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Discrete generalized Wirtinger’s inequalities

By LASZLO LOSONCZI (Debrecen)

Abstract. Let n, k be fixed natural numbers 1 < k < n. We study the following
generalized weighted discrete inequalities of Wirtinger type:

ol Y pilail* < Orjlay £l < 8L D pilal?
j=0 J

j=0
where xo,x1,...,T, are arbitrary complex numbers, po,pi1,...,pn and r_g,..., 7o,
Tlyee.yTn,..., ntk are given positive weights, ai), 53? are constants and either the

+ or the — sign has to be taken. i = 1,2, 3,4 indicates the type of the summation, for
example

n
2 2 2 .
E @il £ zin]? = E rilz; £ zjpk|” with £pp1 =+ = Ty = 0.
J Jj=0

Our aim is to find the best constants a(j:), ﬂg).

The weighted versions with positive sign, shift k = 1 and ¢ = 2,3 were studied by
G. V. MILOVANOVIC and 1. Z. MILOVANOVIC [9], the unweighted versions were studied
by the author [6].
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1. Introduction

A version of Wirtinger’s inequality (see e.g. [5], p. 184-187) states that if
x,2' € L?0, 7], (0) = x(7) = 0, then

/ 22(t)dt < / 22 (t) dt
0 0
unless z(t) = Asint.

Fan, Taussky and ToDD [4] studied discrete analogs of Wirtinger’s inequal-
ity. They found the best constants S in the inequalities

n
> (@ —wj11)* = B> 2] (1)
J Jj=0
where xg,x1,...x, are arbitrary real numbers and the summation on the left
hand side goes from 0 to n — 1, or from 0 to n with z,41 = 0, or from —1 to
n with x_y = x, = 0. They also considered inequalities similar to (1) where
on the left side the first differences z; — 241 are replaced by second differences
Tj—2Tj41 + Tjta.

REDHEFFER [11] gave elementary proofs for some of the inequalities (1).

G. V. MiLovaNovi¢ and 1. Z. MILOVANOVIC [9] considered the weighted
versions of (1) and their reverse inequalities by determining the best constants a,

8 in
n n
@) pia; <Y riley — )’ <B Y piad
=0 7 =0

where xg,x1,...%, are arbitrary real numbers pg, p1,...Pn; T—1,70,71,- - - Ty are
given sequences of positive numbers and the sum in the middle term varies ac-
cording to the boundary conditions for the sequence (x;).

The author [6] determined the best constants ag), 6? in

n n
ol Dl F <D0 Oy il < Y (2)
=0 j =0
where n, k are fixed natural numbers with 1 < k < n, xg,z1,...,x, are ar-

bitrary complex numbers and the summation ) j () involves four possibilities
(i=1,...4). Some related results can be found in [7].

In the above papers the best constants were the smallest and largest eigenval-
ues of suitable multi diagonal matrices. Concerning this see RUTHERFORD [12],
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[13]. ALZER [1] gave short elementary proofs for some of the Fan-Taussky—Todd
inequalities and their converses.

LUNTER [8] used discrete Fourier transform technique to prove some inequal-
ities of Fan—Taussky—Todd involving second differences and also obtained some
generalizations.

The aim of this paper is to extend the results concerning (2) to the weighted
case.

2. Weighted Wirtinger’s inequality with special weights

Let n, k be fixed natural numbers 1 < k& < n. We study the following
generalized weighted discrete inequalities of Wirtinger type:

n n
(1) 2 i 2 (4) 2
oY il <Y Drglay £’ < BY D bl (3)
J=0 J =0
where xg,x1, ..., x, are arbitrary complex numbers, pg,p1,-..,pn and 7_g, ..., 7o,
T1y--sTn,..., ntk are given positive weights, ozg:), ﬁg) are constants and either

the + or the — sign has to be taken.
The upper index i = 1,2, 3,4 of the summation sign indicates the type of the

summation
n—k
E 1 2 _ E 2
( )T‘j|£Cj + xj+k| = ’I‘j|ﬂ§j + Ij+k| y
J 7=0
n
2 2 2 .
Y Orjlay aynl =D rjley £ apsl? with @y = = 20q =0,
J j=0
n
3 2 2 :
E ()Tj|l'j:tl'j+k| = E Tj‘xj ixj+k| with xik:...:xilzo
- —t
! / = Tp41 = = Tnitk,
n—k
4 2 2 :
E ()Tj|xjimj+k| = E Tj‘xj ixj+k| with x,k:-~~:x,1=0.
J j=—k

It is easy to see that apart from the notation of the variables the cases i = 2 and
i = 4 are the same. Thus we shall consider only the cases i = 1,2,3. Our aim
is to find the best constants o&), @. They depend on n, k and the weights. In
this section we consider the dependence of the best constants on n, k, thus, if

needed, we use the notation ai) (n, k), (ii)(n, k).
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For instance consider the unweighted inequality with n = 10, k = 3, ¢ = 3
implying that r_3=L_9=T_1= 0= T11 = 12 = X13 and — sign

10

o (10,3) 3" [a? < [wof? + a? + wal? + o — w3 + w1 — w4 + w2 — a5
j=0

+ |23 — x6]? + |24 — 272 + |25 — 28|% + |26 — T0|? + |T7 — 210/
10

+ |as|? + o2 + |210[? < 8P (10,3) Z E21
j=0

With division 10+ 1 =3¢+, 0<r <3 we get ¢ =3, r = 2. Let

To = Up, T3 = U1, Te = U2, T9g = U3
T1 = Ug, Tg = U5, T7 = Ug, T10 = U7

Tg = us, T5 = Ug, Tg = U10- (4)
With these new variables our inequality can be written as

o™ (10,3) (fuol® + fua]* + gl + sl + ual* + s + o] + fur[?
+ |us|? + Jug|* + uro]?)
< Juol® + luo — ua|* + fur — ual® + fua — uz|® + |ua|® + fual® + |us — us?
+Jus — uel” + |ug — ug|? + [ur[* + |us|? + [us — ug|* + |ug — wro]* + uol?
< B (10,3) (fuol® + fa]* + izl + sl + fual* + s + o] + fur[?
+ Jus|? + Jug|® + [uro]?).
We can see that with the new variables inequality (3) is decomposed into the sum
of three inequalities of the same type ¢ = 3 with 4, 4, 3 variables and shift 1. In

these inequalities the best constants are o) (3,1), a@(B, 1), a® (2,1) on the left
side and the corresponding beta on the right side. This implies that

o (10,3) = min{a? (3,1),0?(2,1)} = a®(3,1) = o (FO] ’ 1>
89(10,3) = max{8Y (3,1), 87 (2, 1)} = 8V (3.1) = (m ’ 1>

as clearly ag)(n, k) is decreasing 6? (n, k) is increasing in n.
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This method works (essentially with the same proof as above) in the un-
weighted case. Therefore, if p; = r; = 1 for all possible indices then we have for
1=1,2,3

o= ([2]1). A= ([2])
In the weighted case this method works only if "T'H is an integer and the weights

pi, ;i satisfy certain proportionality conditions.

Theorem 1. Let n, k be fixed natural numbers with 1 < k < n, let "T'H =q
be an integer, further p; (i = 0,...,q), r;, (i = —1,0,...,q) be arbitrary given
fixed positive weights satisfying the conditions

pj+ik:::C(j)pi Iszoaak_17lzov7q_l

Tjik = c(J)Ti if 7=0,...,k—1;4=-1,0,...,q—1 (5)
where ¢(j) (j = 0,...,k — 1) are arbitrary positive numbers (i.e. the weights
Dj+ik, Tj+ik for j = 0,...,k — 1 are proportional with the given weights p;, r;,

the numbers ¢(j) being the proportionality factors). Then for the best constants
in the inequality

o (n. k)Y pilai? <7 Orjlay £yl < B (0, k)Y pilzi2 (6)
Jj=0 J Jj=0

we have
o=l ([7].1).  Aom =52 ([7].1) "

where ag)([%} , 1), 5$)([%], 1) are the best constants in the inequality
(%] (%]

ag) ([%} ’1) ij|ajj‘2 < Zj: (i)'l"j|1‘j + 33j+k|2 < ﬁ(iz) ([%} 71) jz:;)pj|xj|2-

7=0
ProOF. Introducing new variables us by

U =i if =0,....,r=1,4=0,....¢
G(g+1)+i = Tj+ik :T,-~-ak—1;i:O,...,q—1,

(6) is decomposed into the sum of k inequalities of ¢ = [%] variables with shift 1.

Due to (5) the jth inequality can be obtained as the first one multiplied by ¢(j).
Therefore (7) holds. O
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3. The general case and its reduction to eigenvalue problem
Let y; = /pjx; and

n
(y.2) =Y u%
=0

be the inner product in the complex unitary n 4+ 1—space for vectors
Y=o, yn)T, 2= (20,...,2,)". Then the middle term of our inequality (3)
changes to
_ Tj
JiYj+r + — |yj+k|2>
Pji+k

S0 (2 gt
yil= = Yilj+k £
: pi 0 Pk VPiPi+k

J

Writing this sum as an inner product (M®y,y) with suitable (n + 1) x (n + 1)
three-diagonal matrices M) (i = 1,2,3) inequality (3) yields

oQllyl? < (MPy,y) < 80y (8)

Assuming n + 1 — 2k > 0 the matrix M® is of the form

ds) to
)y
to d”
t1 dgclll
ds)_kﬂ ] tnfk+1
dslk _ tnfk
d) i
tn—k dg)
where the elements
=t (j=0,...,n—k),

VPiPj+k
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in the side diagonals do not depend on i. The entries m%) (j,1=0,1,...,n) of
M are
t if j=1l+k 1=0,...,n—k

it t; ifl=j+k j=0,....n—k
dV i 1=j, j=0,....n

where the elements in the main diagonal are given by

] if j=0,... k-1,
P
T+ Tk
dél): STk if j=Fk,...,n—k, ifn+1—%k>0,
Pj
Ti—k po.
e if j=n—k+1,...,n,
pj
it =0, n—k
P
d" =10 if j=n—k+1,... k-1, ifn+1—k<O0,
LT R
pj
i if j=0,... k-1,
PO R
R N s e
———— if j=k,...,n,
Pj

a® — {W if 5=0,....,n
J Dj
Let now A be an Hermitean matrix of order n+1 with eigenvalues Ag < A1 < ... A,
and let zg,2z1,...,2, be the corresponding eigenvectors.

It is known (see e.g. [2]) that then the inequality

Xollyll* < (Ay,y) < Aallyll? 9)

holds for every vector y in the complex unitary n + 1-space. Equality on the left
side of (9) occurs if and only if y = 0 or y is an eigenvector corresponding to Ao
(if Ao < A1, then y is a scalar multiple of zg). Similarly equality occurs on the
right hand side of (9) if and only if y = 0 or y is an eigenvector corresponding
to Ap.

Thus the best constants ai), ﬁii) in (3) are the minimal and maximal eigen-
values of M.
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4. Eigenvalues and eigenvectors of three-diagonal matrices

The aim of this section is to find the eigenvalues and eigenvectors of three-
diagonal matrices of the form

Ug to

Uk —1
to Uk

tq Uk+1

Un—k tn—k

Unp—k+1

tn—k Un,

where t = (to,...,tn—k), = (ug,...,u,) and we assumed that n+ 1 — 2k > 0.
Let n+1=kq+r (0 <r < k) and rearrange both the rows and columns of
the matrix M (u — e, t) where e = (1,...,1) in the order of indices

0,k,2k,....qk; LLE+1,2k+1,...,qk+1; ...;
r—Lk+r—12k+r—1,....,gk+r—1 (10)

rok+r,2k+r,. .., (¢—Dk+rr+Lk+r+1,2k+r+1,...,(¢—Dk+r+1;...;
k—1,2k—1,3k—1,...,(q— Dk +k— 1. (11)

(10) contains r groups of ¢+ 1 indices while (11) has k — r groups of ¢ indices. If
r = 0, the group (10) is empty and all indices are contained in (11). We used the
same rearrangement to introduce new variables in the proof of Theorem 1. The
rearrangement (10), (11) is not new, it has been applied by the author in [7] and
much earlier by EGERVARY and SzASZ [3].

It is easy to see that the rearranged matrix is of the form

Ao(A)

Ap_1(N)
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where for 0 < s < r — 1 the matrices As(\) are (¢ + 1) x (¢ + 1) three-diagonal
matrices of the form

Us—A ts 0 0 0 0 0
ts Ukgs—A Thts 0 0 0 0
0 thts U2k4s—A tok+s 0 0 0
0 0 tok+s Usk4s—A 0 0 0
0 0 0 0 o ta-2)kts Ug-Dk+s ™A ta-Dk+s
0 0 0 0 . 0 t(g—1)k+s Ughts—A

while for r < s < k —1 Ag(\) are g X g three-diagonal matrices of similar form
(in the above formula ¢ has to be replaced by g — 1).

From (12) it follows that the determinant D(A,u,t) of the matrix M(u —
Ae, t) can be obtained as

k—1
D\ u,t) = [ det As(N).
s=0

Fors=0,...,r—1;j=0,...,gand s=r,...,k—1;5=0,...,qg — 1 define
the sequence of polynomials P; ; by

R@,O()‘) =1, Ps,1(>\) = Us — >‘a
Ps,j-&-l()‘) = (U'jk-i-s - /\)PSJ(/\) - t%j—l)k+3PS,j—1(A) (J =12,... 7Q)~

We claim that

(13)

det As(A) = Py g+1(A) if 0<s<r—1,

(14)
det As(N) = Ps 4(N) if r<s<k-1

Denote namely the left upper j x j (1 < j < ¢+ 1) subdeterminant of the matrix
Ag(XN) by P j(M). Then P, 1(\) = us — A. Expanding Ps 2(\) by the last column
we can see that the recursive formula in the second line of (13) holds for j = 1,
if we set Pso(A) = 1.

Expanding the left upper j x j subdeterminant by its last column we can
easily prove the recursive formula in the second line of (13) by induction. Thus
(14) is justified.

Theorem 2. The eigenvalues of the matrix M (u,t) are the zeros of the
polynomials

Fogt1, Prgras- - Proigrns Prgy Proigs oo Pro1g-
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PROOF. Our statement follows from (14). O

To formulate the next result we introduce the notations

In={0,¢g4+1),(1,g+1),...,(r—1,9g+ 1)},

Il :{(TaQ)>(7’+17Q)7-~-a(k_17Q)}a
I=1Iy,Ul.

It is clear that I is exactly the set of indices of the polynomials in Theorem 2.

Theorem 3. Suppose that toty -« - t,— # 0 and the eigenvalue A of M (u,t)
is such that
P, j(A\) =0 for (s,5) € J(N),

P j(\)#0 for (s,5) €I —J(\)

for some non-empty subset J(X\) of I. Then the components of the eigenvectors
y = (yo,...,yn)T corresponding to \ are given by

P, ;(NCs for j=0,...,q f (s,q+1) € J\) NIy,

0for j=0,...,q f (s,q+1)e (I —JN)N I,

P, ;(MCs for j=0,...,q—1 if (s,q) € J(A\) NI,
£

(15)

Yjk+s =
0for j=0,...,q—1

where Cy are arbitrary constants.

PROOF. The eigenvectors of M (u,t) corresponding to A\ are the solutions
y = (Yo,---,yn)T of the equation

M(u— e, t)y =0. (16)

Rearranging the system (16) in the order of (10), (11) we can see that it decom-
poses to the systems
ANys=0 (0<s<k—1) (17)

where

Ys = Us: Yntss - > Yqhts) " if 0<s<r—1,

Vs = (ys7yk+sa'~'7y(q71)k+s)T if TSSSk—l
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The detailed form of (17) for 0 < s <r —11is

(us = N)ys + tsyprs =0

tsys + (Ukts — N)Yrts + troysyarts =0
: (18)

t(q—2)k+sy(q—2)k+s + (u(q—l)k+s - )‘)y(q—l)k—i-s + t(q—l)k—l—squJrs =0

t(q—l)k+sy(q—1)k+s + (uqurs - )\)quJrS =0.

From the first and second equation of (18) we get that

1 1
Yk+s = _?[us - A]ys = _; 871(/\)y87

S S

1
Y2k+s = — [(uk-i-s - )‘)yk-i-s + tsyS]
k+s
1 1
- - |:('U/k+s - >‘) <_> Ps,l()‘)ys + tsPs,O()‘)ys
tk:—i—s ls
1 1 )
=) [(hys = A)Ps 1 () = t5Ps o(N)] ws
s k+s

1 1
=(—-—— ——— | Pso(N)ys.
< t8>( tk+8> 872( )ys
By induction

1 1 1
s =(—— ) (- o ———— ) PV
Ykt ( ts)( tk+s) ( t(jl)k+s> Ny

J=1,...,¢; s=0,...,7r—1). (19)

Substituting y(g—1)k+ss Ygk+s from (19) into the last equation of (18) and multi-
plying the equation obtained by (—1)%tstg1s ... tg—1)k+s We get

21y Pog 1) + (ks = N Pog(V)] s = 0.
By (13) the expression in the bracket is exactly Ps ¢4+1(A) hence

Ps,q+1(/\)ys = 0.

If (s,qg+1) € J(A\)N Iy then Ps ¢11(A\) = 0 hence y, = C} is arbitrary and by (19)

Yjkts = (-j) (- ! ) (—1> Py(Nys=Poy(NCs (=0,....q)

Uits LG—1)k+s
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where C, are new arbitrary constants. If (s,q +1) € (I — J(A)) N Iy then
P 4+1(N) # 0 hence ys =0 and

1 1 1 ,
Yjk+s = (—> (— ) (—> P, i(Nys=0 (j=0,...,q).
ts tk+s t(j—l)k—i—s

We can prove the second part of (15) in a similar way. O

5. The main result

Our main result is the consequence of Theorem 2 and Theorem 3. Corre-
sponding to the entries of our matrix M we have to modify the definitions of
the polynomials P ;. Let the numbers ¢;, dg-l) defined at the end of Section 3.

Replacing in the definition (13) Ps ; by PS(ZJ) and u, by d we get

Ps(,lg(k) =1, Ps(,ll)()‘) :vgi) — A

(20)

(i) (i) (i) (i) ;
Ps7j+1()‘) = (Ujk+s - A)Ps,j (A) — t%j—l)k+sPs,j—1(/\) G=1...,9).
Theorem 4. Let n, k be fixed natural numbers, 1 < k < n; n+1 =
kq+r (0<r<k),poy...,pn and r—p,...,7_1,70,71,...,Tntk be given positive

numbers. The inequalities

o> pilas? <3 Drglay ka2 < 8D pylay)? (21)
J=0 J Jj=0
for i = 1,2,3 with + or — signs hold for every complex (n + 1)-vector x =
(20, ...,2,)T. For the best constants a(iz), ﬂ(il) we have
aﬁ) = Ol(j) = Amin

BY = Y = Amax
where Apin and Aynax are the smallest and the largest zeros of the polynomials
P PO PO PO R (22)
(defined by (20)). Equality holds on the left hand side of (21) if and only if

X = (¥(Amin), P) 5
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equality holds on the right hand side of (21) if and only if

X = <y(/\maﬂc)7 p> )

L #) and the components of the vectors y(Amin) and

T U |
¥ (Amaz) can be obtained from (15) replacing Ps; by PS(Z) and X\ by Apin and

where p = (

Amaz respectively.

It is remarkable that the best constants do mot depend on the sign =+ in

the middle of our inequality. This is true since the + signs appear only in the

components of t but these components are always squared in the definition of PS(Z)

6. Examples
Using (7) for the unweighted case and some results of Fan—Taussky—Todd [4]
we can get a simpler proof of theorem 4 of the author [6].
Corollary 5. Let n, k be fixed natural numbers, 1 < k < n. The inequalities
o (k) D fasf* < 30 Dl g ul < B (s ) 3l
=0 j =0

for i = 1,2,3 and with + or — signs hold for every z; € C (j =0,...,n). The
best constants are given by

1 1
a;)(n,k):o, S_L)(n,k:):llcos2 CY N ([%]+1),
(2) .2 ™ (2) 2 ™
ay’(n, k) sin 5 (2[%] m 3), By’ (n, k) cos 2 3
(3) k) = 4sin? 71' (3) k) = 4 cos? T .
ay’ (nyk) sin 5 ([%] n 2), T (n, k) cos 5 ([% +2)

Corollary 6. Let n, k be fixed natural numbers, 1 < k < n and ”TH =q be
an integer. Let r; =i+ 1 (i =0,...,q) and suppose that

Ttk =c(f)ry if j=0,...,k—1;i=0,...,¢—1,

where ¢(j) (j = 0,...,k — 1) are arbitrary positive numbers. Then the best

constants agi (n, k), B (n, k) in the inequality

n n
P k) Y P <3 Orglay 2 < B (k)Y JzP (23)
j=0

Jj=0 J
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are the minimal and maximal zeros of the the polynomials

n

w1 o

Linji (V) +

where L,, is the Laguerre polynomial of degree n defined by

iG-Sl )

.7'-
=0 J:

Proor. Consider first the case i = 2, k = 1 with p; = 1, r; = j + 1,
j=(0,...,n). The matrix Ag(\) in (12) (with t; = j + 1, u; = v\*) = 2j +1
j=1(0,...,n)) has the form

1—-X =1 0 0 0 0
+1 3-X £2 . 0 0 0
0 +2 5-X ... 0 0 0
: : : . : : : (24)
0 0 0 ... +2n-3)—-A +(n-1) 0
0 0 0 t(n-1) 2n—1-A +n
0 0 0 0 +n 2n+1-A\
(]

Lemma 7. For the principal minors Pé?j)()\) of order j of the matrix (24)
we have
PN =1L, (G=1,...,n+1). (25)
PrOOF. If we set PO(?O)(/\) =1, we see that P()(,2j)<>‘) satisfies (13), i.e.

P(E,QO ()‘) =1, PO(21)()‘) =1-A,

2 . 2 .5 (2 .

Bl (V) = 25+ 1= NP = P50 (1 =1.2,...,n).
Comparing this with the recurrence relation satisfied by the Laguerre polynomials
L; (see e.g. [14] p. 101, (5.1.10))

Lo(A) =1, Li(A\)=1-=A,

(] + I)LJ-‘rl(}‘) = (2.7 +1-— /\)LJ(A) _ij—l(A) (.] = 1727 s ,’I’L),
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we see that multiplying the last equation by j! the recurrence equations for P(E?j)
and j!L; are identical, hence (25) holds.

In the case i =1, k =1 withp; =1, r; = j+1, (j =0,...,n) the matrix
Ao(A) in (12) (with t; = j+1,u; = v{") = 2j+1 (j = 0,...,n~1), u, = v} = n)
is the same as the matrix (24) except that the last element of the main diagonal
changes from 2n + 1 — A to n — A. Thus for the principal minors Pé’lj)()\) of order
j of the modified matrix we have

PO =1L, (G=1.....n)
P () = (n = NEDO) — 2B ().

From the last equation applying the recursion formula nL,_1 = (2n+1—\)L,, —
(n+1)Lpt1 we get

Po(,lrzﬂ(/\) = (n—MnlL,(A) = n*(n — 1)!L,_1(A)
=n=MnL,(A\)—n![2n+1=XN)L,(A\) — (n+ 1)Lpi1(N)]
n—1

= D Lpp1(A) + ——
(n+ D! L) +

Ly ()
Applying this, Lemma 1 and Theorem 1 we get the best constants in (23) if
i = 1,2, completing the proof of Corollary 2. ([

For i =3 with r;, =i+ 1 (i = —1,0,...,q) the positivity requirement of the
weights r; is not satisfied. However for ¢ = 3 formally we get exactly the same
inequality as for ¢ = 2, thus the best constants are the same as for ¢ = 2.

We remark that results related to Corollary 2 were found by G. V. MiLO-
vANOVIC and T. Z. MILOVANOVIC [9], (Corollaries 1 and 3 corresponding to our
cases k = 1 with negative sign, ¢ = 1 and i = 2 respectively).
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