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Control systems on the Heisenberg group: equivalence
and classification

By CATHERINE E. BARTLETT (Grahamstown), RORY BIGGS (Grahamstown)
and CLAUDIU C. REMSING (Grahamstown)

Abstract. Left-invariant control affine systems on the three-dimensional Heisen-
berg group are classified under detached feedback equivalence, strongly detached feed-
back equivalence, and state space equivalence. The corresponding controllable cost-
extended systems (associated to left-invariant optimal control problems with quadratic
cost) are also classified. As a corollary, a classification of the left-invariant metric point-
affine structures is obtained.

1. Introduction

Heisenberg groups, in continuous but also discrete versions, play a significant
role in many areas of mathematics, including analysis, geometry and topology, as
well as in mathematical physics. Specifically, invariant structures on the Heisen-
berg groups (or, more generally, Carnot groups) serve as prototypes for various
geometries (see, e.g., [12], [15], [17], [18], [19], [24], [25]). In particular, sub-
Riemannian structures on the Heisenberg groups have been studied by several
authors (see, e.g., [1], [4], [5], [20], [21]). The sub-Riemannian geodesic problem
can be regarded as an optimal control problem (with quadratic cost). In this
way the Pontryagin Maximum Principle is used to obtain first-order necessary
conditions for minimising geodesics of sub-Riemannian structures. In the words
of AGRACHEV and GAMKRELIDZE ([2]) “Even in the classical case of Riemann-
ian geometry, the maximum principle approach to finding geodesics leads to a
final result much simpler and shorter than the traditional method of using the
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Levi—Civita connection.” More broadly, geometric control theory offers a natural
framework for various (variational) problems in mathematical physics, mechanics,
elasticity, and dynamical systems (see, e.g., [3], [11], [16], [22]).

In this paper we investigate invariant control affine systems on the three-
dimensional Heisenberg group. Firstly, the full-rank left-invariant control affine
systems are classified under three natural equivalence relations (detached feedback
equivalence, strongly detached feedback equivalence, and state space equivalence).
Secondly, the controllable cost-extended systems (associated to left-invariant op-
timal control problems with quadratic cost) are classified under cost-equivalence;
this classification is based on the classification of the underlying control systems.
Third and lastly, the classification of the cost-extended control systems is rein-
terpreted as a classification of the left-invariant metric point-affine structures.
(Metric point-affine structures can be viewed as generalizing sub-Riemannian
structures by allowing for point-affine rather than linear distributions.)

2. Preliminaries

2.1. The three-dimensional Heisenberg group. The Heisenberg group Hs
is the only three-dimensional, simply connected, two-step nilpotent Lie group.
One can view this group as the collection of 3 x 3 upper triangular matrices with
ones on the main diagonal, i.e.,

1 To X1
Hs = 0 1 x3|:xy,29,23€R
0 0 1

The Lie algebra of Hg is given by

0 T2 X1
hs = 0 0 x3| =x1F1+29Fs+2a3F3: 21,209,283 €R
0 0 0

and has nonzero commutator relations [Eq, E3] = Ey. With respect to the ordered
basis (E1, Fa, E3), the group of automorphisms is given by

VW3 —v3w2 V1 Wi
Aut(h3) = 0 Vg W2
0 V3 W3

V1, V2, U3, W1, W2, W3 € Rv

VW3 — V3W3 7é 0



Control systems on the Heisenberg group: equivalence and classification 219

2.2. Invariant control systems. Let G be a (real, finite-dimensional, con-
nected) Lie group with Lie algebra g. An (¢-input) left-invariant control affine
system ¥ on G can be viewed as a family of left-invariant vector fields =, = Z(-, u)
on G, affinely parametrized by controls u € R¢. In classical notation, such a sys-
tem is written as

d=2(g,u) =g(A+wi By +---+wbBy), ¢ge€G@G, u € RE.

Here A, Bj,..., By are elements of the Lie algebra g with By, ..., By linearly
independent. The “product” gA denotes the left translation T3L, - A of A € g
by the tangent map of L, : G — G, h — gh. (When G is a matrix Lie group, this
product is simply matrix multiplication.) An admissible control u(-) : [0,T] — R*
is a piecewise continuous map. The trajectory corresponding to an admissible
control u(+) : [0,T] — R’ is an absolutely continuous curve g(-) : [0,7] — G such
that g(t) = E(g(t), u(t)) for almost every t € [0,T]. A system X is controllable if
for any two points go, g1 € G, there exists a trajectory g(-) : [0, 7] — G such that
9(0) = go and g(T) = g1. It is customary to refer to A = Z(1,0) as the drift of
Y. The trace T’ of ¥ is the affine subspace A +T° = A+ (B, ..., By) of the Lie
algebra g. ¥ is called homogeneous if A € TV and inhomogeneous otherwise. 2
has full rank if its trace generates g, i.e., Lie(T') = g. (Full rank is a necessary
condition for controllability.) ¥ is completely determined by the specification of
its state space G and its parametrization map Z(1,-). When G is fixed, we specify
3 by simply writing
> A+UlBl ++’LL[BZ

Let ¥ = (G,Z) and X = (G, E) be left-invariant control affine systems on G
with the same input space R’. Then ¥ and X are detached feedback equivalent
(or DF-equivalent for short) if there exists a diffeomorphism ¢ : G — G and an
affine isomorphism ¢ : R — R’ such that T,¢ - Z(g,u) = Z(¢(g), p(u)) for all
g € G, u € R’. Likewise, ¥ and ¥ are said to be

o strongly detached feedback equivalent (or SDF-equivalent for short) if ¢ :

R — R’ is a linear map

e state space equivalent (or S-equivalent for short) if  : R — R is the identity
map.
In each case, the diffeomorphism ¢ establishes a one-to-one correspondence be-
tween trajectories of ¥ and X. We have the following algebraic characterization
of these equivalences.

Proposition 1 (cf. [6], [9]). Let ¥ and ¥ be two full-rank control systems
on a simply connected Lie group G.
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1. ¥ and ¥ are DF-equivalent if and only if there exists a Lie algebra automor-
phism v € Aut(g) such that - T =T.

2. ¥ and ¥ are SDF-equivalent if and only if there exists a Lie algebra auto-
morphism v € Aut(g) such that ¢)-T'=T and ¢- A = A.

3. ¥ and ¥ are S-equivalent if and only if there exists a Lie algebra automor-
phism 1 € Aut(g) such that ¢ - Z(1,-) = (1, ).

PROOF SKETCH. (2) Suppose ¥ and X are SDF-equivalent. By composing
¢ with an appropriate left translation, we may assume ¢(1) = 1. Hence T1 ¢
E(1,u) = Z(1, p(u)) for u € R®. Thus Ty ¢-T' =T and, as ¢ is linear, Ty ¢-Z(1,0) =
=(1,0). Moreover, as the elements =(1,u) € g, u € R’ generate g and the push
forward (by ¢) of the left-invariant vector fields 2, = Z(-,u) are left-invariant
vector fields, it follows that ¢ is a group isomorphism (see, e.g., [7]). Consequently
T ¢ is the required Lie algebra isomorphism.

On the other hand, suppose there exists ¢ € Aut(g) such that ¢ -T' =T
and v - Z(1,0) = Z(1,0). As G is simply connected, there exists a Lie group
automorphism ¢ such that T3¢ = 1. Furthermore, as ¢ - I' = T, there exists a
unique affine isomorphism ¢ : R — R* such that v - Z(1,u) = Z(1, p(u)). Also,
as ¥-Z(1,0) = £(1,0), it follows that ¢ is linear. By left-invariance (and the fact
that ¢ is an automorphism) it then follows that T, - Z(g,u) = E(¢(g), p(u)).

Proofs for (1) and (3) are similar. O

Corollary 1. If ¥ and ¥ are S-equivalent, then they are SDF-equivalent.
Likewise, if ¥ and ¥ are SDF-equivalent, then they are DF-equivalent.

Accordingly, an SDF-equivalence classification may be based upon a DF-
equivalence classification in the following manner. Let {¥; : ¢ € I} be a list
of DF-equivalence normal forms of control systems on a simply connected Lie
group G (i.e., any system on G is DF-equivalent to exactly one %;). If ¥ is DF-
equivalent to X;, then it is SDF-equivalent to some system X with trace I' = T';.
Hence, in order to find SD F-equivalence normal forms, it suffices to classify (for
each i € I) the systems with trace I';. Furthermore, two systems ¥ and X, both
with trace I';, are SDF-equivalent if and only if there exist ¢ € Aut(g) such that
Ty =T; and ¢-Z(1,0) = Z(1,0). In other words, it suffices to classify the orbits
of the elements A € I'; under the subgroup of automorphisms preserving I';.

Likewise, an S-equivalence classification may be based upon an SD F-equiv-
alence classification. Let {¥; : ¢ € I} be a list of SDF-equivalence normal forms.
If ¥ is SDF-equivalent to ¥;, then it is S-equivalent to some system X with
drift Z(1,0) = Z;(1,0) and trace I' = T';. Hence, in order to find S-equivalence
normal forms, it suffices to classify (for each i € I) the systems with trace T';



Control systems on the Heisenberg group: equivalence and classification 221

and drift =;(1,0). Furthermore, two systems ¥ : A 4+ u; By + -+ + ugB; and
Y : A+ wu By + -+ uBy, both with trace I'; and drift A = =;(1,0), are
SDF-equivalent if and only if there exist ¢ € Aut(g) such that ¢ - I'; = T,
¥ - Zi(1,0) = ;(1,0) and ¥ - B; = By, j = 1,...,{. In other words, it suffices
to classify the parametrizations of the subspace I'? up to composition with an
automorphism % preserving both Z;(1,0) and I';.

2.3. Cost-extended control systems. A left-invariant optimal control prob-
lem may be specified by (i) a left-invariant control affine system ¥ = (G, Z), (ii)
an affine quadratic cost function x : R — R, and (#44) boundary data: g(0) = go,
9(T) = g1, and fixed terminal time 7" > 0. Formally,

g(t) =E(g(t), u(t)), g(-):[0,T) =G, wu(-):[0,T] — R (1)
9(0) =90, 9(T)=g1, 90,01 €G (2)

T
T(u()) = / x(au(t))dt — min 3)

Here x : R — Ryu ~— (u—p)'Q(u—p), p € Rf and Q is a positive definite
¢ x ¢ matrix. To each optimal control problem (1)-(2)-(3), we associate the
cost-extended control system (X, x), where ¥ is the invariant control system (1)
and x is the cost, as given in (3). Each cost-extended system corresponds to a
family of invariant optimal control problems; by specification of the boundary
data (go, g1,7T), the associated problem is uniquely determined.

Two cost-extended control systems (3, x) and (X,%) on G are cost-equivalent
(or C-equivalent for short) if there exists a Lie group automorphism ¢ : G — G
and an affine isomorphism ¢ : RY — R such that T,¢ - Z(g,u) = Z(é(g), ¢(u))
and rxy = Y o ¢ for some r > 0. Cost equivalence establishes a one-to-one corre-
spondence between the associated optimal trajectories, as well as the associated
extremal curves ([10]). The following proposition is easy to prove.

Proposition 2. Two cost-extended control systems (X, x) and (£,X) on a
simply connected Lie group G are C-equivalent if and only if there exists a Lie
algebra isomorphism v € Aut(g) and an affine isomorphism ¢ : R* — R’ such
that v - Z(1,u) = Z(1,¢(u)) and Y o ¢ = rx for some r > 0.

Corollary 2. If (,x) and (X,%) are C-equivalent, then 3 and ¥ are DF-
equivalent.

We say that a cost-extended system (X, x) has homogeneous cost if x(0) = 0.
Any cost-extended system is C-equivalent to one with homogeneous cost (cf. [10]).
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Corollary 3. If (X,x) and (3,%) both have homogeneous cost and are C-
equivalent, then ¥ and ¥ are SDF-equivalent.

The classification of a class of cost-extended systems may be based upon
the classification of the associated control systems. Let {¥; : i € I} be a list
of DF-equivalence normal forms of control systems on a simply connected Lie
group G. Any cost-extended system must then be equivalent to a cost-extended
system (X;, x) for some ¢ € I and some cost x. Note that (3;,x) and (X;,X)
cannot be equivalent unless ¢ = j. Therefore, the classification problem reduces
to finding normal forms of the cost x for each ¥;. Accordingly, we characterize
cost equivalence between cost-extended systems for which the underlying system
is identical.

Let (X, x) and (X,X) be two cost-extended systems (with identical underlying
systems on a simply connected Lie group). Let Ty be the group of feedback
transformations leaving ¥ invariant. More precisely,

Tx = {p € Aff(R®) : 3 € Aut(g), - T =T, ¢ -Z(1,u) = Z(1,0(u))}.

(Here Aff(R?) is the group of affine isomorphisms of R?.) The following result is
easy to prove.

Proposition 3. (3,x) and (X,%) are cost equivalent if and only if there
exists an element ¢ € Tx, such that Y = ry o ¢ for some r > 0.

3. Classification of control systems

A classification of the full-rank (left-invariant control affine) systems on Hs
with respect to DF-equivalence was obtained in [8] (see also [9]).

Theorem 1. Any full-rank system on Hs is D F-equivalent to exactly one of
the systems

YD By + uEs REO0 By + un By
25271) B+ ui By + us E 25271) DBy +ui By 4 ug By
2(370) w1 By + ug By 4+ usEs.

We make use of this result in order to get classifications under (the stronger
equivalence relations) SD F-equivalence and S-equivalence. As described in Sec-
tion 2.2, we base our SDF-equivalence classification upon the above list of DF-
equivalence normal forms. Likewise, we base our S-equivalence classification upon
the list of SDF-equivalence normal forms.
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Type DF SDF S (a,a; #0, v; € R)
(0o
A=E
(L1 Ex+(Es) {0 ’ 10
% = (Es) 01
[0lo o
A=0
(2,0) (Ea, E3) o 0/1 0
% = (B, Es) 0o 1
A B, 0lo 0
0 lla 0
F *<E27E3> 0 0 ]_
[o0lo o
10 «
011 m
110 o
A=E
(2,1) By + (Ey, Es) . 0/1 0
%= (Ep, Bs) 00 a
A= B+ B, 1o o
0 1 (05} 0
%= (s, Bs) 0] 0 a
110 o0 ]
]. 0 (%)
_0 ar Mo
A= E, Ola O
Es + (Eq, Es) 0 110 0
F :<E17E3> 0 O 1
[0]l0 a
110 o
011 m

Table 1. Classification of full-rank control systems
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Type DF

S

o
2
m

~—

(3,0) (FE1, Es, E3)

A=0
% = (Ey, Es, E3)

O OO OO o O o o |~

Q
o = O %
= o O

o

—_
=2
=

O R, O O = O
Q
L

(an)
= O O

0

A=FE
I = (Ey, Es, Es3)

1
0
0

MV — V2Va F 0

Y2Ys — N £ 0

Yo — MY £ 0

71 va O
Y v 0
v 0 1

0 m 73
1 0 O

0 72 M

7 0 M
v 0 7
3 1

A= FE,
I = (Ey, Es, Es3)

0
1
0

YV1Y4 — Y23 £ 0

m 7 0
Y2 v 0
v 0 1

5 — V2V4 F 0:
0 7 73

0 72 M
1 0 O

m 0 %
v 0 7
3 1

_7274 - MY F 0

Table 2. Classification of full-rank control systems (cont.)
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The full classification is exhibited in Tables 1 and 2. For the D F-equivalence
normal forms, we tabulate only the trace I' of the system (as systems with the
same trace are DF-equivalent). Likewise for the S D F-equivalence normal forms,
we tabulate only the drift A = Z(1,0) and direction subspace I'°. The tables are
organised so that the SDF-equivalence normal forms have trace corresponding
to that given in the column for D F-equivalence normal forms. On the other
hand, for the S-equivalence normal forms, a system specified by X : Z?:I a; F; +
Uy 2?21 b, E; + us Zle ¢ B + us 2?21 d; E; is represented as a matrix

a1 b1 C1 d1
az | by ca da
az | bz c3 ds

This representation is also useful in computations as the evaluation v - Z(1,u),
where ¥ € Aut(hs), becomes matrix multiplication. The tables are organised
so that the S-equivalence normal forms have drift and trace (or rather direction
subspace) corresponding to that given in the column for S D F-equivalence normal
forms.

As a typical case, we give a full treatment of the classifications up to SDF-

and S-equivalence only for those systems which are D F-equivalent to 2?’”.

Theorem 2. Let ¥ be a system on Hs.
1. If ¥ is DF-equivalent to 2?’1) : By +ui Es+us Es, then 3 is S D F-equivalent
to either EgZ’l) or E%l) By + FEs +ui By + usEs.

2. If % is SDF-equivalent 252’1), then Y is S-equivalent to exactly one of the
systems
Ea : E1 + u1E2 + ’LL20[E3.

If ¥ is SDF-equivalent to E%’l), then X is S-equivalent to exactly one of
the systems
Y, E1 + By + uia1 Es + ugan Es
Z:)/z,'y . E1 + E2 + U10Z1E3 + UQ(OZQEQ -+ ’)/Eg)
Here o, ay,as # 0,7 € R parametrize families of distinct class representa-
tives.

PROOF. (1) Suppose ¥ is DF-equivalent to Egz’l). We may assume that
the trace I' of ¥ coincides with the trace of 2&2,1), ie, ' = Ey + (Es, E3). The
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subgroup of automorphisms preserving I' is given by

1 0 0
Autp(hg) = 0 wy wol :vg,vz,we, w3 € R, vows — v3we =1
0 V3 ws

If Y : A4 uyEy 4+ upEs has trace T, then ¥ : A + u1 Ey + uoF3 is equivalent to 3
if and only if there exists 1) € Autr(h3), such that ¢ - A = A. As the drift A of 2
is an element of I', we have that A = Fy + a1 F> + as F3 for some ay,a; € R. If

a1 =az =0, then ¥ = ng). On the other hand, if a? + a3 # 0, then

1 0 0
aq as
=10 € Autr(b:
v a?+a3 a?+a3 r(bs)
0 —ao al

and ¢ - A = Eq + Es; hence X is SDF-equivalent to 2522,1). Since ¥ - £; = E; for
any ¥ € Autr(hs), it follows that 2(12’1) is not SDF-equivalent to 2&22,1).

(2) Suppose X is SDF-equivalent to 252’1). Then we may assume that the
trace I and the drift A of ¥ coincide with the trace and the drift of 252’1),
respectively, i.e., ' = Fy + (Fa, E5) and A = E;.

The subgroup of automorphisms preserving both A and T is given by

1 0 O
AUtAI([’)g) = 0 Vg W2 | :V2,V3,Ws, W3 € R, VW3 — Wal3 = 1
0 V3 W3

If ¥ : E1 +wiB + usC has trace T' and drift By, then £ : Ey + w1 B + uoC is
S-equivalent to X if and only if there exists ¢ € Auta r(h;) such that ¢»- B =B
and ¢ - C = C. As (B,C) = (Fy, E3), ¥ has matrix form

110 O
3 0 b2 C2
0 bg C3
where baocg — cobs # 0. We have
1 0 0
C3 —C2

Y= S AutAI(f]g)

bacg —bacy  bacz — bsco
0 —bs b
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and
110 O 110 0
’L/J 0 bg C2 = 01 0
0 b3 C3 00 b2 C3 — b3 Co

Thus ¥ is S-equivalent to X, a = baocg — bgca # 0. We claim that X, is S-
equivalent to X5 only if @ = @. Indeed, if

o = O
o o o
I
o O =
o = O
Rl o ©

for some ¢ € Auta r(hs), then a = @ (this is most easily seen by taking determi-
nants both sides).

Suppose Y is S D F-equivalent to 2(122’1). We may assume that the trace I' of &
is E1 4 (Fs, E3) and the drift A of ¥ is Eq 4+ F5. The subgroup of automorphisms
preserving both A and I is given by

1 0 O
AutA,F(bg): 0 1 wy|:wyeR
0 0 1
Y has matrix form
110 O
by 1 b2 [65)
0 b3 C3
where bgCg*Cng#O. Ifb3:0, then
1o OC 10 o 10 0
v=10 1 _?2 eAutap(bs), | 1|by e |=|1|by 0
00 1 010 ¢ 0] 0 e

and so X is S-equivalent to X, , a; = ba, ag = c3. Likewise if bg # 0, then

1 0 (Z 110 o 110 . 0 .
v=10 1 -2 €Autar(hs), ¥ | 1|by e |=]1]0 _ D263 — G203
bs 01]bs e bs
00 1 s 0| bs c3
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and so Y is S-equivalent to Z’Cﬁw, a1 = bz, an = co — bif’, v = c3. It is not

difficult to show that X, is S-equivalent to X7 only if a = @; similarly Y7 _ is
S-equivalent to Zgﬁ only if @« =@ and v =7%. Since

1 0 O 110 O 110 0
0 1 wy ar 0 = | 1|a w
0 0 1 0 a9 010 Qo
[ 0 0
# | 1| wean Qg+ woy
0] o ¥
for any @y # 0, it follows that X, is not S-equivalent to 37 . O

4. Classification of cost-extended control systems

We now proceed to classify the cost-extended systems on Hsz. We shall con-
sider only those systems which are controllable. A system on the Heisenberg group
is controllable if and only if the direction space I'’ generates bs, i.e., Lie(T°) = b3
([23]). Accordingly, the classification problem reduces to that of classifying the
cost-extended systems associated with the DF-equivalence normal forms 3(2:9),
Ef’l), and %(3.0) (see Section 2.3). However, we prefer C-equivalent normal
forms with underlying system not necessarily being £(2:0), Z:(LZ’D or x(3.0) (see
Remark 1).

Theorem 3. Any controllable cost-extended system on Hs is C-equivalent
to exactly one of the following cost-extended systems

(2(2,0) X(z)) . 5(2’0)(1,u) = u1 By + u2Es3
’ x?(w) = uf +u3

(=20 @) {Egz,o)(l’u) =By +u By +up B3
2 ) .

X3 (u) = uf + 3

(=7 x

Lo »

@) . {E&U(l»u) =Ei+aBy +w By +uzEs
X3 (u) = uf + 3

(2(370) X(3)) : {Eg,O)(l’U) =a1 P+ ally +ur By + us By + uzEs
[e% ’ :

XD (u) = uf +uf +uf.

Here a, a1, 9 > 0 parametrize families of distinct class representatives.
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PROOF. Let (X, x) be a controllable cost-extended system on Hz. ¥ is DF-
equivalent to exactly one of %(2:0), 252,1)’ and 23:0)

Suppose X is DF-equivalent to (9, Then (X, x) is C-equivalent to
(229 ) for some cost xo : u = (u— p) Q(u — p) where @ = [% abz] is

positive definite and u € R2?. The group of feedback transformations leaving
¥ (20) invariant is Tsye.0 = GL(2,R). We have

1
- 0
ay; — 27
Y1 = b 1 S 7;;(2,0)
az24/ Q1 — 82 \ a2

as
and x1 = (xo o p1)(u) = (u— )" (u— ') for some p' € R2. If u/ = 0, then
(%, x) is C-equivalent to (X229, x(2)) (by Proposition 3). Suppose u’ # 0. There
exists a > 0 and 6 € R such that g} = acos@ and p) = asinf. Hence, py =

[acos@ _asinO] c 7-2(2,0) and
T
1 1
OD <u— M) = (w1 = 1)" +us.

asinf «acosf
Therefore (X, ) is C-equivalent to (X(3?) x5) (by Proposition 3). Lastly, it is
easy to show that ¢ = idy, and ¢ : [41] — [“, '] defines a C-equivalence between
(2329 y,) and (Zg’o),x(z)). As ©(20) and 252’0) are not SDF-equivalent (see
Table 3), it follows by Corollary 3 that (29 x,) and (2(22’0),)((2)) are not C-

equivalent.

xal) = =5 (x1 0 2) (1) = (u -

Suppose Y. is D F-equivalent to Zgz’l). A similar argument shows that (X, x)
is C-equivalent to (Ef&l)gg(z)) for some a > 0; moreover, (2(2’1) x?) is C-

l,a
equivalent to (Ef&l),x(?)) only if & =@ (cf. [10]).

)

Suppose ¥ is DF-equivalent to (39 . Then (3, x) is C-equivalent to
(239 xo) for some cost xo : u — (u— p) " Q(u — ), where

ap bl b2
Q= |b1 az b3
b2 bg as

is positive definite and € R3. It is easy to show that the group of feedback
transformations leaving £ invariant is

vaWs — V32 U1 U1 U1, V2, V3, W1, W2, W3 € R? ~
7%;(3,0) = 0 Vo w2 7& 0 = Aut(hg).
VW3 — V3W
0 v w3 2W3 3W2



230 Catherine E. Bartlett, Rory Biggs and Claudiu C. Remsing

We have
—aszby + babs
ekt Al
ajaz — b2
p1=10 1 0 | € Txeo
b1b2 — a1b3 a
ajasz — bg !
and
1 1 0 0
X1 (u) = —5(xo 0 p)(u) = (u - P10 ah 0 (u—p)
! 0 0 aj
for some ah,al > 0,/ € R3. Now
abat, 0 0
Y2 = 0 \/ CL% 0 € 7—2(3 0)

1

and yo(u) = M(Xl o po)(u) = (u— ")

assume pf > 0; if pf < 0, then the feedback transformation

T(u — p") for some p” € R®. We may

-1 0 O
Y= 0 1 0 S 7-2(3,0)
0 0 -1

serves to change its sign. Let ay = pf. There exists ap > 0 and 6 € R such that
uy = ascosf and pf = assinf. Hence

1 0 0
w3 = |0 cosf —sinf| € Tx:.0
0 sinf cosf

and
X3,a (1) = (x2 0 93)(u) = (u1 — a1)® + (uz — az)® + u3.

Thus, by Proposition 3, (,x) is C-equivalent to (3% x5 ,). We claim that
(G0 v34), a,az > 0 is C-equivalent to (239, x34), a1,as > 0 only if
a = a. Indeed, suppose (230 x5 4) is C-equivalent to (239 y3 4). Then
X3,&a = T'X3,a © ¢ for some r > 0 and ¢ € Tg@o). A straightforward but tedious
computation shows that this implies o = @; and as = &». Finally, ¢ = idp,

and ¢ : [zi} — [Z;:g;} defines a C-equivalence between (339 y3,) and

us us

(DISEEVON O
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Remark 1. The choice of normal forms is motivated by making the cost and
parametrization of '’ as simple as possible (parameters are moved to the drift
whenever possible). However, other choices for normal forms are feasible (e.g.,
making the drift and the cost as simple as possible, or taking the system as the
DF-equivalence normal form and leaving all additional parameters in the cost).
For instance, for ay, as > 0, the cost extended system

(ZS70)7X(3)) : {ES,O)(I’ u) = a1E1 + asEs +u1 By 4+ ugEy + usEs

X () = uf +u3 +uj
is C-equivalent to each of the following cost-extended systems

{E(l, 'LL) = U1E1 + U2E2 + 'LL3E3

(u) = (ur — a1)® + (ug — aa)® +u3

>

1 «

5(1711,) = E1 + Eg + 7U1E1 —+ %UQEQ + 7.L3E3
(65) Qg

X(u) = uf +u3 +uj

E(1,u) = E1 + Ey + w11 By + ue By + usE3

4

«

_ 2.9 2.9, .92

x(u) = azui + 22 + u3.
i

5. Metric point-affine distributions

One can associate to any cost-extended system (X = (G, £), x) with homoge-
neous cost a quadruple (G, X, D, g). Here X = £ is a distinguished left-invariant
vector field; D is a left-invariant distribution specified by D(g) = im(Z(g,-) —
X(g)) C T,G; g is a left-invariant Riemannian metric on D specified by g(=, —
X, 2, — X) = x(u). We shall refer to such a quadruple as a left-invariant metric
point-affine structure (or LIMA structure for short). The case when X = 0 cor-
responds to a left-invariant sub-Riemannian structure. Metric point-affine struc-
tures (on low-dimensional manifolds) have been investigated in [14] (see also [13]).

Suppose (G, X, D, g) and (G, X, D, g) are two LiMA structures. A diffeomor-
phism ¢ : G — G is said to be a point-affine isometry if . X = X, ¢.D = D,
and g = ¢*g. It is not difficult to show that if two cost-extended systems are
C-equivalent, then their associated LIMA structures are point-affine isometric up
to rescaling (i.e., g = r¢*g for some r > 0). It turns out that for controllable
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cost-extended systems on Hgs, the converse also holds. We briefly substantiate
this claim below.

Suppose ¢ : H3 — Hs is a point-affine isometry between two LiIMA structures
(Hs3, X, D,g) and (H3, X, D, g) associated to some controllable cost-extended sys-
tems. (Then D and D are bracket generating.) We may assume that ¢(1) = 1 (by
composition with an appropriate left translation). In the two-input homogeneous
case, it then follows that ¢ defines a sub-Riemannian isometry between (Hs, D, g)
and (H3,D,g) and hence ¢ is a Lie group automorphism (as it is an isometry
between Carnot groups, see [17] and also [5]). For the two-input inhomogeneous
case, let (Y7,Y3) be an orthonormal frame of left-invariant vector fields for (D, g).
Let g denote the Riemannian structure on Hz with orthonormal frame (X, Y7, Y3);
similarly, let g denote the Riemannian structure on Hs with orthonormal frame
(X,Y1,Y3), where (Y1,Y3) is an orthonormal frame for (D,g). Then ¢ is an
isometry between left-invariant Riemannian structures g and § on a nilpotent
Lie group and so ¢ is a Lie group automorphism ([25], see also [5]). Likewise,
in the three-input case, we have that D = TH3 and so ¢ defines a Riemannian
isometry between g and g; hence ¢ is a Lie group automorphism. It is a simple
matter to show that if there exists a point-affine isometry (between (Hs, X, D, g)
and (Hs, X, D, g)) which is also a Lie group automorphism, then the associated
cost-extended systems are C-equivalent.

Consequently, by Theorem 3, we obtain the following classification of LIMA
structures.

Corollary 4. Any LiMA structure on Hs, with bracket generating distri-
bution, is point-affine isometric up to rescaling to exactly one of the following
structures

(H3707D(1)7g(1))7 (H37E27D(1)7g(1))7 (H37E1 +aE27D(1)7g(1))va Z 07
(H3, 01 E1 + a2 B2, D, g, ay, a0 > 0.
Here (DW), gM) is the structure admitting orthonormal frame (Es, F3); (D), g(®)
is the structure admitting orthonormal frame (E1, Es, E3).

Corollary 5 (cf. [1], [5]). Any left-invariant Riemannian structure on Hs is
isometric, up to rescaling, to g(®). Likewise, any left-invariant sub-Riemannian
structure on Hs is isometric, up to rescaling, to (D), g(1).
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