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Incomplete poly-Bernoulli numbers associated with
incomplete Stirling numbers

By TAKAO KOMATSU (Wuhan), KALMAN LIPTAI (Eger) and ISTVAN MEZO (Nanjing)

Abstract. By using the associated and restricted Stirling numbers of the second
kind, we give some generalizations of the poly-Bernoulli numbers. We also study their
analytic and combinatorial properties. As an application, at the end of the paper we
present a new infinite series representation of the Riemann zeta function via the Lam-
bert W.

1. Introduction

Let 4 > 1 be an integer in the whole text. Our goal is to generalize the
following relation for the poly-Bernoulli numbers B ([Kan, Theorem 1]):

- k! n
(p) § _1\n—k
Bn _k_o( 1) (k+1)“{k} (nZOaM21)7

where {} } are the Stirling numbers of the second kind, determined by
k

() =m v
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(see e.g., [Jor]). When u = 1, BV are the classical Bernoulli numbers, defined
by the generating function

x = "
_ 1z
lfe*z_ZB” n!’ (1)
n=0
Notice that the classical Bernoulli numbers B,, are also defined by the generating
function
x > "
er—1 Z BHH ’
n=0

satisfying B\") = B, (n # 1) with B{" =1/2 = —B,.
The generating function of the poly-Bernoulli numbers B,(L“ ) is given by

Li,(1—e™®) _ ZB(“)ﬁ @)

1—e® "opl’
n=0

where
m

Liy(z) = Z ;u

m=1

is the p-th polylogarithm function ([Kan, (1)]). The generating function of the
poly-Bernoulli numbers can also be written in terms of iterated integrals ([Kan,

@))):
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Several generalizations of the poly-Bernoulli numbers have been considered
([BayHam1], [BayHam?2], [CopCan], [Jol], [Sas]). However, most kinds of gen-
eralizations are based upon the generating functions of (1) and/or (2). On the
contrary, our generalizations are based upon the explicit formula in terms of the
Stirling numbers. In [KomMezSzal, a similar approach is used to generalize the
Cauchy numbers ¢,, defined by z/log(1 + z) = Y.°  c,2"/nl. In this paper,
by using the associated and restricted Stirling numbers of the second kind, we
give substantial generalizations of the poly-Bernoulli numbers. One of the main
results is to generalize the formula in (2) as

i B r _ Liu(l — Em(_t))
mEm o) 1-FE,(-1)

n=0
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and

n,zmn! - Emfl(—t) — et )

io:B(M) t" _ LiM(Emfl(—t) — e_t)
n=0

where E,,(t) = > -, Z—k, See Theorem 1 below.

2. Incomplete Stirling numbers of the second kind

In place of the classical Stirling numbers of the second kind { s } we substitute
the restricted Stirling numbers and the associated Stirling numbers

Uden ™ il

respectively. Some combinatorial and modular properties of these numbers can
be found in [Mez], and other properties can be found in the cited papers of [Mez].
The generating functions of these numbers are given by

mk

Z{Z}Sm%:%@m(w)fbk (4)

n==k

and

respectively, where
m

tk
E,.(t) = il
k=0
is the mth partial sum of the exponential function sum. These give the number
of the k-partitions of an n-element set, such that each block contains at most or

at least m elements, respectively. Since the generating function of {Z} is given

by
oo n z __ 1\k
;{Z}i'_ “ k:!l)

(see e.g., [Jor]), by Exo(z) = €” and Ey(z) = 1, we have

{Z}goo - {Z}zl B {Z} ’

These give the number of the k-partitions of an n-element set, such that each block
contains at most or at least m elements, respectively. Notice that these numbers



360 Takao Komatsu, Kédlméan Liptai and Istvan Mezo

where m = 2 have been considered by several authors (e.g., [Com], [How], [Rio],
[Zha]).

It is well-known that the Stirling numbers of the second kind satisfy the

{nzl}:k{z}“L{kﬁl} ©

for £ > 0, with the initial conditions

(- m 2)-(2) -

for n > 0. The restricted and associated Stirling numbers of the second kind

recurrence relation:

satisfy the similar relations. It is easy to see the initial conditions

(1 1 -{0) -0

(0} =1 ma {33, -{0), -0
{nzl}gmf__: (i), @
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M- OG0 o)
R N Y (s I

Remark. The fourth relation (10) appeared in a different form in [How]. Since

SO

i=1

for n > 0.

the relation (7) and the relation (9) are both reduced to the relation (6), if m >
n —k+ 2 and if m = 1, respectively. It is trivial to see that the relations (8)
and (10) are also reduced to the original relation (6), if m > n and if m = 1,
respectively.
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PROOF OF PROPOSITION 1. The combinatorial proofs of the previous theo-
rem are given as follows. We shall give combinatorial proofs. First, identity (7).
To construct a partition with k blocks on n + 1 element we can do the following.
The last element in its block can have i elements by side, where i =0,1,...,m—1.
We have to choose these i elements from n. This can be done in (’Z) ways. The

n—u

rest of the elements go into & — 1 blocks in { 1@71} ways. Summing over the
<m

possible values of i we are done.

The proof of (8). The above construction can be described in another way:
the last element we put into a singleton and the other n elements must form a
partition with k — 1 blocks: { kfl }<m possibilities. Or we put this element into
one existing block after constructing a partition of n elements into k blocks. This
offers us k {} } _  possibilities, but we must subtract the possibilities when we
exceed the block size limit m. This happens if we put the last element into a block
of m elements. There are () {';;71" }<m such partitions in total. The proof is

done.
The proof of (9) and (10) is similar. O

Note that the classical Stirling numbers of the second kind {Z} satisfy the

= L0 g=0)
op = ) L= 002

n

n n 3n—1 1
:277,71 -1 { } _ 72n71 -

2} ’ 3 2 + 2’

n qn— 371—1 1
= — on=2
()= -5+

By the definition (4) or Proposition 1 (7), we list several basic properties

about the restricted Stirling numbers of the second kind. Some basic properties
about the associated Stirling numbers of the second kind can be found in [Com],
[How]|, [Mez], [Zha].

Lemma 1. For0<n <k —1orn >mk+ 1, we have

{Z}szo‘ (11)

For k <n < mk, we have

()= ) wenem, =
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PROOF. Some of the above special values are trivial. Some of them can be
proven by analyzing the possible block structures.

We take (15) as a concrete example.

Let m = 2, and the number of blocks be ¥ = n — 2. Then for the block
structure we have the only one possibility

That is, there are n—4 singletons and two blocks of length 2. There are %(3) (Z) =
3(2) such partitions: we have to choose those four elements going to the non
singleton blocks in (Z) ways. Then we put two of four into the first block and
the other two goes to the other: (;l) = 6 cases. Finally, we have to divide by two
because the order of the blocks does not matter. The last case of (15) follows.
If m = 3 then we have one more possible distribution of blocks sizes apart

from the above:

Into the last block we have () possible option to put 3 elements. So if m = 3

and k = n — 2 then we have (g) + 3(2) = 3"4_5 (g) cases in total.

The rest of the cases can be treated similarly. O
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3. Incomplete poly-Bernoulli numbers

3.1. Generating function and its integral representation. By using two
types of incomplete Stirling numbers, define restricted poly-Bernoulli numbers
BY). and associated poly-Bernoulli numbers BW by

n,<m n,>m
(1) - n >
Bn <m — ];) k + 1) {k’ }Sm (n = O)a (19)
and " . y .
B =) (-1)"F >0 20
n,>m kzzo( ) (k-i—].)p’ {k}Zm (TL_ )7 ( )

respectively. These numbers can be considered as generalizations of the usual

poly-Bernoulli numbers B(”) since

BY. =B, =BW.

n,<oo
We call these numbers as incomplete poly-Bernoulli numbers.
One can deduce that these numbers have the generating functions.

Theorem 1. We have

t Li,(1— FE,,(—t
= n! 1—FE,(-1)
and ( t)
> tm Li Emfl(—t) —e
2 — : 22
nzz;) ™2m ) E,_1(—t)—et (22)

Remark. In the first formula m — oo gives back the poly-Bernoulli numbers
(2) since Ex(—t) = 7" and Li;(z) = —log(1 — z), while in the second we must
take m = 1 since Eo(—t) = 1.

PROOF OF THEOREM 1. By the definition of (20) and using (4), we get

( ) tn o n n kL) ¢n
Z ”M<m Zz%{ }<mWn'

n=0 n=0k

o CDRRLSSny ()
k=0 (k+1)H7;€{k}§7rz n!
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00 m\ K
:Z(_li)kk'i ((_t)_|_(_t)2 +..._|_(_t) )

2 (k+ 1)m k! 2! m!
Rt Em(—t))k _ Liy(1 - En(=1)
71;) (k+ 1)m 1= En(—t)

Similarly, by the definition of (19) and using (5), we get

o w m o n )n k1 n
T;)B"Ajzmni nz;)kzjzo{ }<m (k+ 1)~ n!

e N R L
_Z(kﬂ)unz_%{k}zmn!
(CDRRL L (=™ (o
( (S )
(

m! (m+1)! *

]

For u > 1, the generating functions can be written in the form of iterated
integrals. We set E_1(—t) = 0 for convenience.

Theorem 2.

1 " Emoa(=1) /t Epmo1(=t) ' Epn_1(—t)
1=En(=t) Jo 1=En(—t)Jo " 1—=En(—t) Jo 1= E,(-t)

p—1
(w "

X (—1og(E (—t)))Lfl—dE ZB"}’LSWF7 (23)

t) t e —t) t)

Eml _6 /Eml *e_t/o'”E — —e—t Eml ,e—t

pn—1
x (<log(1+e™" = Bpor(=t)) dt...dt= > BYL, = (24)
u—1 n=0 :

Remark. If m — oo in (23), by Ex(—t) = et and if m = 1 in (24), by
Eo(—t) =1 and E_1(—t) =0, both of them are reduced to (3).
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PROOF OF THEOREM 2. Since for p > 1

d._.  BEpa(—t) .
%Llu(l — Em(—t)) = mh“_l (1 — Em(—t)) ,

we have
Li, (1 — Epn(— / E’” i — 'H_l(l—Em(—t))dt

/ Em i / Em 1 Liu_z(l—Em(—t))dtdt

/ Em A / Eml / Eml UL (1= Bn(—0) do - dy
B () [N B B0
7/0 1—Em(—t)/o 1— E,(-t) /0 1—Em(—t>( tos( t)))d%_’l_dé'

Therefore, we obtain (23). Similarly, by

et — Em 2( t)

mmu L (Bma (1) — e,

d _
dtLlu (Bp-1(—t) —e7") =

we obtain (24). O

If 4 = 1 in Theorem 1 or in Theorem 2, the generating functions of the
(1)

n,>m are

restricted Bernoulli numbers B, and associated Bernoulli numbers B

n,<m
given. Both functions below are reduced to the generating function (1) of the

Bernoulli numbers B,Sl) if m — oo and m = 1, respectively.
Corollary 1. We have

iB(l) tm _ logEm(—t)

=Ml T B (—t) — 1

n=0

and

$ g £ lls e Bu(0)
mZmop) et — B q1(=t) '
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3.2. Basic divisibility for non-positive p. In this short subsection we deduce
a basic divisibility property for both the restricted and associated poly-Bernoulli
numbers.

It is known [GraKnuPat] that

{i}zo (mod p) (1< k<p)

for any prime p. The proof of this basic divisibility is the same for the restricted
and associated Stirling numbers, so we can state that

{i}gmzo (mod p) (k=0,1,...),

and »
= > 2).
{k}Zm 0 (modp) (k>2)
(Note that {?}Zm = 1.) These immediately lead to the next statement.

Theorem 3. For any u < 0 we have that

B;’f%m =0 (mod p),

BW  —olul (mod p)

p,2m

hold for any prime p.

4. A new series representation for the Riemann zeta function

To present our result, we need to recall the definition of the Lambert W
function. W (a) is the solution of the equation

zre’ = a,

that is, W(a)e(® = a. Since this equation, in general, has infinitely many
solutions, the W function has infinitely many complex branches denoted by Wy (a)
where k € Z. What we prove is the following:

Theorem 4. For any yu € C with $(u) > 1 we have that

o - 50, A
n=0

for k = 0,—1, where ( is the Riemann zeta function.
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PROOF. Let us recall the generating function of Bff )>m in the particular case
when m = 2:

> (1) (715)” B Li#(l +t— et)

By a simple transformation it can be seen that the equation 1 +t — ¢! = 1 is
solvable in terms of the Lambert W function, and that the solution is —Wj(—1)
for any branch k € Z. However, (25) is valid only for ¢ such that |1 +¢ —e’| <1,
at least when R(u) > 1. (This comes from the proof of Theorem 1.) Since the
absolute value of —Wj(—1) grows with k, the only two branches which belong
the convergence domain of (25) is k = —1,0. Hence, substituting one of these in
place of t we have that

— 5 (We(=1)" _ Li,(1 = Wi(=1) —eWst1)  Li,(1)
nz::an22 n! B 1-— Wk(fl) — e~ Wk(=1) - 1 = C(M) O
Note that

Wo(—=1) = W_1(—1) ~ —0.318132 + 1.337244,
so all the terms in the incomplete Bernoulli sum are complex, but the sum itself
always converges to the real number (u).
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