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Hardy’s inequality and Hausdorff operators
on rearrangement-invariant Morrey spaces

By KWOK-PUN HO (Hong Kong)

Abstract. We generalize the Minkowski inequality, the Hardy-Littlewood—-Pdlya
inequalities and the Hardy inequalities to rearrangement-invariant Morrey spaces. We
obtain these results by extending the notion of Boyd’s indices to the rearrangement-
invariant Morrey spaces. Our method also applied to establish the boundedness of
Hausdorff operators on rearrangement-invariant Morrey spaces.

1. Introduction

The main theme of this paper is the extension of several classical and im-
portant inequalities to Morrey type spaces. More precisely, we generalize the
Minkowski inequalities, the Hardy—Littlewood—Pélya inequalities, the Hardy in-
equalities and the Hilbert inequalities to Morrey spaces built on rearrangement-
invariant Banach function spaces.

The Hardy inequality plays an important role in analysis. For instance, it
is related to the studies of partial differential equations, interpolation theory and
theory of function spaces. For a more complete account on the generalizations
and applications of Hardy inequalities, the reader is referred to [13], [18], [43].

In particular, the Hardy inequalities had been generalized to several function
spaces used in analysis such as the Lorentz—Karamata spaces [13], [43] which
include the Lorentz spaces, the Lorentz—Zygmund spaces and the generalized
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Lorentz—Zygmund spaces. Furthermore, for the study of the Hardy inequalities on
rearrangement-invariant Banach function spaces, the reader is referred to [9], [36].
In this paper, we aim to establish the Hardy inequalities on Morrey spaces
built on rearrangement-invariant Banach function spaces. The classical Morrey
spaces were introduced by MORREY [38] to study the solutions of quasi-linear el-
liptic partial differential equations. Since the introduction of the classical Morrey
space, it provides an important research direction on the theory of function spaces
and partial differential equations, see [12], [23], [25], [26], [28], [41], [44], [48].

For the classical Morrey space, it is built on Lebesgue spaces. Recently, the
classical Morrey spaces have been extended to Morrey spaces associated with non-
Lebesgue spaces. In [21], [42], [45], several important results in harmonic analysis
such as the boundedness of maximal operator, the singular integral operators and
the fractional integral operators had been generalized to Orlicz—Morrey spaces.
Similarly, we also have the Sobolev type embedding for the Morrey—Lorentz spaces
in [22]. For the studies of Morrey spaces built on general function spaces, the
reader is referred to [20], [24].

The Orlicz spaces and the Lorentz spaces are members of rearrangement-
invariant Banach function spaces (r.i.B.f.s.). Therefore, in this paper, we study
the Hardy inequalities on the Morrey spaces built on rearrangement-invariant
Banach function spaces. We call it rearrangement-invariant (r.-i.) Morrey spaces.
In fact, the r.-i. Morrey spaces were already studied in [19].

To establish the Hardy inequalities in r.-i. Morrey spaces, we follow the
approach given in [18]. We first extend the Hardy—Littlewood—Pdlya inequalities
for integral operators to r.-i. Morrey spaces and, then, the Hardy inequalities and
the Hilbert inequalities are consequences of these inequalities.

Notice that we obtain our results by extending the notion of Boyd index to
r.-i. Morrey spaces. The notion of Boyd index was introduced by BoyD in [3], [4],
[5], [6] for the study of operators on r.i.B.f:s., see [2, Chapter 3, Theorems 5.16
and 5.18]. Roughly speaking, the Boyd index is used to measure the quantitative
behaviours of the dilation operators on r.i.B.f.s.

Even though the classical Boyd index was defined for r.i.B.f.s. only and r.-i.
Morrey spaces is not necessary a r.i.B.f.s., we can extend the notion of Boyd’s
index to Morrey type spaces by studying the operator norms of dilation operators.

Our method is not only applied to Hardy’s inequalities. We find that we can
also apply our method to study the Hausdorff operator on r.-i. Morrey spaces.

The study of Hausdorff operators recently provides several research direction
for the operator theory and the theory of function spaces. It is impossible to give
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a detail review here. the reader is referred to [1], [7], [8], [10], [15], [27], [29], [30],
[32], [33], [34], [40], [47] for the studies of Hausdorff operators.

In this paper, our method to establish the Hardy inequality for r.-i. Morrey
spaces can also apply to the boundedness of the Hausdorff operator on r.-i. Morrey
spaces. We find that the boundedness of the Hausdorff operator is related to the
mapping properties of the dilation operator on r.-i. Morrey spaces. That is, it is
related to the Boyd index.

This paper is organized as follows. In Section 2, we introduce the r.-i. Mor-
rey spaces and study the mapping properties of the dilation operator on r.-i.
Morrey spaces. In Section 3, we establish the Minkowski inequalities, the Hardy—
Littlewood—Pdlya inequalities, the Hardy inequalities and the Hilbert inequalities
to r.-i. Morrey spaces. At the end of this paper, we apply our method to gener-
alize the boundedness result of the Hausdorff operator to r.-i. Morrey spaces in
Section 4.

2. Definitions and preliminaries

In this section, we first recall the definition of rearrangement-invariant Ba-
nach function spaces. Then, we introduce the r.-i. Morrey spaces and study the
mapping properties of the dilation operator on r.-i. Morrey spaces.

For any z € R™ and r > 0, let B(z,r) = {y € R" : |z — y| < r} and
B = {B(z,r):z €R", r>0}.

For any ¢t € (0,00) and r > 0, let I(t,r) = {s € (0,00) : |t — s| < r} and
I={I(t,r):te(0,00), >0}

Let M(R™) and Lo (R™) denote the space of Lebesgue measurable functions
and the space of locally integrable functions on R™, respectively.

For any f € M(R™), let

prA) = [{t € (0,00) - [f(H)] > A}, A=0

denote the distribution function of f. Two functions f,g € M(R") are said to be
equimeasurable if
1rN) = 1N, VA > 0.

We recall the definition of rearrangement-invariant Banach function space
(ri.B.fis.) from [2, Chapter 1, Defintions 1.1 and 1.3].

Definition 2.1. A Banach space X C M(R") is said to be a rearrangement-
invariant Banach function space on R™ if it satisfies
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1) Iflx=0 < f=0ae,

2) lgl < flae. = llgllx < Ifllx,

@) 0 fut fae = |fallx TIflx,

(4) xg € M(R") and |E| < o0 = xp€ X,

(5) xg € M(R") and |E| < oo = [, |f(t)|dz < Cp| f|lx, Vf € X for some
Cg > 0.

(6) If f and g are equimeasurable, then || f||x = ||g||x.

We recall the definition of associate space from [2, Chapter 1, Definitions 2.1
and 2.3].

Definition 2.2. Let X be a r.i.B.f.s. The associate space of X, X' consists
of all Lebesgue measurable function f such that

I =sup{| [ fatorie] g€ X allx <1} < .

We use the dilation operator Dy with s < 0 for the study of the Hausdorff
operators, therefore, we slightly modify the definition given in [35, Volume II,
Definition 2.b.1].

Definition 2.5. For each s € R\{0} and for any Lebesgue measurable function
f on R™, let D, be the dilation operator defined by

(Dsf)(x) = f(z/s), x€R"
The Boyd indices of a r.-i.B.f.s. X on R™ are the numbers defined by

nlog|s| ) nlog|s|

N T 01 Tog [ D]

s>1 log ||Ds|| ’
where ||D;|| is the operator norm of the linear operator, Ds : X — X.

We have 1 1 1 1
— + =1 and +—=1 (2.1)
Px ax: px qx

The Lorentz—Luxemburg theorem [2, Chapter 1, Theorem 2.6] and [2, Chap-
ter 1, Lemma 2.8] yield the following lemma.

Lemma 2.1. Let X be a r.-i.B.f.s. Then the norms || f|x and

Iler =sup{| [ sOatorat]: g € X' gl < 1]

are mutually equivalent.
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We are now ready to introduce the rearrangement-invariant (r.-i.) Morrey
space.

Definition 2.4. Let X € M(R") be a ri.B.f.s. on R” and u(y,r) : R” x
(0,00) = (0, 00) be a Lebesgue measurable function. The rearrangement-invariant
Morrey space M%(R™) is the collection of all f € M(R™) satisfying

||fHM;(Rn) = sup ||XB(y,7-)fHX < 00. (2.2)

yER™, >0 u(ya 7“)

Similarly, we also define the rearrangement-invariant Morrey spaces on the inter-
val (0,00), M%(0,00), with the set of balls B replaced by the set of intervals I
on (2.2).

When 1 < ¢ <p<oo, X =LYR") and u(z,r) = |B(J;,r)|37%, MY (R™) is
the classical Morrey space MP(R").

Notice that M¥%(R™) is not necessarily rearrangement-invariant. That is,
whenever f and g are equimeasurable, | f|[asu(rn) is not necessarily equal to
llgll My (re)- On the other hand, for simplicity, we use the abused terminology
“rearrangement-invariant Morrey space” to name M¥(R™).

Lemma 2.2. Let X be a r.i.B.f.s. on R™ and u(y,r) : R" x (0,00) — (0, 00)
be a Lebesgue measurable function. Suppose that there exist ay, 5, € R such
that u satisfies

u(y/s,r/s) < Cos™"*u(y,r), foralll<s< oo (2.3)
u(y/s,r/s) < Cos "Puu(y,r), forall0<s<1 (2.4)
for some Cy > 0, then, for any p < px and gx < q there exists C' > 0 such that
D4 fllarg @y < ClEP ="\ fllarg @y, for all 1 < |t] < oo, (2.5)
1Dt fllarg @y < ClEa ™| fllarg @ny,  for all 0 < [¢] < 1. (2.6)
PRrROOF. For any 1 < [t| < oo and B(z, R) € B, we have
IXB(m) D fllx = 1De(XB 10,5710 )l x -
According to Definition 2.3 and (2.3), we obtain

u(z/[t], R/[t]) 1
uGB) Gl Ry e i

1
———IxB:,r) De fllx =

u(z, R)
< W/t BT

u(z, R) DNl arge memy < CPEP [ f | arg my-
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By taking supremum over B(z, R) € B on the left hand side of the above inequal-
ity, we establish (2.5). The proof for (2.6) is similar, therefore, for simplicity, we
skip the details. O

We call ;,1& and ;,15 in (2.5) and (2.6) the Boyd indices of MY (R™).

These are generalizations of the notion of Boyd’s index to r.-i. Morrey spaces.

For instance, when X = L*(R") and 1 < s < ¢t < oo and u(z,r) =
|B(z,7r)|* %, we have px = qx = s and a, = 8, = % — % Moreover, the p
and ¢ in (2.5) and (2.6) can be taken to be s. Therefore, both of the Boyd indices
of the classical Morrey space M!(R™) are equal to t.

Furthermore, whenever s = ¢, M!(R") is the Lebesgue space L'(R™). Thus,
our Boyd indices reduce to the Boyd indices for Lebesgue spaces defined in [35,
Volume II, Definition 2.b.1].

We have the analogue of Lemma 2.2 for M¥% (0, c0).

In the next section, we apply the above result to extend those classical in-
equalities such as the Minkowski inequalities and the Hardy inequalities to r.-i.
Morrey spaces.

3. Minkowski’s inequality and Hardy’s inequality

In this section, we extend the Minkowski inequalities, the Hardy—Littlewood—
Pélya inequalities and the Hardy inequalities to r.-i. Morrey spaces. Roughly
speaking, the Hardy-Littlewood—Pdlya inequalities and the Hardy inequalities
are consequences of the Minkowski inequalities and Lemma 2.2. Furthermore,
as another application of the Minkowski inequalities, we also obtain a mapping
properties for the Mellin convolution on r.-i. Morrey spaces.

We first establish the Minkowski inequalities on r.-i. Morrey spaces.

Theorem 3.1 (Minkowski’s inequality). Let p be a signed o-finite Borel
measure on R. Let f(x,s) be a Lebesgue measurable function on R™ x R. Let X
be ar.iB.fs. on R™ and u(t,r) : R™ x (0,00) — (0,00) be a Lebesgue measurable
function. We have

| e, o < [ 07C g ordinl (3.1)

ProoF. For any B(z, R) € B, write

h(z) = XB(Z,R)(JS)/Rf(x,s)du.
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Let g € X’ with ||g||x- < 1. Fubini’s theorem yields
| ls@n@las< [ [ xaem@la@Is . oldulds

<c / X0 ()F G )l xdlul.

By taking supremum over those g € X’ with ||g||x» < 1, Lemma 2.1 gives

[xsem [ seau] < [ Ixnem@eld.

Consequently,
et [ e <¢ [ e m () lxdl
u(z, R) (=R [T x = Jpu(z, R)"EER ’

<€ [ 17, larg el
for some C > 0 independent of z € R™ and R > 0. Therefore, by taking supreme
over B(z, R) € B on the left hand side of the above inequality, we obtain (3.1). O

Particularly, the Minkowski inequality is also valid on M% (0, 00). In the rest
of this section, we apply the Minkowski inequality on M% (0, 00) to extend some
classical inequalities in analysis to M¥%(0, 00).

For any Lebesgue measurable functions f, g, the Mellin convolution of f
and g is defined by

M e ds
¥ o = / F(t/)a() %

As an application of Minkowski’s inequality on M%(0,00), the following
presents a property of Mellin convolution on M¥% (0, c0).

Theorem 3.2. Let X be a r.iB.fs. and u(t,r) : (0,00) x (0,00) — (0,00)
be a Lebesgue measurable function satisfying (2.3) and (2.4). If g is a Lebesgue
measurable function satisfying

o'} 1
/ s%_o‘“_1|g(s)|d8 —|—/ s%_ﬁ“_1|g(s)\ds < o0
1 0
for some p < px and qx < q, then,

M
1f % gllare 0,000 < Cll Sl arz 0,00)

for some C' > 0.
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PrRoOF. By the Minkowski’s inequality, we have

e d
1 dhrgiom = | [ 100510002
0

e ds
< [ 1D Aol 2
M (0,00) 0 $
In view of (2.5) and (2.6), we have

00 1
M 1 g 1g,—
I1f* gllarg 0,000 < Cllfllarg 0,00) </ sP 1|9(5)|ds+/ si 7 19(5)|d=9>
1 0
< O fllarz 0,00)

for some C' > 0. O

By using the idea of the proof from Theorem 3.2, we can also generalize
the Hardy-Littlewood—Pdlya inequalities. These inequalities offer the mapping
properties of some integral operators on M¥ (0, 00) [18, Theorem 319].

Theorem 3.3. Let X be a r.i.B.f.s. with 1 < px < gx < oo and u(t,r) :
(0,00) x (0,00) — (0,00) be a Lebesgue measurable function satisfying (2.3)
and (2.4).

Let K(-,-) be a Lebesgue measurable function on (0,00) x (0,00). If K
satisfies

(1) K(As, M) = ALK (s,1),
@) [~ |K(v,1)\v_é+ﬁ“dv + fol | K (v, 1)|v_%+a“dv < oo for some p < px and
ax < g,

then, the linear operator

TH() = /OOO K (s,1)f(s)ds

is bounded on M¥% (0, c0).
PROOF. Let v = s/t. We have

() < / Kt )| (Do ) (1) 0 = / K (0, 1)[[(D1 /0 £)(8)]do.

Applying the norm |- || arx (0,00) o0 both sides of the above inequality, Theorem 3.1
yields

1T F st 0.00) < / 1K (0, DD o )l ar (0,00 -



Hardy’s inequality and Hausdorff operators on rearrangement-invariant... 209

For the p and ¢ given by Item (2), (2.5) and (2.6) guarantee that

e 1
1T Fllarg 0.00) < CllF Iz 0.00) (/ K (v, 1)|075+6“dv+/ |K (v, 1)|vp+0‘udv)
L 0
< C|f1lag (0,00)

for some C > 0. Hence, T is bounded on M¥ (0, c0). O

We now apply the Hardy—Littlewood—Pdlya inequalities to extend the Hardy
inequalities to M¥ (0, c0).

Theorem 3.4 (Hardy’s Inequality). Let X be a r.i.B.f.s. with 1 < px <
gx < oo and u(t,r) : (0,00) x (0,00) — (0,00) be a Lebesgue measurable function
satistfying (2.3) and (2.4).

(1) If

1
14+, > —, (3.2)
Px

then .
T =1 / £(s)ds

is bounded on M% (0, c0).
(2) If
1

e Bu; (3.3)

SF(t) = /too @ds

is bounded on M¥% (0, c0).

then

PROOF. Let K(s,t) = t71xg(s,t) where E = {(s,t) : s < t}. It satisfies
Item (1) of Theorem 3.3.
Since 1 < px and 1 + a, > P%’ there exists a 1 < p < px such that

14y > % > I%X. Hence, for any g > qx, we have

L) 1 L
/ ‘K(U,1)|v_%+6udv+/ |K(’U,1)|”U_%+a"dv — / U_%'i‘audv
1 0 o

U—%+au+1

1

—%—i—au—i—l

0
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According to Theorem 3.3, we find that

I T fllarz 0,00) < ClIflarz (0,00)-

To establish the boundedness of the operator S, let K(s,t) = s 'xg(s,t)
where F = {(s,t) : s > t}. It also satisfies Item (1) of Theorem 3.3. Similarly, we
have a ¢ > gx such that 5, < % < q%' Hence, for any p > px, we have

oo 1 00
/ | K (v, 1)|v7%+ﬁ"dv —I—/ | K (v, 1)|v7%+°‘"dv = / vty < oo,
1 0 1
Thus, Theorem 3.3 concludes that

1S £l ar 0,00) < Clfllarz 0,00)
for some C' > 0. O

For instance, when X = LP(0,00), 1 < p < co and u = 1, M¥ (0, co) reduces
to LP(0,00). We have px = gx = p and «,, = 8, = 0. Therefore, the conditions
(3.2) and (3.3) become 1 < p < oo and 1 < p < oo which are the well known
conditions for the classical Hardy inequalities [14, Corollary 6.21].

As a special case of the previous theorem, we have the Hardy inequality for
the classical Morrey spaces MP (0, 00).

Corollary 3.5. Let 1 < ¢ < p < 0.
(1) If 1 < p < oo, then

1 t
I [ s < CUFOllg 0.0 (3.4
0 Mg (0,00)
(2) If 1 < p < o0, then
|7 <clrlgom. (35)
t MP(0,00)

PrOOF. Let X = L%(0

o0) and u(z, R) = |I(Z,R)|%7%, we find that px =
gx =qand a, =f, = ¢ — 5. T

% herefore, when 1 < p < co, we have
1 1 1 1
l4ay=14+-—->-=—.
a9 p 49 DPx
We are allowed to apply Theorem 3.4 to obtain (3.4).
Similarly, when 1 < p < oo, we have qix = % > % — % = By Thus, Theo-
rem 3.4 yields (3.5). O
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According to the above corollary, we see that even those the index g comes
from the Lebesgue space L?(0, 00) which is used to built M¥(0, 0o) but the validity
of the Hardy inequality does not rely on ¢. It relies on the other index p from
u(z, R) = |I(z,R)\%7%. For example, the inequality

1 [

is invalid but we do not have the Hardy’s inequality on L!(0, co).
Theorem 3.4 extends the results in [9, 36] to the r.-i. Morrey spaces. We also

< C”f(t)”Mlp(O,oo)? 1< p < o0,
MP(0,00)

have the generalization of Hilbert’s inequality on M¥ (0, co).

Theorem 3.6 (Hilbert’s inequality). Let X be a r.i.B.f.s. with 1 < px <
gx < oo and u(t,r) : (0,00) x (0,00) — (0,00) be a Lebesgue measurable function
satisfying (2.3) and (2.4). If

1 1
1+a,>— and B, <—,
pPx ax

o= [,

then

is bounded on M¥% (0, c0).

PROOF. Let K(s,t) = (s+t)~!. It obviously fulfills Item (1) of Theorem 3.3.

Moreover, there exist ¢ > gx and p < px such that
1 1 1 1
l+a,>->— and (B, <-<—.
p  px q 4gx

Therefore, we have
o0 1 1 1
/ (1 +v) twa Pegy + / (14+v) to st dy
1 0

o0 1 1 1
< / v TPty +/ VTP Ty < 0.
1 0

Hence, Theorem 3.3 assures the boundedness of T" on M¥(0, 00). O

In particular, we have the Hilbert inequality on the classical Morrey spaces
MP(0,00). If 1 < g <p < oo, then

/0 f(s) dH < ClFOarg 0,00

tt s llmz(,00)
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4. Hausdorff operator

In this section, we study the boundedness of the Hausdorff operator on r.-i.
Morrey spaces on R™. There are many results on the boundedness of Hausdorff
operators on several important function spaces arising in harmonic analysis. For
instance, we have the boundedness of the Hausdorff operator on Lebesgue spaces,
Hardy spaces and the spaces of bounded mean oscillation in [1], [7], [8], [10],
[15], [27], [29], [30], [32], [33], [34], [40], [47]. The Hausdorft operator is also an
extension of the study of the Cesédro operator [16], [39], [46].

We begin with the definition of Hausdorff operator associated with a signed o-
finite Borel measure. For any signed o-finite Borel measure p on R, the Hausdorff
operator associated with y is given by

Hf(a) = [ fto)int), o e

The adjoint operator of H,, is defined as

mif@) = [ 1S /dute), = e R

We now ready to establish the mapping properties of the Hausdorff operator
and its adjoint operator on r.-i. Morrey spaces. We present a notation related
to the measure p. Let a,b € R. For any signed o-finite Borel measure 1 on R™,

lbos = [ el + [ el
[t]<1 [t|>1

Theorem 4.1. Let X be a r.i.B.f.s. on R" with 1 < px < qx < oo and
u(y,r) : R™ x (0,00) = (0,00) be a Lebesgue measurable function satisfying (2.3)
and (2.4).

(1) If there exist p < px < qx < q such that

write

”ﬂ”—%+nau,—§+nﬁu, < 00,
then

||Huf||M;(R") < C‘|#H—%+nau,—%+nﬂu||f||M;‘((Rn)
for some C > 0 independent of i and f.
(2) If there exist p < px < qx < ¢ such that
”U”%—nﬁu—n,%—nau—n < 00,
then
IH fllare @) < Cllpll 2 —npu—n,2 —now—nllfllag @
for some C > 0 independent of 1 and f.
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PRrROOF. In view of the Minkowski inequality for M%(R™), we find that
1, flasgny < [ 1D efllarg oyl

sc( [ rEreapo - [ |t|3*"ﬁ“du|<t>)||f|M;<Rn)
[t]<1 [t]>1

< OHU”—%-&-nau,—%+nﬂu ”fHM;‘( (R™)

for some C' > 0 independent of p and f.
Similarly, we have

VT L ar ey < / D0l oy [E1 el 1)

<o [ _wErrenauo - [ o)1 g
[t]<1 [t1>1

< Cllpll2—ngu—n,2—nau—nllfllag @e)
for some C > 0 independent of u and f. O
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