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On weakly symmetric Riemannian manifolds

By MILEVA PRVANOVIĆ (Beograd)

1. Introduction

The notion of weakly symmetric Riemannian manifold has recently
been introduced and investigated by T. Q. Binh and L. Tamássy [1],
[4]. This is a non-flat Riemannian manifold whose curvature tensor Rhijk

satisfies the condition

(1.1) ∇rRhijk = ArRhijk + BhRrijk + CiRhrjk + DjRhirk + EkRhijr,

where A, B, C, D, E are 1-forms which are not zero simultaneously and ∇
denotes covariant differentiation with respect to the Riemannian metric.

In the case B = C = D = E = 1
2A, a weakly symmetric manifold is

just a pseudo-symmetric manifold as introduced and investigated by M. C.
Chaki [2], [3].

We mention still one case, namely the case B = C = D = E 6= 1
2A,

in which instead of (1.1), we have the condition

(1.2) ∇rRhijk = FrRhijk + DhRrijk + DiRhrjk + DjRhirk + DkRhijr.

Now, we recall the definition of a B-space, given by P. Venzi [5]. Let
L(Θ) be a vector space formed by all vectors Θ satisfying

(1.3) Θ`Rhijk + ΘjRhik` + ΘkRhi`j = 0.

A Riemannian space is said to be a B-space if dimL(Θ) ≥ 1.
In §2 of the present paper, we prove that if a weakly symmetric Rie-

mannian space is not a pseudo-symmetric manifold (in the sense of Chaki),
then is a B-space. In §§3,4 and 5 we determine the necessary and sufficient
conditions for a B-space to be weakly symmetric. Doing this we shall show
that the condition (1.1) always reduces to (1.2).
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2. Weakly symmetric Riemannian space
as a B-space

Symmetrizing (1.1) with respect to h and i, we get

(2.1) (Bh − Ch)Rrijk + (Bi − Ci)Rrhjk = 0.

This relation implies Bh = Ch. In fact, let us suppose B1 6= C1. Then
(2.1) with h = i = 1 gives 2(B1 − C1)Rr1jk = 0, and therefore Rr1jk = 0
for all r, j, k. Putting now h = 1 in (2.1), we have (B1 − C1)Rrijk = 0,
whence Rrijk = 0 for all r, i, j, k. But this contradicts our assumption
that the manifold is non-flat. Thus B1 = C1. Repeating the procedure
for each h = 2, . . . , n we get Bh = Ch. In a similar manner, symmetrizing
(1.1) with respect to j and k we get Dj = Ej . Thus, the condition (1.1)
reduces to

(2.2) ∇rRhijk = ArRhijk + BhRrijk + BiRhrjk + DjRhirk + DkRhijr.

Applying the second Bianchi identity to (2.2), we get

(2.3) (Ar − 2Br)Rhijk + (Ah − 2Bh)Rirjk + (Ai − 2Bi)Rrhjk = 0,

and

(2.4) (Ar − 2Dr)Rhijk + (Aj − 2Dj)Rhikr + (Ak − 2Dk)Rhirj = 0,

from which we find

(2.5) (Br −Dr)Rhijk + (Bh −Dh)Rirjk + (Bi −Di)Rrhjk = 0.

We see that if Ai 6= 2Bi or Ai 6= 2Di, then the conditions (2.3) and (2.4)
are of the form (1.3). Thus, we have proved

Theorem 1. If a weakly symmetric Riemannian manifold is not pseu-
do-symmetric (in the sense of Chaki), then it is a B-space.

In he sequel, we try to find the conditions for a B-space to be weakly
symmetric. First, we note that ([5], Theorem 1) for each B-space,
dimL(Θ) ≤ 2. Thus, for further investigation, we have to consider two
cases: dimL(Θ) = 1 and dimL(Θ) = 2.

3. The case of dimL(Θ) = 1

In view of (2.5), Bi −Di ∈ L(Θ) from which, taking into account the
assumption dimL(Θ) = 1, we find

(3.1) Bi = βΘi + Di.
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On the other hand, for each B-space, there exists a symmetric tensor Tij

such that ([5], Theorem 2)

(3.2) Rhijk = ThkΘiΘj + TijΘhΘk − ThjΘiΘk − TikΘhΘj ,

where Θ is the basis vector of the space L(Θ).
Thus, if this B-space is simultaneously weakly symmetric, then we

have

(3.3)

ΘiΘj∇rThk + ΘhΘk∇rTij −ΘiΘk∇rThj −ΘhΘj∇rTik

+ Θh(Tij∇rΘk − Tik∇rΘj) + Θi(Thk∇rΘj − Thj∇rΘk)

+ Θj(Thk∇rΘi − Tik∇rΘh) + Θk(Tij∇rΘh − Thj∇rΘi) =
=ArRhijk + DhRrijk + DiRhrjk + DjRhirk + DkRhijr

+ β(ΘhRrijk + ΘiRhrjk).

Now, let vi be a vector field such that Θava = 1 and let us put

Thkvh = uk, Thkvhvk = ukuk = ψ.

Then, transvecting (3.3) with vhvk and using (3.2), we get

(3.4)
∇rTij =srTij + trΘiΘj + ΘiHrj + ΘjHri + uj∇rΘi + ui∇rΘj

+ Di(ψΘrΘj + Trj − ujΘr) + Dj(ψΘiΘr + Tri − uiΘr),

where

sr = −2(∇rΘa)Θa + Ar + (β + 2Dava)Θr,

tr = −(∇rTab)vavb + ψAr + βψΘr + 2Davaur,

Hrj = (∇rTaj)va − ψ∇rΘj + (∇rΘa)vauj −Aruj

− (β + Dava)ujΘr −DavaTrj −Djur.

On the other hand, differentiating (1.3) and using (2.2) and (1.3), we
obtain

(3.5)
(∇rΘ` −D`Θr)Rhijk + (∇rΘj −DjΘr)Rhik`

+(∇rΘk −DkΘr)Rhi`j = 0,

from which, contracting with vhvk, using (3.2) and putting

pr = (∇rΘa)Θa −DavaΘr,
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we get

(3.6)

Tij∇rΘ` − Ti`∇rΘj = (ujΘi + uiΘj)∇rΘ`

− (u`Θi + uiΘ`)∇rΘj +
[
(Tij + ψΘiΘj

− ujΘi − uiΘj)D` − (Ti` + ψΘiΘ` − u`Θi

− uiΘ`)Dj

]
Θr − ψ

[
(∇rΘ`)Θj − (∇rΘj)Θ`

]
Θi

− pr

[
Ti`Θj − TijΘ` + (ujΘ` + u`Θj)Θi

]
.

Thus, if the B-space considered is weakly symmetric, then Tij and Θi

satisfy the conditions (3.4) and (3.6).
Conversely, let us consider the Riemannian space whose curvature

tensor can be expressed in the form (3.2) (it is easy to see that such a
space is a B-space). Further, let us suppose that Tij and Θi satisfy (3.4)
and (3.5) where si, ti, ui, pi and Di are some vector fields while Hri is
some tensor field. Then we find that

∇rRhijk = (sr + 2pr)Rhijk + DhRrijk + DiRhrjk + DjRhirk + DkRhijk.

Thus, we can state

Theorem 2. In a B-space there exists a symmetric tensor field Tij

such that the curvature tensor has the form (3.2), where Θi is the vector
of the basis of L(Θ). In order that such a space with dimL(Θ) = 1 be
weakly symmetric, it is necessary and sufficient that (3.4) and (3.6) hold.
This weak symmetry is of the form (1.2).

4. The case when dimL(Θ) = 1 and the basis
for L(Θ) is not a null vector field

If a Riemannian manifold is a B-space, then ([5], Theorem 3)

ΘaΘaRhijk = ΘiΘjRhk + ΘhΘkRij −ΘhΘjRik −ΘiΘkRhj ,

where Rij is the Ricci tensor. If dimL(Θ) = 1 and the basis for L(Θ) is
not a null vector, then we can suppose ΘaΘa = ε, ε = 1 or −1, i.e. without
loss of generality, the preceding relation can be written in the form

(4.1) Rhijk = ε(ΘiΘjRhk + ΘhΘkRij −ΘhΘjRik −ΘiΘkRhj),

where now Θ is a unit basis vector for L(Θ).
Transvecting (2.2) with ghk, we have

(4.2) ∇rRij = ArRij + BiRrj + DjRir + BaRa
jir + DaRa

ijr.
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But, transvecting (2.5) with ghk we obtain

BaRa
jir = (Br −Dr)Rij − (Bi −Di)Rrj + DaRa

jir.

Substituting this into (4.2), we get

(4.3) ∇rRij = (Ar + Br −Dr)Rij + DiRrj + DjRir + Da(Ra
jir + Ra

ijr).

In view of (2.4) and because of the assumption dimL(Θ) = 1, we have
Ai − 2Di ∈ L(Θ). Thus, besides (3.1) we have Ai = αΘi + 2Di. Using
this, (3.1) and (4.1), we can rewrite (4.3) into the form

(4.4)

∇rRij = (γΘr + 2Dr)Rij + (Di − εDaΘaΘi)Rjr

+(Dj − εDaΘaΘj)Rir + 2εDaRa
rΘiΘj

−ε(ΘjΘaRa
i + ΘiΘaRa

j)Θr,

where γ is a scalar function.
We recall that in this section the vector field Θ satisfies ΘaΘa = ε

and so we have (∇rΘa)Θa = 0. Also, transvecting (1.3) with ghk, we find

ΘaRa
i`j = ΘjRi` −Θ`Rij ,

from which

(4.5) ΘaRa
j =

1
2
RΘj and ΘaΘbRiabj = εRij − 1

2
RΘiΘj ,

where R is the scalar curvature of the manifold. Now, transvecting (3.5)
with ΘhΘk we get

(4.6)

Rij∇rΘ` −Ri`∇rΘj =

= [Rij(D` − εDaΘaΘ`)−Ri`(Dj − εDaΘaΘj)]Θr

+
1
2
εR[(∇rΘ` −D`Θr)Θj − (∇rΘj −DjΘr)Θ`]Θi,

while (4.4) can be rewritten as follows:

(4.7)
∇rRij =(γΘr + 2Dr)Rij + (Di − εDaΘaΘi)Rrj

+ (Dj − εDaΘaΘj)Rir + ε(2DaRa
r −RΘr)ΘiΘj .

Conversely, substituting (4.6) and (4.7) into

∇rRhijk = ε[ΘiΘj∇rRhk + ΘhΘk∇rRij −ΘhΘj∇rRik −ΘiΘk∇rRhj

+ Θh(Rij∇rΘk −Rik∇rΘj) + Θi(Rhk∇rΘj −Rhj∇rΘk)

+ Θj(Rkh∇rΘi −Rki∇rΘh) + Θk(Rji∇rΘh −Rjh∇rΘi)]
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and using (4.1), we get

∇rRhijk = [(γ − 2εDaΘa)Θr + 2Dr]Rhijk

+ DhRrijk + DiRhrjk + DjRhirk + DkRhijr.

Thus we obatain

Theorem 3. Let us consider a B-space such that dimL(Θ) = 1 and
the basis for L(Θ) is a unit vector field. In order that such a space be
weakly symmetric, it is necessary and sufficient that the Ricci tensor and
the basis vector Θ satisfy (4.6) and (4.7). This weak symmetry is of the
form (1.2).

5. The case of dimL(Θ) = 2

P. Venzi proved in [5] that a Riemannian manifold is a B-space
characterized by dimL(Θ) = 2 if and only if there exists a coordinate
system such that

(5.1) Rhijk = φ(ΘhΘ̃i − Θ̃hΘi)(ΘjΘ̃k − Θ̃jΘk),

where φ is a scalar function while the basis vectors Θ and Θ̃ satisfy

(5.2)
∇rΘ̃h = arΘ̃h + brΘh + chΘ̃r + dhΘr,

∇rΘh = erΘ̃h + frΘh + ghΘ̃r + rhΘr.

Thus, for a B-space which is weakly symmetric, we have

(5.3)

[∇rφ

φ
+ 2(ar + fr)−Ar

]
(ΘhΘ̃i − Θ̃hΘi)(ΘjΘ̃k − Θ̃jΘk)

+
[
ciΘhΘ̃r + diΘhΘr + ghΘ̃iΘ̃r + rhΘ̃iΘr

− chΘiΘ̃r − dhΘiΘr − giΘ̃hΘ̃r − riΘ̃hΘr

−Bh(ΘrΘ̃i − Θ̃rΘi)−Bi(ΘhΘ̃r − Θ̃hΘr)
]
(ΘjΘ̃k − Θ̃jΘk)

+ [ckΘjΘ̃r + dkΘjΘr + gjΘ̃kΘ̃r + rjΘ̃kΘr

− cjΘkΘ̃k − djΘkΘr − gkΘ̃jΘ̃r − rkΘ̃jΘr

−Dj(ΘrΘ̃k − Θ̃rΘk)−Dk(ΘjΘ̃r − Θ̃jΘk)](ΘhΘ̃i − Θ̃hΘi) = 0

Let v and ṽ be vector fields such that

Θava = 1, Θ̃ava = 0,

Θaṽa = 0, Θ̃aṽa = 1.
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(If the basis vectors Θ and Θ̃ are orthogonal and not null vectors, we can
choose them to be unit vectors and then we can put va = Θa, ṽa = Θ̃a.)

Transvecting (5.3) with vj ṽkṽrvi and vj ṽkvrṽi and subtracting, we
find

rh = %Θh + %̃Θ̃h + ch,

while transvecting with vj ṽkṽrṽi and vj ṽkvrvi we get respectively

gh = γΘh + γ̃Θ̃h, dh = δΘh + δ̃Θ̃h,

where %, %̃, γ, γ̃, δ, δ̃ are scalar functions. Thus, the conditions (5.2) reduce
to

(5.4)
∇rΘ̃h = ārΘ̃h + b̄rΘh + chΘ̃r

∇rΘh = ērΘ̃h + f̄rΘh + chΘr.

Conversely, let us consider a B-space statisfying dimL(Θ) = 2 and
(5.4). Then it is easy to see that ∇rRhijk has the form (1.2). Thus we can
state

Theorem 4. Let us consider a B-space characterized by dimL(Θ) = 2
Then there exists a coordinate system such that (5.1) holds. In order that
this B-space be weakly symmetric, it is necessary and sufficient that the
conditions (5.4) are satisfied, too. The weak symmetry is of the form (1.2).
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