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A generalization of (Gajda’s equation on commutative
topological groups

By ZYWILLA FECHNER (Ulm) and LASZLO SZEKELYHIDI (Debrecen)
Dedicated to the memory of Professor Pl. Kannappan

Abstract. In the present paper we deal with the following generalization of the
sine-cosine equation

f i@ty —1) + fole —y + O] dut) = g()h(y)

for complex valued functions f1, f2, g and h defined on a commutative topological group
G, where u is a complex measure defined on G.

1. Introduction

Let G be an arbitrary group. One of the most famous trigonometric func-
tional equations is d’Alembert’s functional equation:

flx+y)+ fle—y)=2f(2)fly), z,yed. (1)

Equation (1), also called the cosine equation, as f = cos satisfies (1) in the real-
to-real case, has been investigated by many authors. PL. KANNAPPAN [4, KAN-
NAPPAN]| considered d’Alembert functional equation if the unknown function is
defined on an arbitrary commutative group and takes values in the field of complex
numbers under certain commutative-type conditionx
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One of the possible generalizations of d’Alembert’s functional equation is
Wilson’s functional equation

g(x+y)+g(r—y)=29)f(y), =zyed. (2)

This is called also the sine-cosine functional equation as g = sin and f = cos is a
solution in the real-to-complex case. It is worth underlining that the main diffi-
culty in solving Wilson’s-type equations is to give a description of the function g.
This is not obvious even in the real-to-real case. One possible method is to use
spectral synthesis. This was discussed in details in [7, SZEKELYHIDI|. For further
discussion of generalizations of cosine and sine equations for unknown mappings
defined on non-commutative groups see [6, STETKZER] and references therein.

Observe that (1) can be written as the convolution of the unknown function
f with a measure:

re(38) @+ 1x(505) @ = F@10) myec,

where d, denotes the Dirac measure concentrated at y. Our aim is to generalize
this equation by substituting the Dirac measure by a — more or less — arbitrary
measure.

In the same manner as for d’Alembert equation we can rewrite equation (2)
as convolution of the unknown function with the Dirac measure, however, this
time we have two unknown functions, namely

s+ (30) @+ g (56) @ =) f@). nyec,

Hence our generalization works in two directions: we have more unknown func-
tions and an “almost” arbitrary measure.
Motivation for this investigation is the following equation:

(f # ) (@) + (f # i) (2) = f(2)f(y), =y€G, 3)

which was introduced and solved by Z. GAJDA in [3, GAJDA] for essentially
bounded measurable functions defined on a locally compact abelian group. Here
Iy, Tesp. fi denotes the translate, resp. the inversion of the measure p. The main
tool used by Gajda was the Wiener Tauberian theorem, and he expressed the solu-
tion as a linear combination of characters of the group with coeflicients depending
on the measure p.
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The next attempt was the investigation of the Gajda-type generalization of
Wilson’s functional equation, namely

(9% py) (@) + (9 % f1y)(2) = 9(2) f(y), =,y€G, (4)

which has been discussed in [1, FECHNER]. In [2, FECHNER] the following equation

(f = py) (@) + (f = i) () = 9(x) f(y), =,y€QG, (5)

has been investigated as a counterpart of (4).
In this paper we shall consider the integral-functional equation

fwx Fy—t)+ oo —y+ Olult) = g@)h(y), z.yeC.  (6)

where f1, fa,9,h : G — C are unknown functions and u is a complex measure
on G, or equivalently, we use the convolution form

(frem(@+y) + (forp)(@—y)=g(@)h(y), =yed, (7)

where f(x) = f(—z) for every = in G, and we have interchanged the roles of g
and h. This equation is a common generalization of (3), (4) and (5).

In the forthcoming paragraphs we shall use the results in [7, SZEKELYHIDI] to
give a complete description of the solutions of (7). The idea is that, by introducing
the functions Fy = f1 # p and Fy = fo % p, we have the functional equation

Fi(x +y) + Fa(x —y) = g(x)h(y), =z,yeG, (8)

where Fy, Fy have similar regularity properties like f; and fo. Having the gen-
eral solution of equation (8) we have to solve the inhomogeneous convolution
equations, which define F} and F5.

We may impose different conditions on the topology of G, on the functions
and on the measure so that the integrals exist. If G is locally compact, then
we suppose that p is a compactly supported Borel measure and the unknown
functions are continuous. In particular, if G is a discrete group, then p is finitely
supported and no conditions on the unknown functions are assumed. If G is an
arbitrary topological group, then p is a Borel measure and the unknown functions
are p-integrable.
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Notation and terminology

For a given function f: G — C, as above, we use the notation

f@) = f(-x), zeG
and 1 1
fol) = 5 (F@) + F@), fule) = 5 (F@) — @)
for each x in G, and we call these functions the even part, and the odd part of f,
respectively. We have, obviously, f = fe + fo.
Let G be a topological group. We call a nonzero function m : G — C an
exponential, if it satisfies

m(z +y) = m(z)m(y)

for each z,y in G. It is easy to see that an exponential never vanishes. A function
a: G — C is called additive, if it satisfies

a(z +y) = a(z) + a(y)

for each z, y in G. For more about exponentials and additive functions see [7,
SZEKELYHIDI]. In particular, we shall use the result, which says that a represen-
tation of a function in the form x — (a(z) + b)m(x) is unique, whenever m is
an exponential, a is additive and b is a complex number (see [7, SZEKELYHIDI],
Lemma 4.3, p. 41). It follows that functions of this form are linearly dependent
if and only if they have the same exponential, and the corresponding a(z) + b
factors are linearly dependent.

We shall deal with functions T : G — C, which are constant on the cosets of
the subgroup 2G. Such functions we will call 2G-periodic. Obviously, 2G-periodic
functions are even. In particular, an exponential is 2G-periodic if and only if it is
even. If G is 2-divisible, that is G = 2G, then 2G-periodic functions are constant,
2G-periodic additive functions are identically zero, and 2G-periodic exponentials
are identically 1.

If v is a measure on G with the property that the exponential m is integrable
with respect to p, then we use the notation

ftm) = [ .
This is the standard notation used for the Fourier—Stieltjes transform, which is the

restriction of /i to the dual of G (see e.g. [5, RUDIN]). We note that convolution
is defined in the usual manner

(f 1) (x) = j F—t) du(t),

whenever it exists.
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2. Solution of equation (8)

In this section we describe the solutions of the functional equation (8) using
the results of [7, SZEKELYHIDI, Section 11].

Theorem 1. Let G be an abelian group and let Fy,F5,g,h : G — C be
functions satisfying the functional equation (8) for each x, y in G. Then the
functions F' = Fy + F5, and H = F| — F; satisfy the functional equations

F(z+y) + F(z —y) = 29(2)he(y), (9)
and

H(z +y) — H(z —y) = 29(x)ho(y) (10)
for each x, y in G.

PROOF. Substituting y by —y in (8), and then adding, resp. subtracting the
new equation to, resp. from (8) we obtain (9), resp. (10). O

First we describe the solutions of (9).

Theorem 2. Let G be an abelian group and let F, g, h : G — C be functions
satisfying the functional equation

F(z+y) + F(z —y) = 2g9(z)he(y) (11)

for each x, y in G. Then we have the following possibilities:
i) F(z) = y(am(z) + fm(~x))
g(x) = am(x) + fm(—z)
he() = 3 (m(x) +m(~2)).
i) F(z) = (a(z) + aB)mo(x)

o(0) = | 3ale) + 5| mole)
he(z) = amo(x), a#0

iii) F(z) =0, g(x) =0, h = arbitrary function

iv) F(z) =0, g = arbitrary function, h = arbitrary odd function
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for each x in G, where «, [, v are complex numbers, v # 0, a : G — C is an
additive function and m, mg : G — C are exponentials with m # ™ and mg = hy.
Conversely, any functions with the given properties satisfy the functional equation
(11). If; in addition, G is a topological group, F' # 0, and g # 0 is continuous,
then F', a, m are continuous, too. If G is a locally compact abelian group, F' # 0
and g # 0 is measurable, then a, m, F', g, h. are continuous.

PROOF. The last two cases are obvious, so we suppose that F' # 0. By The-
orem 11.1, p. 97 in [7, SZEKELYHIDI], it follows that F' has one of the following
forms:

i) F(z) = am(z) + fm(—x),

ii) F(x) = (a(z) + b)ymo(z)
for each = in G, where «, (3, b are complex numbers, a : G — C is an additive
function, m, mg : G — C are exponentials, further m # m and mg = mg. As F
is nonzero, hence h.(0) # 0, which implies that ¢g has the same form with some
different constants, and as g is nonzero, hence the same holds for h.. Substitution
of the given expressions for F', g, he into (11) and renaming the constants we
obtain our statement.

The regularity statements follow immediately from Lemma 5.5 and Theo-
rem 5.10 in [7, SZEKELYHIDI]. O

Now we describe the solutions of (10).

Theorem 3. Let G be an abelian group and let H, g,h : G — C be functions
satisfying the functional equation

H(z +y) — H(z —y) = 2g(x)ho(y) (12)
for each x, y in G. Then we have the following possibilities:
i) H(x) = aym(z) — Bym(—z) + T(z)

9(x) = am(z) + fm(—xz), ho(z) = %(m(w) —m(=z)),

ii) H(z) = (a(z) + b)mo(z) + T'(z)

o) = Tmo(a), ho(x) = aa(a)mo(x)
i) H(z) = T(x), g(z) = 0, h = arbitrary function,
iv) H(z) = T(z)

g = arbitrary function, h = arbitrary even function
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for each x in G, where «, (3, v are complex numbers, o # 0, a : G — C is a
nonzero additive function, m, mg : G — C are exponentials, m # 1, mg = Mg,
further T': G — C is a 2G-periodic function. Conversely, the functions given
with these properties satisfy the functional equation (11). If, in addition, G is a
topological group and g, h, # 0 are continuous, then a, m, my are continuous,
too. If G is a locally compact abelian group and g, h, # 0 are measurable, then
a, m, mo, g, h, are continuous.

PROOF. Similarly, like in the proof of the previous theorem, the last two
cases are obvious, so we suppose that H, g, h, # 0. Then, by Theorem 11.2 in [7,
SZEKELYHIDI|, we have that H has one of the following forms:

i) H(z) = am(z) + Bm(—z) + T(z),

i) H(z) = (a(z) + b)mo(z) + T(x)
for each x in G, where «a, 8,b are complex numbers, a : G — C is an additive
function, m, mg : G — C are exponentials, further m # r and my = g, and
finally T : G — C is a 2G-periodic function. As g and h, are nonzero, hence
they have the same form with some different constants. Substitution of the given
expressions for H, g, h, into (11) and renaming the constants yields the statement.

The regularity statements follow immediately from Lemma 5.5 and Theo-
rem 5.10 in [7, SZEKELYHIDI]. O

Now we are in the position to describe all solutions of the functional equa-
tion (8).

Theorem 4. Let G be an abelian group and let Fy,F5,9,h : G — C be
functions satisfying the functional equation (8) for each x, y in G. Then we have
the following possibilities:

i) Fi(z) = aym(z) + Bém(—x) + T'(x)
Fy(z) = adm(z) + fym(—z) — T(x)
g(x) = am(x) + fm(—x), h(x) =ym(z) + dm(-x)

(_
(_

1) Fie) = 5(a(e) + af + 7)mo(x) + T(a)

Fy(e) = 5(a(z) + B = 7)mo(x) - T(2)

iii) Fi(z) = %(a(m) +af 4+ vy)mo(z) + T(x)
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Filw) = 3 (a(x) + af — )mo(z) ~ T(a)

o10) = | 2ala) + 8| mofa), 1o = amola)

iv) Fi(z) =T(x), Fa(x)=-T(z), g(x)=0

h = arbitrary function

v) Fi(z) =T(x), Fa(x) = -T(x)
g = arbitrary function, h(z) =0

for each x in G, where «, (3, v, § are complex numbers, (o # 0 in (ii) and (iii)),
a : G — C is a nonzero additive function, m,mg : G — C are exponentials, with
myg is even, m # 1, and T : G — C is a 2G-periodic function. Conversely, the
functions given with these properties satisfy the functional equation (8). If, in
addition, G is a topological group and g,h # 0 are continuous, then a, m, mg
are continuous, too. If G is a locally compact group and g,h # 0 are measurable,
then a, m, myg, g, h are continuous. If G is 2-divisible, then T is constant and the
given regularity properties hold for Iy, Fy, too.

PRrROOF. By Theorem 2 and Theorem 3, we know the possible forms of F' =
Fy + F; and H = F| — Fy, further

1 1

The point is that in the formulas given for F' and H in Theorem 2 and Theorem 3
the function g is the same. We have to pair the cases given in Theorems 2 and 3 in
such a way that g has the same form given in the two cases. In the following part
of the proof we go through all possible pairings of the cases in the two theorems
above.

In the first case we consider Case (i) in Theorem 2 and Case (i) Theorem 3,
so that we have

g(x) = am(x) + Bm(—2z) = o'm/(z) + B'm/(—2)

for each z in G, where «, 8,0/, 3’ are constants, m, m’ are exponentials and
m # m, m' # m’. By the linear independence of different exponentials we have
that in this case m = m/, or th = m/. By symmetry, we may suppose that
m = m’, hence a = o and 8 = . It follows that in the formulas for F' and H
we have the same m, that is

Fi(z) = aym(z) + fom(—z) + T(x)
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Fy(z) = adm(z) + fym(—x) — T(x)

g am(z) + pm(—x)
h(z) = ym(z) + dm(—z)

for each = in G. Here «, B, v, § are arbitrary complex numbers, m is an ex-
ponential and T' : G — C is a 2G-periodic function. This is Case (i) in our
statement.

Now we pair Case (i) in Theorem 2 with Case (ii) in Theorem 3. In this case
we must have § = 0 and m = m = myg, by the linear independence of different
exponentials. However, m # m in Case (i) of Theorem 2, hence this pairing is
impossible.

Pairing Case (i) in Theorem 2 with Case (iii) in Theorem 3 gives g = 0,
hence a = § = 0, that is F; + F5 = 0, which gives immediately our Case (iv)
above. Finally, pairing of Case (i) in Theorem 2 with Case (iv) in Theorem 3
yields Case (i) in our statement with § = v = 14/, where 7/ denotes the constant
from Theorem 2 case (i).

Pairing Case (ii) in Theorem 2 with Case (i) is impossible: by independence
of exponentials we have m = 1h = mg but m # m in Case (i) of Theorem 2.
Pairing Case (ii) in Theorem 2 with Case (ii) in Theorem 3 gives Case (ii) above.
Pairing Case (ii) in Theorem 2 with Case (iii) Theorem 3 gives Case (iii) in our
present theorem. Finally, pairing Case (ii) in Theorem 2 with Case (iv) Theorem 3
gives Case (iii) above with v = 0.

Pairing Case (iii) in Theorem 2 with Case (i), with Case (iii), or with Case
(iv) in Theorem 3 results in Case (iv) above, and pairing Case (iii) in Theorem 2
with Case (ii) in Theorem 3 is impossible.

Pairing Case (iv) in Theorem 2 with Case (i), resp. with Case (ii) in Theo-
rem 3 gives Case (i), resp. Case (ii) above. Finally, pairing Case (iv) in Theorem 2
with Case (iii) in Theorem 3 gives Case (iv) above, and pairing Case (iv) in The-
orem 2 with Case (iv) in Theorem 3 gives Case (v) above.

Paring Case (v) in Theorem 3 with any of cases in Theorem 2 we obtain case
(iv) above with T' = 0.

Paring Case (vi) in Theorem 3 with case (i), resp. (ii) in Theorem 2 we
obtain case (i), resp. (ii) above. Paring Case (vi) in Theorem 3 with case (iii),
resp. (iv) in Theorem 2 we obtain case (iv), resp. (v) above with T' = 0.

It is a simple calculation to check the in all cases listed above the given
functions are solutions of the functional equation (8). Finally, the regularity
statements are consequences of the previous theorems. ([l
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3. Solution of Gajda-type equations

In this section we apply our results to the functional equation

J[f(ﬂf +y—t)+ flz—y+1)]dut) = f(2)k(y), (13)

which is a special case of (6) with the choice f = f; = fo = g and k = h. For the
existence of the integral in (13) we can use different assumptions on the group G,
the measure p and the unknown functions f, k. Equation (13) was studied in
[1, FECHNER] on locally compact abelian groups with the assumption that f, h
are essentially bounded Haar measurable functions and p is a regular bounded
complex Borel measure. For the moment we assume that G is an abelian group,
further the measure ¢ on G and the functions f, k are such that the above integral
exists for each z, y in G. For instance, this is the case if G is a topological abelian
group, p is a compactly supported Radon measure on G, and f, k are continuous
functions.
Our idea is to apply Theorem 4. Using the notation of Theorem 4 we have

Fr=fxp, Fo=fsp g=f h=k

Obviously, we may suppose that f # 0. In addition we suppose that k # 0, too.
Then we have three possibilities given by Theorem 4.
In the first case

f(x) =ym(z) + dm(—z), Ek(x)=am(z)+ pm(-2x), (14)
and, by the form of F; and F5, we have

arm(z) + Bom(—a) + T(x) = fi(m)m(z) + 5f(m)m(—z),
further

adm(z) + fym(—x) — T(x) = yp(m)m(—=z) + Sj(m)m(z).
Here «, 3, v, § are complex numbers, where at least one of v and § is nonzero,
m is a non-even exponential, and 7" is 2G-periodic. Using the fact that m and m
are linearly independent, substitution into (13) gives the following necessary and
sufficient condition for f, k is a solution:

vi(m) = avy,  yi(m) = By
op(m) = ad, di(m) = Bé.
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By the condition on v, §, we infer a = fi(m) and 8 = i(/). In this case we have
T = 0, which is 2G-periodic and f, k is a solution of (13). We note that f, k of
the form obtained in this way is a solution also in the case, when m is an even
exponential, as it is easy to see.

In the second case of Theorem 4 we have

@) = amafe). ko) = | sata) + 8| maa), (15)

and, by the form of I, and F5, we have

| 3a@) + (a8 + )| mole) + T(@) = ama(e)rmo)

further

2

Here «, 3, v are complex numbers, where « is nonzero, my is an even exponential,
and T is 2G-periodic. Substitution into (13) gives that a = 0 and 8 = 2[i(my).
In this case T is 2G-periodic, hence we have a solution. However, this solution is

[1a(x) + %(aﬁ - 7)] mo(z) — T(x) = amo(x)fi(mo).

included in the first case with mg = m = m, and o = v + 4.
Finally, in the third case of Theorem 4 we have

1
f(z) = [aa(m) + B] mo(x), k(z) = amg(z), (16)
and, by the form of F; and F5, we conclude
1 1
[ 3000+ 308 +) | mo(a) + 70
1 . - 1
= Ea(m)mo(:v)u(mo) + Bmo(2)fi(mo) — Emo(x) a(y)mo(y)du(y),
further
1 1
—§a(i€) + 5(045 — )| mo(z) — T'(x)
1 ~ ~ 1
= —Ea(fﬂ)mo(ff)#(mo) + Bmo(x)(mo) + amo(x) a(y)mo(y)du(y).
Here «, (3, v are complex numbers, where « is nonzero, my is an even exponential,
and T is 2G-periodic. Substitution into (13) gives the following necessary and
sufficient condition for f, k is a solution: a = 2fi(mg). In this case the two
equations for T hold true and T is 2G-periodic. It follows that in this case we

have a solution if and only if fi(mg) is nonzero for some even exponential my.
We can summarize our results on the equation (13) in the following result.
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Theorem 5. Let G be an abelian group, u a measure on G, and let f k :
G — C be nonzero functions such that the integral in (13) exists for each x, y
in G, further (13) holds. Then we have the following possibilities

i) f(x) =ym(z) + dom(—x), k(z) = p(m)m(z) + @(m)m(—z)
for each x in G, where m is an exponential, and -y, are complex numbers.

1
. k(z) = 27
) = | grmyae) + 5| ma(o). - k(e) = 20m0)male)
for each x in G, where my is an even exponential with fi(mg) # 0, a is an additive
function, and (8 is a complex number.

i) f(@) = ym(z) + om(—z), k(z) = pa(m)m(x) + fi(m)m(—z)
for each x in G, where m is an exponential, and =, are complex numbers.

i) fuw=Lm;w«m+ﬁ}mux k(x) = 20(mo)mol(z)

for each x in G, where my is an even exponential with [i(mg) # 0, a is an
additive function, and § is a complex number.

Conversely, the functions f,k given above are solutions of (13), whenever the
given conditions are satisfied. If G is a topological group, and f or k is continuous,
then a, m and mg are continuous, too. If G is locally compact, and f or k is Haar
measurable, then f, k, a, m, mqg are continuous. If f or k is essentially bounded
and Haar measurable, then a = 0, f, k, m, mqg are continuous, moreover m, mg
are characters of G.

We note that the regularity statements follow from the above results, or
directly from Lemma 5.5 (p. 48) and Theorem 5.10 (p. 51) in [7, SZEKELYHIDI].

In a similar way we can obtain the more general solutions of equation (5),
that is

JU@+y—w+f@—y+ﬂMMO:k@V@% ryeG,  (17)

Our preliminary assumption for the computations below is again that G is an
abelian group, further the measure p on G and the functions f, k are such that
the above integral exists for each z, y in G. Interchanging x and y and using the

notation

Flzf*/jf7 F2:f*u7 g:k7 h:f

we apply Theorem 4 again to get the following result exactly in the same way as
above.
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Theorem 6. Let G be an abelian group, u a measure on G, and let f k :
G — C be nonzero functions such that the integral in (17) exists for each x, y in
G, further (17) holds. Then we have the following possibilities

) f(x) = afi(m)m(z) + afitm)m(—z), k(z) = pi)m(z) + fm)m(-z),

for each x in G, where m is a non-even exponential, and « is a non-zero
complex constant.

if) (@) = 2afi(mo)mo(z), k(x) = 2ji(mo)mo()

for each x in G, where mg is an even exponential with [i(mg) # 0, and « is
a non-zero complex constant.

Conversely, the functions f, k given above are solutions of (17), whenever the
given conditions are satisfied. If G is a topological group, and f or k is continuous,
then m and mg are continuous, too. If G is locally compact, and f or k is Haar
measurable, then f, k, m, mq are continuous. If f or k is essentially bounded
and Haar measurable, then f, k, m, mqg are continuous, moreover m, mg are
characters of G.

Observe that in case of equation (17) no additive function appears in the final
form of the solution. The reason is that the function g and h being the solution
of (8) described in Theorem 4 cannot have simultaneously the same additive
component.

The above results cover also the previous research mentioned in the intro-
duction. In the case of Gajda’s equation (3) we have f = k and the solution has
the form

f(@) = p(m)m(z) + p(m)m(—z)

for each z in G, where m is an arbitrary exponential.
In the case of d’Alembert’s equation (1) the formula reduces to

as in this case p = %50, hence

Am) = 5 [ m(-y)dba(y) = 5m() = 5.

and similarly fi(r) = 4.
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