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On projectively related spherically symmetric Finsler metrics

By XIAOHUAN MO (Beijing) and XIAOYANG WANG (Beijing)

Abstract. Spherically symmetric metrics and Randers metrics form two rich clas-
ses of Finsler metrics. In this paper, we find an equation that characterizes pointwise
projectively related spherically symmetric metrics. Some applications are given. In
particular, by using known spherically symmetric metrics, we produce a lot of Randers
metrics of quadratic Weyl curvature which are non-trivial in the sense that they are not
of Weyl type.

1. Introduction

Two Finsler metrics on a manifold are said to be (pointwise) projectively
related (projectively equivalent in an alternative terminology in [2]) if they have
the same geodesics as point sets.

For an example, consider the Funk metric F' on the unit ball B C R" given by

_ VIR = (2PlyP — (2,9)%)

(z,y)
F =
(:'L.7y) 1 _ |x‘2 + 1 _ |"L'|27

(1.1)

where y € T, B” ~ R™. Then F' is pointwise projectively related to the standard
Fuclidean metric. Metrics of this type are called projectively flat. More generally,
Shen and Yu proved that two Randers metrics are projectively related if and only
if the corresponding Riemannian metrics are projectively related and they have
the same Douglas tensor [15]. A simple equation along geodesics for pointwise
projectively related Einstein metrics has been obtained by SHEN Z. [16]. Similar
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results on pointwise projectively related (a,)-type Finsler metrics have been
discussed in [20], [17], [1], [4].
The Finsler metric in (1.1) satisfies

F(Az, Ay) = F(x,y)

for all A € O(n), i.e., the orthogonal group acts as isometry group of F' [18], [13].
Such metrics are called spherically symmetric Finsler metrics (or orthogonally
invariant Finsler metrics in an alternative terminology, see [6]).

Recently, the study of spherically symmetric Finsler metrics has attracted
a lot of attention. The classification of projective spherically symmetric Finsler
metrics with constant flag curvature has recently been completed by L. ZHOU and
Mo—-Znu [13], [18], [8]. By establishing equations that characterize spherically
symmetric Finsler metrics of scalar curvature, Huang—-Mo constructed infinitely
many non-projectively flat Finsler metric of scalar curvature [5]. A Finsler metric
is said to be of scalar (flag) curvature if the flag curvature K(z,y, P) at a point
x is independent of the tangent plane P C T, M. In particular, F' is said to be of
constant flag curvature if K is constant.

In [19], ZHOU has found an expression of spherically symmetric Finsler metric
F on B"(u) := {z € R"; |z| < p}, rewriting F as

F=1ylo (Jal. 22

where (z,y) € TB™(u)\{0}. Recently, Huang-Mo obtained a second-order PDE
for ¢ expressing that the spherically symmetric Finsler metric F' = |y|¢(|x\, <Ty1\j>)

on B"(u) is projectively flat [6].
In this paper, we find a PDE that characterize pointwise projectively related
spherically symmetric Finsler metrics. More precisely, we show the following:
Theorem 1.1. Let F = |y|¢(r,s) and F = |y|é(r,s) be two spherically
symmetric Finsler metrics on B™(u), where r = |z|, s := % Then F is

pointwise projectively related to F if and only if ¢ and ¢ satisfy

T¢ss — Or + 5Dps _ Tﬁgss - Qgr + S(ygrs
(b - 8¢s + (7.2 - 82)¢55 B (;5 - 5(55 + (T2 - 82)¢;SS .

Our theorem generalizes a result previously known only when F is the stan-
dard Euclidean metric [5], [6]. At the same time, Theorem 1.1 tells us the following
interesting fact: the pointwise projective relatedness for two spherically symmetric
Finsler metrics on B™(u) is independent of the dimension n.
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In Finsler geometry, it is a natural problem to determine all Finsler metrics
which are pointwise projectively related to the given one [16]. As an applica-
tion of Theorem 1.1, we describe all spherically symmetric Finsler metrics which
are pointwise projectively related to Huang—Mo’s spherically symmetric Finsler
metrics of scalar curvature (see Theorem 3.2 below). In particular, we give a nec-
essary and sufficient condition for the projective equivalence of two Huang—Mo’s
spherically symmetric Finsler metrics of scalar curvature, see Theorem 2.4 below.

There are two classes of Finsler metrics with important Weyl curvature prop-
erties. The first one is the class of Weyl metrics [5], [10], [14], the second one is
the class of W-quadratic metrics [2], [9]. Note that every Weyl metric must be
W-quadratic. In [9], LI-SHEN find equations that characterize W-quadratic Ran-
ders metrics. It seems that W-quadratic Randers metrics form a broader class
than Weyl Randers metrics although there is no example supporting this. As
an important application of Theorem 1.1, in this paper we find a lot of Randers
metrics of quadratic Weyl curvature which are non-trivial in the sense that they
are not of Weyl type.

Theorem 1.2. Let F(x,y) be a Finsler metric on B™ (1) defined by

N e T e T e T )
e = T+ ClaP? T+ Claf

where k, ( and e are arbitrary constants such that € > 0; p = 1//—C if ( <0
and p = +o0 if ( > 0. Then the Weyl curvature of F' is given by

i (Ce +K2)? 1 i i j
Wi =~ PR (l2yl* = (2, 9)*) &5 — |yl ?a"2
[(Ce+r2)r2+¢e]" [n—1
) o el
i,.J Jat — Ly 1.2
(2, y)a'y + =ty = gty (1.2)
with r = |z|, therefore F is a non-trivial W-quadratic Randers metric when

Ce+ K2 #0.

For a proof of Theorem 1.2, see Section 4 below. In particular, we show that
Chern—Shen’s Randers metrics are non-trivial W-quadratic Finsler metrics with
isotropic S-curvature, see Corollary 4.3 below.

Recall that a Randers metric F' on a manifold M is a Finsler metric in the
form F = o+ 3, where « is a Riemannian metric and § is a 1-form with |||, < 1
at any point « of M. Recently, a signification progress has been made in studying
Randers metrics [2], [11], [7].
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2. Projectively related spherically symmetric metrics

Let F' be a Finsler metric on B"(u) := {z € R™; |z| < p}. F is said to
be spherically symmetric if it satisfies F(Ax, Ay) = F(z,y) for all x € B"(u),
y € T,B"() and A € O(n).

Let F = |y|e(|a|, L1
Let

) be a spherically symmetric Finsler metric on B" ().

1 T(bss - ¢T + S(brs <JJ, y>

— , ri=|x|, S§:= . 2.1
26— 5ot (7 - Do f 2
Let ',..., 2" be coordinates on R and let y = > ¢*d/0x". Then the geodesic

coefficients of F' are given by

Q:=

G' = ly|Py’ + |y Qa", (2.2)
where bot 56 0
p.— r 327“¢5 ro g [SQS + (7’2 _ S2)¢s:| . (23)

Let £ = [y|o(|a,
B"(u). Then we have

<Ty?\4>) be another spherically symmetric Finsler metric on

G’ = [y|Py" + |y Qa’ (2.4)
where we denote the corresponding objects with respect to F by adding a tilde ~.

PROOF OF THEOREM 1.1. Assume that F' is pointwise projectively related
to F. Then
G' =G + Ry’ (2.5)
where R is positively homogeneous of degree one [17], [15], [1], [4], [16]. Plugging
(2.4) and (2.2) into (2.5) yields |y[*(Q — Q)z" + [Jy|(P — P) — R]y" = 0. Tt follows
that
Q=0Q, [lP=P+R (2.6)

Conversely, suppose that the first equation of (2.6) holds for two spherically
symmetric Finsler metrics F = |y|¢(|z], <TyZ\J>) and F = |y|o(|z], <Ty1">) By using
(2.2) and (2.4) we have

G' — G = |y|Py’ + y|*Qz" — |y|Py" — |y[*Qa’ = Ry',

where R := |y|(P — P). Together with (2.3), we obtain that R is positively
homogeneous of degree one. According to Theorem 2.1 in [4] or (2.2) in [15],
F must be pointwise projectively related to F. The above arguments and (2.1)
complete the proof of Theorem 1.1. O
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As a consequence of Theorem 1.1, by taking the standard Euclidean metric F,
we obtain the following result obtained by Huang and the first author (see [6,
Theorem 1.1]):

) be a spherically symmetric Finsler

Corollary 2.1. Let F = |y|¢( ‘y‘
metric on B"(u). Then F is prOJect1ve]y flat if and only if ¢ satisfies ross — ¢ +
s¢rs = 0.

Corollary 2.2. The pointwise projective relatedness for two spherically sym-
metric Finsler metrics is independent of the dimension of the base space.

Proposition 2.3. Let F} = |y|¢;(|z], <J|Ly!\/>) and Fy = |y|¢a(

two spherically symmetric Finsler metrics on B"(u) with

) be

mj! (2T2)m7
(Qmj — 1)” (G,j + bjTQ)(zmj+1))‘f
3 (7"2 _ 32)m_7
(2m; — 1)(a; + b»r2)(2mj+1)kj

)
1
)

¢j(rs) = s-hy(r) +

m;!(2m; — 2i — I 2vi—1(,2 2vm;—i+1
(2mji+1)X; Z 2m _1 ” _Z+1)(27" ) (’/’ S )

(aj+b;r?
€j
2.7
(a; + bjr2)i (2.7)
where m; € {1,2,3,...}, €, aj, b; and \; are constants satisfying ¢; > 0 and
aj+bjr? > 0 and h; are differentiable functions. Then F is pointwise projectively
related to Fy if and only if a;, b; and \; (j = 1,2) satisfy

blbg()q - /\2) = 0, /\1b1a2 = )\2[)2@1. (28)

Furthermore, Fy and Fy are projectively flat if byby = 0 or biby # 0, A1 = Ay = 0;
Fy and Fy are of scalar curvature if bybe = 0 or b1bg # 0, Ay or Ag € {0,1}; F} and
Fy are non-trivial W-quadratic metrics if Ay (A1 — 1)by # 0 or Aa(Aa — 1)by # 0.

PROOF. According to Theorem 1.1, F; is pointwise projectively related to
Fy if and only if

Q1= Q2 (2.9)

where

j=1,2. (2.10)
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On the other hand, (2.7) gives solutions of (2.10) with

Asbj
= ) =1,2 2.11
Q; b I (2.11)
where aj, b; and \; are constants satisfying a; + b;r*> > 0 [10]. Thus F; is
pointwise projectively related to Fy if and only if

Mbi Do

= . 2.12
ay + byr? as + bar? ( )
It is easy to see that (2.12) holds if and only if
b1b2(>\1 — )\2)7"2 + ()\11)1&2 — )\21)2&1) =0.
Together with the second equation of (2.1) we have (2.8). “Furthermore ...” is
an immediate consequence of Theorem 1.1 in [10]. O
Theorem 2.4. Let Fy = |y|¢1(|z|, <T?;|>) and F» = |y|¢2 (||, (T;‘”) be two
spherically symmetric Finsler metrics on B™(u) with
m;! (2r2)mi (r? — s%)mi
. =3s-h; J _
¢J (7“78) S J(T) + (ij — 1)” (aj + bjr2)2m_,»+1 (Qmj _ 1)(aj + bjr2)2m_j+1
my
_ ) i— _ m;—i+1
(a; + byr2)2mitl ; @m, — )i(m,—igi o) =)
€
2.13
aj + bj?“2 ( )

wherem; € {1,2,3,...}, €;, a; and b; are constants such that ¢; > 0, a;+b;r*> > 0
and h; are differentiable functions. Then F} is pointwise projectively related to F5
if and only if aq, as, by and by satisfy bias = boay .

PrROOF. The result follows from Proposition 2.3 by taking Ay = Ao =1. O

Theorem 2.4 tells us that the pointwise projective relatedness of two Huang—
Mo’s spherically symmetric Weyl metrics is independent of the functions h;, the
natural numbers m; and the constants ¢;, j = 1, 2.

3. Projectively related Weyl quadratic metrics

Given a Finsler metric on a manifold M, a natural problem is to determine all
Finsler metrics which are pointwise projectively related to the given metric [16].

In this section, we study the following problem: given a Weyl quadratic
spherically symmetric Finsler metric, describe all spherically symmetric Finsler
metrics which are pointwise projectively related to the given one.
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Proposition 3.1. Let ¢ be a function defined by
m (2r2)™ (r? —s%)m
—s-h _
o(r,8) = s-h(r) + (2m TN (@ br2)@n 0N (2m — 1)(a + br2) @A
B i m!(2m — 2¢ — 1)!!
(a+br2) (2m+1A — (2m —1)!(m —i+1)!

(2,’"2)1‘71 (7"2 o 52)m7i+1

€
+ (a+br2)>

wherem € {1,2,3,...}; ¢, a, b and \ are constants such that ¢ > 0 and a+br? > 0

and h are differentiable functions. Then any spherically symmetric Finsler metric
(z.y)
lyl

(3.1)

which is pointwise projectively related to F = |y|¢(|z|, ) is given by

= 1v1é (Jol. 452

(5(7“, s)=s (f(r) - ;;Efr(;’%);ds) , (3.2)

where

with ¢ given by

P2 _ g2

o(r, s) = —m; (3.3)

f and n are arbitrary differentiable real functions of r and ¢ respectively, and

72 — g2
S?>O when n > 2,

with the additional inequahty
Ui

ﬁ>0, WhennZ?),
r?—s
where r2 — 52 > 0 and s # 0.

PROOF. According to the proof of Theorem 1.1 in [10], we have

i r¢ss - ¢T + S¢TS _ Q _ )\b
2 ¢ —s¢s+ (r2 — s2)¢ss  © a+ br2

where we have used the first equation of (2.1). Together with Theorem 1.1 we

(3.4)

obtain

2y 2 S 2\br

m — 1| rdss + ¢r — SPrs + W(QE - SQES) =0. (35)

By Lemma 4.1 in [12] and (3.4), F has vanishing Douglas curvature. Then Propo-
sition 3.1 follows from Theorem 1.2 in [12]. O
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As a consequence of Proposition 3.1, by taking A = 1, we obtain the following;:

Theorem 3.2. Let ¢ be a function defined by
m)! (2r2)m (r2 —s?)m
2m — 1! (a + br2)2m+l  (2m — 1)(a + br2)2m+l

Z m!(2m — 2i — 1)!!
(a +br2 2m+1 2m— 1) (m —i+1)!

o(r,s) =s-h(r)+

€
a + br2

(27,2)1'—1(7,,2 _ 82)m—i+1 4

where m € {1,2,3,...}, €, a and b are constants such that ¢ > 0 and a + br? > 0

and h is a differentiable function. Then any spherically symmetric Finsler metric
(z,y)
lyl

which is pointwise projectively related to F = |y|¢(|z|, ) is given by

7 =i (1l 122

) =s (10~ [ 20D as),

P2 _ g2

(a+ br2)2;

where

with ¢ given by
p(r,s) = —
f and n are arbitrary differentiable real functions of r and ¢ respectively, and

—Vr?2—s?0n

> 0, whenn > 2,
s 0s

with the additional inequality

n

5 2>0, when n > 3,
r2—s

where 2 — 52 > 0 and s # 0.

4. Non-trivial W-quadratic Randers metrics

In this section, we are going to find Randers metrics of quadratic Weyl cur-
vature which are non-trivial in the sense that they are not of Weyl type. Recall
that a Finsler metric is called a Weyl metric if it has vanishing Weyl curvature
[5], [10], [14] and Finsler metric is said to be W -quadratic if it has quadratic Weyl
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curvature [2], [9]. According to M. Matsumoto’s result, a Finsler metric is of Weyl
type if and only if it is of scalar curvature.
As a consequence of Proposition 3.1, for A = %, b= (c+ kK2 a=¢cand

hence ¢(r, s) = %, with the choice n(p) = 5\/7(% + /@2)71, we get the

following result:

Corollary 4.1. Let ¢(r,s) be a function defined by

r,s) =s-h(r m! (2r?)™
o(r:9) hr) + (2m — 1! [(Ce + K2)r2 + €] 2t
(7,.2 _ S2)m
@2m—1)[(Ce+ K22 +e] 2
- 1 o~ ml(2m —2i — 1)!! 2= (p2_ 2ym—it1
[(Ce + K2)r2 + 6]2’"7;1 — (2m — 1)!(m—i+1)! @)™ )
+ ‘ (4.1)

(G + 2)r2 4]

where m € {1,2,3,...}, €, &, ¢ and & are constants such that e > 0 and ((e +
k2)r?2 + & > 0 and h is a differentiable function. Then the spherical symmetric

Finsler metric (z.5)
x?
F=1ylo (jal, 5222 (12)

ly|
is pointwise projectively related to F(x,y) = |y|gz~5(|gc\7 <Ty1\}>> where
~ \Cer? + k252 + ¢
o(r,s) = sf(r) +

¢rz+1
with any real function f such that ¢(r, s) is positive.

In particular, when
K

f(r)zm,

we have the following:

Corollary 4.2. Let ¢ be a function defined by (4.1). Then the spherical

symmetric metric
(z,y)
F=1ylo (jal,
||
is pointwise projectively related to the Randers metric
= _ VR y)2 +elyPA+CJa?) | k()

F(z,y) = T4 Cla? + T P (4.3)
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PROOF OF THEOREM 1.2. According to Corollary 4.2, F(m,y) is pointwise
projectively related to F' = |y|¢(|z], <Ty7|’>) where ¢ is defined by (4.1). Since the
Weyl curvature is a projective invariant, the Weyl curvature formula of Mo—Liu

[10, Theorem 1.1] gives (1.2). O

When 0 < ¢ =¢ and k2 =1 — €2 we get the following:

Corollary 4.3. Let F' be a Finsler metric defined by

V(I —e2)(a,y)? +efyP(L +elz]?) n V1—eXz,y)

F =
(@,9) 1+ ez 1+ ez

with 0 < e < 1. Then F is a non-trivial W-quadratic Randers metric of isotropic
S-curvature. Moreover, the Weyl curvature of F' is given by

i 1 1 i i j
W = P =1 (l2Ply* = (2,9)%) 85 — ly[*2"a?
2
. x, - €T i
+ (z,y)ziy’ + May] _ Ly 1.
n—1 n—1

Recall that the S-curvature is one of most important non-Riemannian quan-
tities in Finsler geometry. It interacts with the Riemann curvature in a delicate
way (2], [7], [9].

ACKNOWLEDGMENTS. This paper has benefitted from our discussions with
L. HuANG. The authors are grateful to the referee for his careful reading of the
manuscript and very helpful suggestions.

References

[1] G. CHEN and X. CHENG, A class of Finsler metrics projectively related to a Randers metric,
Publ. Math. Debrecen 81 (2012), 351-363.

[2] X. CHENG and Z. SHEN, Finsler Geometry, An Approach via Randers Space, Science Press,
Beijing, 2012.

[3] S. S. CHERN and Z. SHEN, Riemann-Finsler geometry, World Scientific Publishing Co., Pte.
Ltd., Hackensack, NJ, 2005.

[4] N. Cur and Y. SHEN, Projective change between two classes of («, 8)-metrics, Diff. Geom.
Appl. 27 (2009), 566-573.

[5] L. HuaNG and X. Mo, On spherically symmetric Finsler metrics of scalar curvature, J.
Geom. Phys. 62 (2012), 2279-2287.

[6] L. HuaNG and X. Mo, Projectively flat Finsler metrics with orthogonal invariance, Ann.
Polon. Math. 107 (2013), 259-270.



On projectively related spherically symmetric Finsler metrics 259

[7] L. HuaNG and X. Mo, On conformal fields of a Randers metric with isotropic S-curvature,
1llinois J. Math. 57 (2013), 685-696.

[8] B. L1, On the classification of projectively flat Finsler metrics with constant flag curvature,
Adv. Math. 257 (2014), 266—284.

[9] B. L1 and Z. SHEN, On Randers metrics of quadratic Riemann curvature, Int. J. Math. 20
(2009), 369-376.

[10] H. Liv and X. Mo, Examples of Finsler metrics with special curvature properties, Math.
Nachr. 288 (2015), 1527-1537.

[11] X. Mo and L. HUANG, On characterizations of Randers norms in a Minkowski space, Int.
J. Math. 21 (2010), 523-535.

[12] X. Mo, N. M. SoLORzZANO and K. TENENBLAT, On spherically symmetric Finsler metrics
with vanishing Douglas curvature, Diff. Geom. Appl. 31 (2013), 746-758.

[13] X. Mo and H. ZHU, On a class of projectively flat Finsler metrics of negative constant flag
curvature, Int. J. Math. 23 (2012), 1250084, 14 pp.

[14] B. NaJar1, Z. SHEN and A. TAYEBI, On a projective class of Finsler metrics, Publ. Math.
Debrecen 70 (2007), 211-219.

[15] Y. SHEN and Y. Yu, On projectively related Randers metrics, Int. J. Math. 19 (2008),
503-520.

[16] Z. SHEN, On projectively related Einstein metrics in Riemann-Finsler geometry, Math.
Ann. 320 (2001), 625-647.

[17] Y. Yu and Y. You, Projective equivalence between an («, 8)-metric and a Randers metric,
Publ. Math. Debrecen 82 (2013), 155-162.

[18] L. Znou, Projective spherically symmetric Finsler metrics with constant flag curvature in
R™, Geom. Dedicata 158 (2012), 353-364.

[19] L. ZHou, Spherically symmetric Finsler metrics in R™, Publ. Math. Debrecen 80 (2012),
67-77.

[20] M. ZOHREHVAND and M.M. REzAll, On projectively related of two special classes of
(e, B)-metrics, Diff. Geom. Appl. 29 (2011), 660-669.

XIAOHUAN MO

KEY LABORATORY OF PURE

AND APPLIED MATHEMATICS

SCHOOL OF MATHEMATICAL SCIENCES
PEKING UNIVERSITY

BEIJING 100871

CHINA

E-mail: moxh@pku.edu.cn

XIAOYANG WANG

SCHOOL OF MATHEMATICS AND STATISTICS
BEIJING INSTITUTE OF TECHNOLOGY

BEIJING 100081
CHINA

E-mail: wxy314159@126.com

(Received July 31, 2015; revised August 25, 2015)



