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On the z-coordinates of Pell equations which are rep-digits

By APPOLINAIRE DOSSAVI-YOVO (Porto-Novo), FLORIAN LUCA (Wits)
and ALAIN TOGBE ( Westville)

Abstract. For a positive integer d which is not a square, we show that there is at
most one value of the positive integer = participating in the Pell equation z? — dy? = 1
which is a rep-digit, that is all its base 10 digits are equal, with a few exceptions in the
pairs (d,x) which we determine.

1. Introduction

Let d > 1 be a positive integer which is not a perfect square. It is well-known

that the Pell equation
22 —dy* =1 (1)
has infinitely many positive integer solutions (x,y). Furthermore, putting (z1, y1)
for the smallest solution with > 1, all solutions are of the form (x.,, y,) for some
positive integer n where
T+ Vdy, = (z1 + Vdy)™.

There are many papers in the literature which solve Diophantine equations in-
volving members of the sequences {z,}n>1 or {yn}n>1 being squares, or perfect
powers of larger exponents of some other integers, etc. (see, for example, [3], [5]).
In this paper, we study a new problem of this kind which we now describe.

Let g > 2 be an integer. A natural number N is called a base g rep-digit if
all of its base g-digits are equal; that is, if

m_1
N:a(g 1), for some m>1landac{1,2,...,9—1}.
g—
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When g = 10, we omit the base and simply say that N is a rep-digit. Diophantine
equations involving rep-digits were also considered in several papers which found
all rep-digits which are perfect powers, or Fibonacci numbers, or generalized
Fibonacci numbers, and so on (see [1], [2], [4], [7], [8], [9], [10], [12] for a sample of
such results). In this paper, we study when z,, can be a rep-digit, which reduces
to the Diophantine equation

10m™ —1
acn:a(Og), m>1andac€{l,...,9}. (2)

Of course, for every integer x > 2 there is a unique square-free integer d > 2 such
that
2 —dy? = 1.

Namely d is the product of all prime factors of #2 — 1 which appear at odd
exponents in its factorization. In particular, taking x = a(10™ — 1)/9, we get
that any rep-digit is the x-coordinate of the Pell equation corresponding to some
specific square-free integer d. Here we study the square-free integers d such that
the sequence {z,, },,>1 contains at least two rep-digits. Our result is the following.

Theorem. Let d > 2 be square-free. The Diophantine equation

10m™ -1
xna(og), m>1landac{l,...,9} (3)

has at most one positive integer solution n with the following exceptions:
(i) d=2 ne{1,3)
(ii) d =3, n € {1,2}.

Our proof proceeds in two cases according to whether n is even or odd. If n
is even, we reduce the problem to the study of integer points on twelve elliptic
curves, getting only the solution (d,n) = (3,2) for which xo = 7 is a rep-digit.
When n is odd, the proof is more difficult and it uses lower bounds for linear
forms in complex and p-adic logarithms as well as some computations to lower
the bounds to values up to which we can search for the potential solutions. The
tools we need from the literature will be mentioned as needed.

2. The case n even

Write n = 2n4. Since

2
Ty = Top, = 2xn1 —1,
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it suffices to solve the equation

10m —1

202 — 1=
€T a( 9

), m>1andae{l,...,9}
Since the left-hand side above is odd, it follows that a is odd. If a = 9, we get
222 = 10™, which has no integer solutions (z,m). So, a € {1,3,5,7}. We write
m = 3mg + r where r € {0, 1,2} and proceed according to the value of r.

When r = 0, we get

207 ~1=5 (' 1), with y=10". (4)

Multiplying both sides of equation (4) above by 72a? and simplifying give the
elliptic curves
Y? = X3+ A, (5)

where X := 2ay, Y := 12ax, and Ay := 8a*(9 — a), with a € {1,3,5,7}. With
MAGMA we find all integer points (X,Y") on the four curves above. None yields
a convenient solution to our original problem.

When r = 1, we get

20 —1=—(10y°> = 1), with y=10"". (6)

ol

We multiply equation (6) by 7200a? and then simplify the result to obtain the
elliptic curves
Y2 =X?4 Ay, (7)

where X := 20ay, Y := 120ax, and A; := 800a?(9 — a). With MAGMA we find
all integer points (X,Y") on the four elliptic curves above. The only convenient
solution is (X,Y) = (140,1680) when a = 7 which leads to (d,n) = (3,2) for
which x5 = 7.

When r = 2, we get

20° — 1= - (100y* — 1), with y=10"°. (8)

@
9
We multiply both sides of equation (8) by 8-9-10%- a? and get

Y2 = X3+ A, (9)

where X := 200ay, Y := 1200az, and Ay := 8 -10% - a%(9 — a). With MAGMA
we find all integer points (X,Y") on the four elliptic curves above. None of these
yields any convenient solution to our original problem.
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This analysis shows that the only instance in which x,, is a rep-digit for some
even n is when n = 2 for which d = 3. In the last computational section, we will
find all indices n such that z,, is a rep-digit for all non-square d € {1,2,...,100},
which includes the case d = 3. From now on until the last computational section
we assume that d > 100 and that there exist two odd n; # ng for which both z,,
and z,, are rep-digits.

3. On the greatest common divisor of two rep-digits

Suppose that ny # ny are odd and

10m — 1 10m2 — 1
Tp, = a1 <09>, Tp, = A2 (09>, where ay,a9 € {1,...,9}.

Let ng := ged(ng, ne). Since ny and ng are odd, from known properties of solutions
to Pell equations, we get that z,, = ged(zn,,Tn,). We put ag := ged(ay, asz),
ay == ay/as, a4 = az/az. We also put mg := ged(mq, m2) and use the fact that
ged(10™ —1,10™2 — 1) = 10™s — 1. We then get that

1 my1 o 1 1 mo 1
Tn = ng(Inuxnz) = ng <a1 <09) , A2 (09>)
107 — 1 (10 1Y (107 1
= as T ng ay m ; Qo m
10ms — 1

The quantities inside the greatest common divisor £ in the right-hand side of (10)
above have the property that a}, a) are coprime, that (10™*—1)/(10™s—1) and
(10™2 —1)/(10™3 — 1) are also coprime and each one of these two last numbers is
coprime to 10. A quick analysis shows then that ¢ € {1,3,7,9,21,63}. Further-
more, if £ > 1, then az € {1,2,3} and if £ > 3 then az = 1. Summarizing, we get
that

10™s — 1
T = a3 (9) with some a3 € {1,2,3,...,9,21,63}.

Since n1 # ng, we may assume that n; < mo, and then nz < mo and ng is a

2

proper divisor of ny. Putting n := ny/n3 d := z;, — 1, m := mg, £ := ma/ms,
our problem is now seen to be a subproblem of the following slightly more general

one:
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A somewhat more general problem. Find all instances in which

10m™ —1
xlza(9> with a€{1,2,...,9,21,63} and

lo'nlf _ 1

where n > 1 is odd and ¢, m are positive integers.

4. Bounds among £, m, n

We assume that m > 20. The calculations for m < 19 appear in the last

section. We put
o=z /22 —1=x +yVd

1
Ty = 5(04” +a™").

Thus, from the first relation (11), we have

Then

10m —1

1
5(cwrcfl):az:lza with @€ {1,2,...,9,21,63}.

We get
1 10m -1
a> (o a™t) = a—g— > 10m 1 (12)
giving
log «v
m — .
log 10
On the other hand,
g 1 -1y _ m m
2<2(a+a y=x1 <7-10™, or a<14-10™, (13)
so that | los 14
og o og
< < 2.
log10 =" T iogio <
Hence, we have that
1
m—1<—2% cmto (14)

log 10
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We now exploit the second relation (11). We have

10mf — 1 10" —1\° a \¢
"o =b -1 e—1( )
o >z ( 9 >>9 ( 9 ) >9 110

9o -l £—1
— N 1
> (14()) >, (15)

where in the above chain of inequalities we used the right—most inequality (13)
to infer that 10™~1 > «/140, as well as the fact that m > 20 together with (12)
which implies that « is sufficiently large so that both inequalities a > 140 and
9a/140 > o!/? hold. Clearly, (15) shows that

{<2n+1. (16)
On the other hand

(@ +a™) =z, <10™ < (10a)*,

N

a” <

2

where we used once again inequality (12). The last inequality above leads to
™ < (20a)f < (a®/?)!, (17)

where we used the fact that «'/2 > 20, which follows from (12) together with the
fact that m > 20. Inequality (17) yields

£>2n/3,
which together with (16) gives

)3 <0< 2n+1. (18)

We will use (14) and (18) later.

5. Bounding m in terms of n

We recall that x, = P,(x1), where P,(X) € Z[X] is the nth Chebyshev
polynomial given by

P, (X):=

(X 4+ VX2 -1)" 4+ (X /X2 - 1)").

N | =

Throughout this section, we work with divisibility relations among {3}-integers.
That is, we work with algebraic numbers of the form §/3%, for some algebraic
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integer 6 and some integer k. Given two {3}-integers § and A\, we will say that
0| Nif A/d is a {3}-integer. Using (11), it follows that

—-b/9=x, = P,(x1) = P, (—a/9) (mod 10™). (19)

We will exploit relation (19).

We treat first the case a = 9. Then z; = 10™ — 1, so 1 + 1 = 10™.
We find the last two terms of P,,(X) as a polynomial in X + 1. For this, we put
Y:=X+41,Q,.Y):=PFP, (Y —1), s0

(Y -1+ —12-1)"+ (Y —1— /(Y —1)2-1)").

Taking Y = 0 in the above expression, we get

N |

Qn(Y) =

1

Qu(0) = (1) +(=1)") = -1

because n is odd.
For the coefficient of Y, we take the derivative of @, (Y") with respect to Y.
We get

Qn<Y)/:Z<(Y—1+\/m)n—l <1+(Y—1)>

Y 121
2 _ 1\n—1 . (Yﬁl)
(Y —1-/(Yy —1)2—1) (1 (Y_1)2_1>>

:Z<((Y_1+\/m)n_l+(}/—l— (Y_1>2_1)n—1)
+&((Y—l+m)n71

Y -12-1

— (Y —-1- (Y_1>2_1)n—1>>
Z<(Y1+W)nl+(}/1 (Yfl)Zfl)nfl)

+2Y —-1) Y (”; 1) Y - Ry —1)2 - 1’”).

0<k<n—1
k=1 (mod 2)



388 Appolinaire Dossavi-Yovo, Florian Luca and Alain Togbé

For Y = 0 and using the fact that n is odd, we get that

@n(0) = 9 ((‘Unl + (=1)""t 4 2(-1) (nI 1) (_1)n2> —n2.
Thus,
Qn(X)=n*(X+1)—1 (mod (X +1)?).

Making X := x1, we get that when a = 9, then
—b/9 =z, = Py(71) = —1+n*10™  (mod 10*™).

If b # 9, we then get that 10™ | b — 9, a contradiction because m > 20. If b =9,
we then get 10™ | n?, which is also a contradiction since n is odd. This takes care
of the case a = 9.

Suppose now that a # 9. We put

B:=—a/9++/(—a/9)% -1,

and study these numbers for a € {1,2,...,8,21,63}. Then § is one of the numbers

—144y=5 —24+/=T7 —1+2y=2 —4+4+=65 —5+2/—-14
9 ’ 9 ’ 3 ’ 9 ’ 9 ’
—24=F  —T+4/=2 —8+/—17 —T7+2/10

3 ’ 9 ’ 9 ’ 3 ’

—7+4V3.

Clearly, § is a {3}-integer. The numbers from the above list are multiplicatively
independent any two (in fact, they live in distinct quadratic fields) except for

—1+4y=5 <2+ﬁ>2 . (1+2ﬁ>2 T4+ 4y72
9 B 3 3 N 9 '

The divisibility relation (19) that we exploit becomes

10™ | Po(—a/9) + b/9. (20)
Observe that
Pul=a/9) +b/9 = L(5"+ 57 +b/9 = L0 (772 + @y9)(8)" + 1)
= e -, (21)

2
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where
vi==b/94++/(-b/9)? - 1.

Since 3 is a {3}-unit (that is, 37! is also a {3}-integer), divisibility relation (20)
and relation (21) yield
10™ [ (8" =B =771 (22)

We distinguish four cases.
Case 1. b=9. Then v = —1, and (22) implies

10™ | (B™ +1)% (23)

Let m be a prime ideal dividing 2 in K = Q(3). Computing the norm of 5 + 1
from K to Q, we get

Nija(B+1) =B+ +1) = (=a/9+1)* = ((a/9)* = 1) = =——,
which is a rational number of the form r/s with odd s and even r. Hence,
213+ 1B+ 1).

Since also 8+ 871 = —2a/9 = 0 (mod =), it follows that 8 = 87! (mod 7). In
particular, 7 | (8 + 1)2, therefore 7 | 8 + 1. Note that

= (525, (24
and nq
55:1 =" 4. 41=14+---+1=n=1 (modn), (25)
n times

because n is odd. It now follows that the divisibility relation (23) gives 2™ |
(8 + 1)2. Taking norms we get

2
2°™ | Ngjo(B+1)° = <2(99_a)) , (26)

which leads to m < 10, a contradiction. Thus, the case b = 9 is not possible.

Case 2. b=a. Then v = 3, and we get

—n

107 | S5 - p)(8" - )

= Ligmenrz - g-mrnzygm-nie _ g2y gp)
2
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For a positive integer k put
g —p*
IR

The sequence {vy}r>1 is a binary recurrent sequence of {3}-units. We are inter-

Uk

ested in the exponent of 2 in the factorization of v. Since v1 = 1, v = —2a/9
and
Vkt2 = (—2a/9)vg1 —vg, forall k>1,

one proves easily that vx has an even numerator if and only if & is even. Further,
writing an even k as k = 2"ky with a positive integer u and an odd integer kg, we
get that

527%0 _ 5—2”1@0

The arguments from Case 1 (see (24) and (25)) show that the right—most factor
above is odd (that is, it is a rational number of the form r/s with odd ), and
also that QHBT + 5*27" for i = 1,2,.... Further, 8+ 87! = —2a/9 and since
a € {1,2,...,8,21,63} it follows that the exponent of 2 in 3 + S~ is at most
4. Thus, putting vo(r) for the exponent of 2 in the factorization of the rational

= vy = (B4 7 4872 (7 457

number 7, we get that
V2 (Voup,) < 3+u =3+ logk/log?2.

Now, we return to divisibility (27) which can be rewritten as

1 _
10™ | 5(5 — B 20041) 2V (1) 2-

Observing that (83— 371)% = & (a* —9?), that vo(a? —9%) < 5 for our possibilities

for a, and that one of (n+1)/2 and (n — 1)/2 is odd, we get that
m < 14+ vs ((@® = 9°)V(nt1)/20m-1)/2) < 1+ v2(a® = 9%) + 12(V(ni1)/2)

v (Vn-1y2) < 9+ log((n+1)/2)/log2. (28)

Case 3. a # b but § and v are multiplicatively dependent. As we saw
before, this happens only when Q(3) = Q(v/—5) or Q(v/—2) and either v = 32
or B =~2. In this case, the divisibility (22) becomes one of

10™ | (6n+2 _ 1)(671—2 _ 1) or 10™ | (72n+1 _ 1)(,}/2n—1 _ 1).
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The arguments from Case 1 show that either one of the above two relations yields
that either 2™ | (8 — 1)% or 2™ | (v — 1)2. By the argument used to prove (26),
we get

2(a+9) ) 2

2 | Nego(s -1 = (22

or a similar relation with the pair (3, a) replaced by (v, ), and none of them holds
with some m > 20. So, this case cannot occur.

Case 4. B and v are multiplicatively independent. Let L = Q(8,7),
which is a field of degree D = 4. Let 7 be any prime ideal dividing 2 in .. For an
algebraic number § € L, we put v,(J) for the exponent of 7 in the factorization
of the principal fractional ideal §Op,. Relation (22) gives

m < v (10™) < v (B" =) + v (8" — 7).
Clearly,

min{v (6" =), vz (8" =77} Swve(y =771 (29)

Since

_ 4 4 _ 2 2
Nejoly — oY) = (2\/1)29 92) 20 934(b+9) |

for m > 20, it follows that va(Ny,g(y—>"")) < 14. Putting e for the ramification
of m, we get from (29) that

min{v, (8" — ), v. (8" — 'Y_l)} < va(y— 7_1) < exls (N]L/Q(’)’ - '7_1)) < 56.
Hence,
m < max{v (6" —7), vz (8" — ")} + 56.
Note also that v, (y) = vx(y7!) because v is a {3}-unit. Hence,
m < max{yﬂ(ﬂnvil — 1)} + 56. (30)
To estimate the maximum above, we use a linear form in p-adic logarithms due
to KUuNRUI YU [13]. The statement is the following.

Theorem 5.1. Let 61, ...,0; be algebraic numbers in a field I of degree D
and by, ...,b; be nonzero integers. Put

A=06-5 —1
and
B > max{|b1|,..., |b:], 3}
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Let w be a prime ideal of L sitting above the rational prime p of ramification e,
and inertia f,, respectively. Assume that

H; > max{h(d;),logp} fori=1,...,t,
where h(9) is the Weil height of 6. If A # 0, then

fr
vr(A) < 19(20Vt + 1D)2(t+1)efr_lgi)7g)2 log(e"tD)H; - -- Hylog B.  (31)
™ p
For us, we take t = 2, §; = 3, d2 =7, by = n, by = £1. Thus, B = n. The
degree D of the field L containing 8 and + is 4. The form A is non-zero (because

B and v are multiplicatively independent). Hence, we get

Vo8 — 1) < 19(20V3 - 4)%e,

2f7r
TATE log(8¢®)H, Ho logn, (32)

where
Hy, > max{h(B),log2} and H; > max{h(v),log2},

and h(8) and h(vy) are the Weil heights of 5 and ~, respectively. Computing the
heights of 3, v one gets that we can take Hy = Hy = 1.5. Since e, < 4 and
fr <4, a computation reveals that inequality (32) and (30) yield

m < 4 x 10'%logn. (33)

Note that the upper bound (33) above is larger than (28) obtained at Case 2.
We record this as a lemma.

Lemma 5.1. In (11), we have for m > 20 that

m < 4 x 10 logn. (34)

6. Bounding all variables £, m,n

The second equation (11) gives
Q"+ a" = 2z, = (20/9)10™° — (2b/9),

or
(2b/9)10™° — o™ = a™" 4 (2b/9).
This leads to 3 1
0< (26/9)10™a™ -1 < — < ——. 35
(26/9)10™a o <= (3)
The left-hand side above is nonzero because a™ is irrational. We find a lower
bound on it using a result of MATVEEV [11] which we now state.
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Theorem 6.1. In the notations of Theorem 5.1, assume additionally that IL
is real and

H; > max{Dh(J;),|logd;|,0.16} for i=1,...,t.
If A # 0, then
log|A| > —1.4-30"" . t*°. D*(1 4+ log D)(1 + log B)H, - - - H;.

We take t = 37 51 = 2()/97 52 = 10, 63 = Q, b1 = 1, bg = mﬁ, b3 = —n. Since
¢ < 2n by (18), it follows that we can take B = 2mn. We take L = Q(«) which
is real of degree D = 2. We can clearly take H; = 2log16, Hy, = 2log 10 and
H; = log . Then applying Theorem 6.1 and using (35), we get

(n—1)loga < 1.4-30° - 35 . 22(1 +1log 2)(1 + log(2nm))(21log 16)(21og 10) log v,

which gives
n—1<3x10%(1 4 log(2mn)), (36)

and using (34), we get
n—1<3x10"(1+log(8 x 10'%nlogn)), (37)
giving n < 3 x 10%. Inequalities (18) and (34) now give
£<6x10"” and m<2x10".

We summarize these calculations as follows.

Lemma 6.1. In (11) we have for m > 20 that

0<6x10%, m<2x10® n<3x10%.

7. The final calculations

7.1. Small cases. In this subsection, we deal with the cases deemed as “small”
along the way. These are the cases for which either d < 100 (end of Section 2), or

l‘% -1= dy%a
for some x; as in (11) for some m < 37. Put

Dy ={2<d<100: p?(d) =1},
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Dy :={d: 2% —1=dy}, with u*(d) =1, for some x; as in (11) with m < 37},

and
D =Dy UDs.

Here, p(d) is the Mébius function of the positive integer d. The set D has 451
elements. The smallest one is 2 and the largest one is

306249999999999999999999999999999999938750000000000000000000000000000000003.
For each d € D, we let (x1,y1) be the minimal solution of the Pell equation
22 —dy? =1,

and put as before a = 1 + \/(jyl. We need to find n > 2 or deduce that it does
not exist such that

b(10M — 1)

Ty = 9 , forsome be{l,2,...,9}. (38)
Thus, we get
%(a" fa) = wf_” (39)
This can be regrouped as
la™ — (2b/9)10M| < a™™ +2b/9 < 3. (40)

The maximal value of o for d € D; corresponds to d = 61, with corresponding
x1 = 1766319049, but this gives a smaller value of « then the largest element
corresponding to d € Dy, which is

63(1037 — 1)
9

a:x1—|—\/x%—1<14-1037.

=7(10%" — 1),

T =

with corresponding

So, estimate (40) gives
10M=1 < (26/9)10M < @™ +3 < (14-103")™ + 3 < 103",

implying
M < 39n. (41)
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On the other hand, since v > 2 + /3, we get, again from (40), that
(24 V3)" < a™ < (2b/9)10M + 3 < 10M+1
therefore
log 10
n< ———
log(2 4+ v/3)

So, from (41) and (42), we record that

(M +1) < 1.8(M +1). (42)

% <n<18(M+1). (43)

Now from (40), and the fact that a > 2 + /3 > 3, we get that

3 1

an an—1 :

la™"(2b/9)10M — 1| < (44)
The left-hand side above is not 0. To find a lower bound for it, we apply again
Matveev’s Theorem 6.1 in the same way as we did it for estimate (35). The only
difference now is that the exponent mf was replaced by M and M < 39n, so
instead of estimate (36), we get

n—1<3x10"(1+log(39n)),

giving n < 2 x 10'® and then M < 8 x 106,
We record what we have proved.

Lemma 7.1. If d € D, then in (38), we have n < 2x 105 and M < 8 x 1016,

We now need to lower n. Clearly n > 3 since it is odd, so that a”~! > 2.
We put
I' = M log 10 — nlog o + log(2b/9).

Relation (39) implies that T' > 0. By (44), we have 0 < e’ —1 < o~ ("D < 1/2,
so el € (1/2,3/2). Thus,

1
F<el—1< ——.
an—l
In particular,
log 10 log(2b/9 A
0<M<Og )—n+0g(/)<, (45)
log log an

where A = a/log a. We now recall a result of DUJELLA and PETHS, the proof of
Lemma 5 in [6].
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Lemma 7.2. Let M be a positive integer, let p/q be a convergent of the
continued fraction of the irrational v such that ¢ > 6M, and let A, B, . be some
real numbers with A > 0 and B > 1. Let € := ||ug|| — M||vql||, where || - || denotes
the distance from the nearest integer. If ¢ > 0, then there is no solution to the
inequality

O<uy—v+p<AB™Y,

in positive integers u, |v| and w with
log(Ag/e)
logB

We applied Lemma 7.2 with v = log10/log o, u = log(2b/9)/logca, B = «
for all b € {1,...,9} and each of the 451 «’s corresponding to d € D with the
bounds on n and M given by Lemma 7.1. We got bounds for n and M that are

u<M and w>

at most 33 and the remaining calculations were done by brute force. We only
obtained the small solutions indicated in the statement of Theorem 1. In fact, we
have:

e d=2,(n,m,b,x)=(1,1,3,3),(3,2,9,99),

e d=3, (n,m,b,x)=(1,1,2,2),(2,1,7,7),

e d =62, (n,m,b,z) =(1,1,63,63),(3,6,9,999999).
Note that the case d = 62 above gives a convenient solution of (11) but not to our
original problem since 63 is not a rep-digit. Thus, this example is not included
in the statement of Theorem 1. So, from now on we are entitled to continue with
the computational part when d > 100 and m > 20.

7.2. The large cases. Similarly to (35), the first equation (11) gives

3
0< (2a/9)10ma™ -1 < = (46)

Relations (35) and (46) lead via the inequality e* — 1 > z for positive real z to
the inequalities

3
[mllog 10 — nlog a + log(2b/9)| < —,
a

3
|mlog 10 — log o + log(2a/9)| < —.
a

Multiplying the second relation above by n, using the triangular inequality, the
upper bound of Lemma 6.1 on n as well as inequality (12), we get
3n+3 1016 1

|m(¢ — n)log 10 — nlog(2a/9) + log(2b/9)| < o < 1om=1 = [gn-r
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If £ = n, we get

Inlog(2a/9) — log(2b/9)| < ﬁ (47)

and this has no solution n > 3, a € {1,2,...,8,21,63}, b € {1,2,...,9} as we
checked computationally. Thus, ¢ # n. Then we get

log(2a/9) log(2b/9) 1 05
‘n( log 10 m(l —n) log10 | < (log 10)107-17 < Tom—17" (48)

The above inequality is of the type

A
uy — v+ pl < 55
where

o _ log(2a/9) o _ log(20/9)
wi=n, v:i= log10 vi=m{l—n), pu= log10

A:=0.5, B:=10,
and w := m — 17. We first suppose a # b, where recall
ae{l,2,...,9,21,63} and be{1,2,...,9}

This we treat with Lemma 7.2 by distinguishing two cases according to the sign
of the expression on the left-hand side of (48). We took M := 3 x 10!, which is
acceptable by Lemma 7.2, in order to get a small bound for m. A program was
written in PARI/GP running with 200 digits. For the computations, if the first
convergent such that ¢ > 6M does not satisfy the condition € > 0, then we use
the next convergent until the condition is satisfied. Fortunately, the bound was
reduced at the first round. It took about 3 minutes to run our program and in
all cases, we obtained m < 36 if a <9, m < 34 if a = 21, and m < 37 if a = 63.
But this case has been covered at Subsection 7.1.
In the case a = b, we cannot use Lemma 7.2 because then (48) becomes

log(2a/9)

0.5
‘(” ) log 10

m(én)‘ < W,

and now the left-hand side is “homogeneous”. That is, the parameter y in Lem-
ma 7.2 becomes 0 and ¢ is always negative. So, we use Legendre’s criterion.
Namely, let a = b € {1,2,3,4,5,6,7,8,9}. Note that n > 1. Then we get

0.5
(n—1)10m—17"

log(2a/9)  m(¢—n)

49
log 10 n—1 (49)
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Recall that m > 33. Then 10™~17 > 3x 10 > n—1, so that the right-hand side is
<1/(2(n—1)?),som(f—n)/(n—1) = p/q is a convergent of log(2a/9)/log 10 with
denominator ¢ < 3 x 10'5. We computed all the convergents p;/q; = [ao, . . ., a¢]
with ¢ maximal such that ¢; < 3x10' and recorded A = max{a; : i =0,...,t+1}.
We obtained the following values of A:

a=1, A=99;, a=2, A=89; a=3, A=44; a=4, A=18; a=5, A=29;
a=6, A=254; a=7, A=459; a =8, A=509; a =9, A=142.

By the theory of continued fractions, we have

log(2a/9) p 1

log 10 q ’ (A+2)g?

Combining (49) and (50) we get

1 1
(A+2)¢ = 2(n— 1o T
This gives
A+ 2)¢? A+2)(n-1
10m-17 < (A+2)¢" _ (A+2)(n—1) < 1.5 x 10" (A +2).

2n—1) ~ 2

Thus, with the above values of A we get m < 34. So, again we are in the situation
treated at Subsection 7.1.
This completes the proof of Theorem 1.
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