic. Thus A 2 F is flat. So R is a left semihereditary ring by [14,
Theorem 4.67].

“ <=7 By Theorem 4.7, every right R-module has a flat adjoint preenvelope
¢ : M — F. Note that im(f) is flat by [14, Theorem 4.67]. It is easy to check
that M — im(f) is an epic flat adjoint preenvelope of M. O

We end this paper by giving the existence of absolutely pure adjoint precov-
ers.

Proposition 4.9. Let R be a ring.

(1) If R is left coherent, then every Q/Z-reflexive left R-module has an absolutely
pure (injective) adjoint precover.

(2) If every left R-module has a monic absolutely pure adjoint precover, then R
is a left semihereditary ring.

PRrROOF. (1) Let N be any Q/Z-reflexive left R-module. Then N has an
absolutely pure precover ¢ : M — N by [17, Theorem 4.9]. For any absolutely
pure left R-module A and any homomorphism « : A — NTT, there exists 3 :
A — M making

A
5 -
\L&Nla
L
61\/1 J/‘SN
++
M+ L N

into a commutative diagram. Thus we have
et (6mB) = onpB = dndy o =a.

So o™ : M*TT — NTT is an absolutely pure precover of N**. Thus ¢ : M — N
is an absolutely pure adjoint precover of N by Theorem 3.2(3).

By Lemma 4.6(2), N has an injective adjoint precover.

(2) Let w : M — N be an epimorphism with M an absolutely pure left R-
module. By hypothesis, N has a monic absolutely pure adjoint precover A\: A —N.
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Then 0 - N*T ® M — AT ® M is monic. So Hom(A*, M*) — Hom(N™, M™) is
epic. Thus there exists v : AT — M7 such that 7 = 4AT. Since 7T is monic,
AT monic and so A is epic. Hence N 22 A is absolutely pure. It follows that R is
a left semihereditary ring by [16, Theorem 2]. d
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