Publ. Math. Debrecen
46 / 1-2 (1995), 19-25

On weakly symmetric Riemannian manifolds

By MILEVA PRVANOVIC (Beograd)

1. Introduction

The notion of weakly symmetric Riemannian manifold has recently
been introduced and investigated by T. Q. BINH and L. TAMAssy [1],
[4]. This is a non-flat Riemannian manifold whose curvature tensor Rp;jx
satisfies the condition

(1.1)  V,Rpijrk = ArRpiji + BrRyiji + CiRurji + D Rpirk + ExRhijr,

where A, B, C', D, F are 1-forms which are not zero simultaneously and V
denotes covariant differentiation with respect to the Riemannian metric.
Inthecase B=C =D =F = %A, a weakly symmetric manifold is
just a pseudo-symmetric manifold as introduced and investigated by M. C.
CHAKI [2], [3].
We mention still one case, namely the case B=C =D = FE # %A,
in which instead of (1.1), we have the condition

(1.2)  V,Rpijk = FrRhiji + Dy Ryiji + DiRhrji + DjRpiri + DiRpijir.

Now, we recall the definition of a B-space, given by P. VENzI [5]. Let
L(0) be a vector space formed by all vectors O satisfying

(1.3) O¢Rhiji + O Rhike + OrRpiej = 0.

A Riemannian space is said to be a B-space if dim £(©) > 1.

In §2 of the present paper, we prove that if a weakly symmetric Rie-
mannian space is not a pseudo-symmetric manifold (in the sense of Chaki),
then is a B-space. In §83.,4 and 5 we determine the necessary and sufficient
conditions for a B-space to be weakly symmetric. Doing this we shall show
that the condition (1.1) always reduces to (1.2).
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2. Weakly symmetric Riemannian space
as a B-space

Symmetrizing (1.1) with respect to h and i, we get
(2.1) (Bh — Cr)Ryiji + (Bi — Ci)Rypjr = 0.

This relation implies By, = C},. In fact, let us suppose By # C7. Then
(2.1) with h =i =1 gives 2(B; — C1)Ry1x = 0, and therefore R,1;, =0
for all 7, j, k. Putting now h = 1 in (2.1), we have (By — C1)Ryi;r = 0,
whence R,;j, = 0 for all r, 4, j, k. But this contradicts our assumption
that the manifold is non-flat. Thus B; = ;. Repeating the procedure
for each h = 2,...,n we get B, = Cj. In a similar manner, symmetrizing
(1.1) with respect to j and k we get D; = E;. Thus, the condition (1.1)
reduces to

(2.2) V,Rpijk = ArRhiji + BuRriji + BiRhrjk + DjRhirk + D Rpijir-
Applying the second Bianchi identity to (2.2), we get

(2.3) (Ar — 2B;)Rpiji + (An — 2Bh) Rirji + (Ai — 2B;)Renji =0,

and

(2.4)  (Ar —2D;)Rpijr + (Aj — 2Dj) Rpigr + (Ax — 2Dy) Rpirj = 0,

from which we find

(2.5) (Br — Dy)Rniji + (Br — Dp)Rirji + (Bi — D;i)Rypj i = 0.

We see that if A; # 2B; or A; # 2D;, then the conditions (2.3) and (2.4)
are of the form (1.3). Thus, we have proved

Theorem 1. If a weakly symmetric Riemannian manifold is not pseu-
do-symmetric (in the sense of Chaki), then it is a B-space.

In he sequel, we try to find the conditions for a B-space to be weakly
symmetric. First, we note that ([5], Theorem 1) for each B-space,
dim £(0) < 2. Thus, for further investigation, we have to consider two
cases: dim £(©) =1 and dim £(0) = 2.

3. The case of dim £L(©) = 1

In view of (2.5), B; — D; € L£(0) from which, taking into account the
assumption dim £(©) = 1, we find

(3.1) B; = 30; + D;.
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On the other hand, for each B-space, there exists a symmetric tensor 7Tj;
such that ([5], Theorem 2)

(3.2) Rhijk = Thk@z‘@j + Tz’j@h@k — Thj®z'@k — Tik@h@j,

where © is the basis vector of the space L£(©).

Thus, if this B-space is simultaneously weakly symmetric, then we
have

0:0,V, Tns + ©40,V, T); — 0,0V, Th; — 0,0, V, T,
+0,,(T;; V0, — T3, V,0;) + 0,;(ThiV,.0; — Ty;V,04)
(3.3) +0,;(ThiV,y0; — Ti,V,0y) + 04 (T;;V,0p — Ty V,0;) =
=A,Ryiji + DpRyiji + DiRyrjic + D Rhirke + Dy Rpijir
+ B(OnRyiji + Oi Rurjk).-

Now, let v* be a vector field such that ©,0% = 1 and let us put

k

Thkvh = Uk, Thkvhv = ukuk = w

Then, transvecting (3.3) with v"v* and using (3.2), we get

VTTM :SrTq;j —+ tr(ai@j —+ @iHrj + @me‘ + uer@i + uiVT@j

3.4
( ) + Dz(¢®r®j + Trj — Uj@r) + Dj (@b@@@,« + T — ui@r),

where

s = —2(V,.0,)0% + A, + (8 + 2D, v")0O,.,
tr = —(VoTap)v* 0" + YA, + YO, + 2D v uy,
Hyj = (Vo Toj) 0" — V.0, + (V,0,)0%u; — Ay,
— (B + Dv*)u;0, — DavT,j — Dju,.

On the other hand, differentiating (1.3) and using (2.2) and (1.3), we
obtain

(V:Op — DO, )Rpiji + (VrO; — DOy )Rpike

3.5
(3.5) +(V,0 — DiO,)Rpie; =0,

from which, contracting with v"v¥, using (3.2) and putting

Pr = (vre)a)ga - Dava(—)w
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we get
T,-]-Vr@g — T%gVT@j = (Uj@Z' + ui@j)VT@g
— (ue®; + uZ@g)VTQj + [(Tij + 1/)@1@]'
(3.6) —u;0; —u;0;)Dy — (Tip + 90,0, — w©;
— ui@g)Dj] @r — ’lﬂ[(vr@g)@J — (Vr@j)@g] @z
—pr [TuuO; — Ti;00 + (u;0, + u0;)0;].
Thus, if the B-space considered is weakly symmetric, then 7;; and ©;
satisfy the conditions (3.4) and (3.6).
Conversely, let us consider the Riemannian space whose curvature
tensor can be expressed in the form (3.2) (it is easy to see that such a
space is a B-space). Further, let us suppose that 7;; and ©; satisfy (3.4)

and (3.5) where s;, t;, u;, p; and D; are some vector fields while H,; is
some tensor field. Then we find that

Vi Rhiji = (8¢ + 2pr)Rpiji + DiRriji + DiRprji + Dj Rpirke + Dy Rhiji-
Thus, we can state

Theorem 2. In a B-space there exists a symmetric tensor field Tj;
such that the curvature tensor has the form (3.2), where ©; is the vector
of the basis of L(©). In order that such a space with dim L(©) = 1 be
weakly symmetric, it is necessary and sufficient that (3.4) and (3.6) hold.
This weak symmetry is of the form (1.2).

4. The case when dim £(0) = 1 and the basis
for £(O) is not a null vector field

If a Riemannian manifold is a B-space, then ([5], Theorem 3)
0,0 Ryiji = 0,0 Ry, + 0,0, R;j — 0,0, R, — 0,0, Ry,

where R;; is the Ricci tensor. If dim £(0) = 1 and the basis for £(0) is
not a null vector, then we can suppose ©,0% = ¢, e =1 or —1, i.e. without
loss of generality, the preceding relation can be written in the form

(4.1) Rpijk = €(0;0,;Rpr + 0,01 R;j — 01,0 R, — ©,0,R},;),

where now © is a unit basis vector for £(©).
Transvecting (2.2) with ¢"*, we have

(4.2) V,Rij = ArRij + BiR,j + D;Riy + BoR"jir + DqR% .
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But, transvecting (2.5) with ¢"* we obtain
B,R%ir = (By — Dy)Rij — (Bi — D;)Ryj + Do R%ir.
Substituting this into (4.2), we get
(4.3) Vo.R;; = (A + B, — D;)R;; + D;R,j + D; R, + Do(R%ir + R%jr).
In view of (2.4) and because of the assumption dim £(©) = 1, we have
A; —2D; € L(©). Thus, besides (3.1) we have A; = a©; + 2D,. Using
this, (3.1) and (4.1), we can rewrite (4.3) into the form
VrRij = ('7@7“ + 2Dr>Rij + (Dz — EDa@a@i)R]‘r
(44) +(DJ — EDa@a@j)Rir + QEDaRar@i@j
—E(@j@aRai + @i@aRaj)(‘)T,
where 7 is a scalar function.

We recall that in this section the vector field © satisfies ©,0°% = ¢
and so we have (V,0,)0% = 0. Also, transvecting (1.3) with g"*, we find
O.R%j = O Ry — OR;j,

from which
1 1
(45) @aRaj = §R@] and @a@mebj = €Rij — §R@1@J,
where R is the scalar curvature of the manifold. Now, transvecting (3.5)
with ©"0F we get
R;;V,0y— RyV,0; =

(4.6) = [Rij(D¢ — Da®"Oy) — Rio(D; — £D.0"9;)]O,

1
+§6R[(VT@g — DZGT)@j — (Vr@j — Dj@r)@g]@i,

while (4.4) can be rewritten as follows:

VrRij :<’7@r + 2D”’)R1J + (Dz — €Da@a@i)Rrj

4.7
( ) + (Dj — €Da®a®j)Rir + 5(2DaRaT — RGT)@’L@_]

Conversely, substituting (4.6) and (4.7) into

VrRhijk :5[@i®jv7‘th + @h@kerij - ®h@jerik - @i@kerhj
+ @h(Rier@k — Rikvr@j) + @i(thvr@j — thvr@k)
+ 0, (Rkp V0, — RiiV,0p) + Ok (R;i V.0, — RjpV,0,)]
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and using (4.1), we get
Vi Rhiji =[(7 —26D,0%)0O, + 2D, | Ry
+ Dy Ryiji + DiRprji + D Rpirk + Di Rpijir-
Thus we obatain

Theorem 3. Let us consider a B-space such that dim £(©) = 1 and
the basis for £(©) is a unit vector field. In order that such a space be
weakly symmetric, it is necessary and sufficient that the Ricci tensor and
the basis vector © satisfy (4.6) and (4.7). This weak symmetry is of the
form (1.2).

5. The case of dim £(0) = 2

P. VENzI proved in [5] that a Riemannian manifold is a B-space
characterized by dim £(©) = 2 if and only if there exists a coordinate
system such that

(5.1) Ruijk = ¢(01,0; — 0,0,)(0,;0, — 6,0,),

where ¢ is a scalar function while the basis vectors © and © satisfy
52) V.0 = ar(f)h + 5,0y, + ch(i)r +dp©,,

V,:0p = €.0p + [-On + gnO; + 11,0,

Thus, for a B-space which is weakly symmetric, we have

V¢
¢
+ [¢i04O, + d;040, + g,6;0, + 1,0,0,
— 10;0, — d;,0;0, — g;6,0, — 0,0,
— Bu(6,60; — 0,0;) - Bi(0,0, — 6,0,)](0,6), — ©,6y)
+[cx©,6, + 8,0, + g;0;6, +1,6,0,
—¢j0,0; — d;0,0, — 10,0, — r,0,0,
— D;(0,0}, — 6,0}) — Di(0,6, — 0,04)](0,6; — 6,0,) =0
Let v and v be vector fields such that
O =1, 6,0%=0,
O, 0% =0, ©,0%=1.

+ 2(6Lr + fr) — A, (@héz - éh®l>(®Jék - éj@k)

(5.3)
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(If the basis vectors © and © are orthogonal and not null vectors, we can
choose them to be unit vectors and then we can put v* = %, v = @“)
Transvecting (5.3) with v/o*9"v? and v/o*¥v"%° and subtracting, we
find R
Th = 0Oh + 0O} + cp,

while transvecting with v/o*9"%* and v/ o¥v"v? we get respectively
g =7On +3On, d =00y + 56y,

where o, 0, 7, 7, 6, § are scalar functions. Thus, the conditions (5.2) reduce
to

V, 0, = a,0, + b0} + c;,0,

(5.4) - _
V,0n =¢e.0, + f-0h + c,0,.

Conversely, let us consider a B-space statisfying dim £(©) = 2 and

(5.4). Then it is easy to see that V, Rp;;; has the form (1.2). Thus we can

state

Theorem 4. Let us consider a B-space characterized by dim £(©) = 2
Then there exists a coordinate system such that (5.1) holds. In order that
this B-space be weakly symmetric, it is necessary and sufficient that the
conditions (5.4) are satisfied, too. The weak symmetry is of the form (1.2).
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