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Partial representation of partial twisted smash products

By SHUANGJIAN GUO (Guiyang), SHENGXIANG WANG (Chuzhou)
and LONG WANG (Taizhou)

Abstract. In this paper we first give the sufficient conditions under which a par-
tial twisted smash product algebra and the usual tensor product coalgebra become a
bialgebra. Furthermore, we introduce the notion of partial representation of partial
twisted smash products and explore its relationship with partial actions of Hopf al-
gebras. Finally, we give the conditions for the partial twisted smash products to be
Frobenius.

1. Introduction

Partial group actions were considered first by EXEL in the context of operator
algebras and they turned out to be a powerful tool in the study of C*-algebras
generated by partial isometries on a Hilbert space in [9]. A treatment from a
purely algebraic point of view was given recently in [6], [7], [8]. In particular,
the algebraic study of partial actions and partial representations was initiated in
[7] and [8], motivating investigations in diverse directions. Now, the results are
formulated in a purely algebraic way independent of the C*-algebraic techniques
which originated them.

The concepts of partial actions and partial coactions of Hopf algebras on al-
gebras were introduced by CAENEPEEL and JANSSEN in [5], in which they put the
Galois theory for partial group actions on rings into a broader context, namely, the
partial entwining structures. In particular, partial actions of a group G determine
partial actions of the group algebra kG in a natural way. Further developments
in the theory of partial Hopf actions were done by LomP in [11].
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ALVES and BATISTA extended several results from the theory of partial group
actions to the Hopf algebra setting, they constructed a Morita context relating
the fixed point subalgebra for partial actions of finite dimensional Hopf alge-
bras, and constructed the partial smash product in [1]. Later, they constructed
a Morita context between the partial smash product and the smash product re-
lated to the enveloping action, defined partial representations of Hopf algebras
and showed some results relating partial actions and partial representations in [2].
Furthermore, they proved a dual version of the globalization theorem: every par-
tial coaction of a Hopf algebra admits an enveloping coaction. They explored
some consequences of globalization theorems in order to present versions of the
duality theorems of Cohen—Montgomery and Blattner-Montgomery for partial
Hopf actions in [3]. The authors generalized the above results to partial twisted
smash products in [10]. Recently, they introduced partial representations of Hopf
algebras and gave the paradigmatic examples of them, namely, the partial repre-
sentation defined from a partial action and the partial representation related to
the partial smash product in [4]. In this paper, we mainly discuss the partial rep-
resentation, Frobenius properties of partial twisted smash products in the sense
of [10]. The results in [4], [5] and [13] are slightly generalized and more properties
are given.

This paper is organized as follows. In Section 2, we give the sufficient condi-
tions under which a partial twisted smash product algebra and the usual tensor
product coalgebra become a bialgebra. In Section 3, we introduce the notion of
partial representation of partial twisted smash products and explore its relation-
ship with partial actions of Hopf algebras. In Section 4, we give the conditions
for the partial twisted smash products to be Frobenius.

2. Partial twisted smash products

Definition 2.1 ([5]). A left partial action of a Hopf algebra H on a unital
algebra A is a linear map

—~ H®A—>Ah®Ra—h—a

such that
(PLAL) 1y —~a=a,
(PLA2) h — (ab) = (h(1)) = a)(h(z) = b),
(PLA3) h — (g9 = a) = (hq) = 1a)(h@2)g — a).
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The algebra A, on which H acts partially is called a partial left H module algebra.

Definition 2.2 ([10]). A right partial action of a Hopf algebra H on a unital
algebra A is a linear map

—A®H - A,a®@h+—a+—h

such that
(PRALl) a — 1y = a,
(PRAQ) (ab) — h= (a — h(l))(b — h(g)),
(PRA3) (a+g) = h = (14~ ha))(a = gh()).
The algebra A, on which H acts partially is called a partial right H module
algebra.
Definition 2.3 ([10]). Let H be a Hopf algebra and A an algebra. A is called
a partial H-bimodule algebra if the following conditions hold:

(i) A is not only a partial left H-module algebra with the partial left module
action — but also a partial right H-module algebra with the partial right
module action <+ .

(ii) These two partial module structure maps satisfy the compatibility condition,
ie,(h—~a)—g=h—(a—g)forallaec Aand h,g € H.

Recall from [10] that to a Hopf algebra H with an antipode S and a partial
H-bimodule algebra A one can associate a unital algebra, the partial twisted
smash product of A by H. We first propose a multiplication on the vector space
A® H:

(a®h)(b® g) = a(h) — b S(he))) ® hz)g,

for all a,c € A and g,h € H. It is obvious that the multiplication is associative.
In order to make it to be a unital algebra, we project onto the unital subalgebra

A#HZ (A(X)H)(IA@lH).

Then we can deduce directly the form and the properties of typical elements of
this algebra

a#th = (a#h)(1la® 1) = a(h(l) — 14~ S(h(g))) ® h2),
and finally verify that the product among typical elements satisfy
(a#h)(b#g) = a(h) — b S(h@)))#h>)9, (2.1)

for all h,g € H and a,b € A.
From the above definitions, we have
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Proposition 2.4. With the notations as above, A#H is an associative al-

gebra with a multiplication given by (2.1) and with the unit 1441y, and call it

by a partial twisted smash product, where 1 is the unit of A.
PROOF. Similar to [1]. O

Definition 2.5. Let H and A be Hopf algebras. A skew pair is a triple
(A, H,o0) endowed with a k-linear map o : A ® H — k such that the following
conditions are satisfied.

(1) o(ab,h) = o(a, h1y)o(b, he)),

(2) a(any, h)o(aw),9) = o(la,90))o(a, geyh) = o(la, hay)o(a, gh)),
(3) o(a,1) =¢€(a),
for all h,g € H and a,b € A.

Ezxample 2.6. Let H be a Hopf algebra with a bijective antipode S and A
a Hopf algebra. Suppose that (A, H, o) is a skew pair, then we can define two
actions of H and A: for any h € H,b € A,

h—b= b(Q)U(b(l)7 h’)a
b h=buyo(bw), (S71)*(h)).
It follows that
a#h = a(h(l) — 1y — S(h(g))) [029] h(2)
= 0’(1A, h(l))a ® h(g)U(lA, S_l(h(g))).

It is not hard to verify that (A, —, <) is a partial H-bimodule algebra and the
multiplication of A#H is

(a#h) (b#k) = (T(b(l), h(1)>ab(2)#h(2)k0(b(3), S_l (h(g))),
for all h,k € H and a,b € A. Then A#H is a partial twisted smash product.

Example 2.7. Recall the definition of Hy. As a k-algebra, Hy is generated by
two symbols ¢ and z, which satisfies the relations ¢ = 1, 22 = 0 and zc+cx = 0.
The coalgebra structure on Hy is determined by

Alc)=c®c¢, Alx)=z®1+c®z, clc)=1, e(x)=0.

Consequently, Hy has the basis 1 (identity), ¢, z, cx, we now consider the
dual H} of Hy. We have Hy = H (as Hopf algebras) via

1=1"4c¢", e—1"4+c", z—=a"+ ()", cx—a"—(cx)",
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here {1*,c¢*,z*, (cx)*} denote the dual basis of {1,c,z,cx}, then we let T =
1*4+ ¢, P =a*+ (cx)*, TP = z* — (cx)*, we get another basis {1,T, P,TP}
of Hy. Recall from [5] that let A be the subalgebra k[z] of Hy, it is shown that A
is a right partial Hs-comodule algebra with the coaction p"(1) = $(1®1+1®c+
l®cz), p'(z) = 3(z®14+2®c+a®@cz). By similar way we can define A as a left
partial Hy-comodule algebra with the coaction p!'(1) =1(1® 14+ c®1+czx®1),
pl(z) = 3(1@x+c®@x+cx@x), and it can be easily checked that A is a partial
Hj-bicomodule algebra, then A is a partial Hj-bimodule algebra via f — a =
> < fiap) > ap and a — g =< g,ai_1] > ay, for a € A, f,g € H*. Then
A#H} is a partial twisted smash product.

Theorem 2.8. Let H be a Hopf algebra with an antipode S, A be a bialgebra
and a partial H-bimodule algebra.
(1) The partial twisted smash product algebra A#H equipped with the tensor

product coalgebra structure makes A#H into a bialgebra, if the following
conditions hold:

a) ea(hay—a—S(hw))) =cala)en(h),

b) Aa(ha)—a+=5S(he)) = (ha)—=aq) = S(he)) © (he) —ae) =S (b)),
c) (hay = a) @ hiz) = (h(2) = @) @ hqy),

d) (a = S(h))) ® hy=(a <= S(hz)) @ hq)-

(2) Furthermore, if A is a Hopf algebra, and we assume that the following formula

holds:
h(l) — lA — S(h(g)) = EH(h)lA. (22)

then A#H is also a Hopf algebra with antipode Saupn defined by:

Sagn(agth) = (1#5(h))(Sa(a)#1).

PRrROOF. (1) First we verify Axp is an algebra morphism with respect to

the multiplication on A# H and the tensor product coalgebra structure on A#H,

Angpn((afth)(b#1))
= Dagn(aq (ha) = b = Sh)#he)l)
= ailh) = b Shay)#helo) © e (ha) = b = Sha)@#he)le)

(d)
= ai(ha) = b= She) #he)la) ® ae)(ha) = b= She))@#hwle)

(d)
= ai(ha) = b= She) #he)la) @ ape)(ha) = b= She))@#hwle)
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®
= a1lh) = b She))ithe)la) @ ae) (he) = b= Sha)ithele)

()
= a1(hg) = b= Shig))#hwla) @ ag)(ha) — b= She)#he)le)

©
= a1(ha) = b= Sh))#he)la) @ ae) (g = b She)#hmke)

= a1(h) = b= She)) #ho)la) @ ae) (g = b She)#hm ke

= A(ah) Ab#).

Next, we verify & A H 1s also an algebra morphism. It is easy to verify
eagn(a#th) = ca(a)en(h).

In fact,

eagn(a#th) = cagn(a(hn) = 1a = S(h))) @ hz))
= eala(h@y = 1a = S(h)))en(he))

can ((a#h) () = eaprn (@b = b = Slhey) o)
= gA(a(h(l) — b~ S(h(S)))gH(h‘(Q)Z)
@ e s@en(Wea®)zr (D)
= capn(a#th)e ayn (b#l).

Hence, A#H is a bialgebra.
(2) For any a € A and h € H, we have

(Sagn = id)(a#th) = (La#Sh))(Sala)#1)(a@)#h)

= (La#Sh(1))(S(ar)az#h2))
=ca(a)(La#Shy)(La#he))

(a)(Sh(z) — 1a < S(Sh(1)))#(Sh(2))ha

9 e (@)(Shzy = 14 — S(Sh)))#(Shes))ha

ea(a)((Sh)1 — 14 < S(Sh)2))#1u
(2.2

Z)EA(Q)EH(h)lA#lH.

In the similar way, one can check that

(id* Sﬂ)(@) = EA(a)aH(h)lA#lH.
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Therefore, A# H is a Hopf algebra with antipode
Sagn = (1#5(h))(Sa(a)#1). O

Remark 2.9. In Theorem 2.8, the conditions (b), (¢) and (d) of the item (1)
can be easily verified for the case where H* is cocommutative (therefore, H is

commutative). If a Hopf algebra H* satisfies these three conditions, then H* is
not necessarily cocommutative.

A concrete counterexample is presented as follows.

With the notations as above, we have shown that A# HJ is a partial twisted
smash product. So we only consider the element P of H; and check the condi-
tion (b) as follows:

AA(ZPI — T — S*(P2)>
=Ap(P=z=S")+T —z~— S*(P))

1 1
= 1+c+cx)>+<T,§(1+c+cx)>

1
:AA<<P,§(1+c+cm)>x<1,2(

1
<P,§(1—|—c+cx)>x>

1 1
=<P,§(1+c+ca:)>(m®1+1®x)+<T,§(1+c+cx)>
1
<P,§(1+c+cx)>(x®1+1®:c)

1
=<P,§(1+c+cx)>(x®1+1®m),

and

> (P =z §%(Py)) @ (Ps = mp — S*(Py))
=Y (A= 2= S (P)® (Ps = 1+ §°(Py))
+Y (P =1 S*(P)) @ (P3 =z — S*(Py))
=3 (P57 1) @ (11— 5%(1))
2
+2
2

+Y (T = 2= SYT)® (T — 1+ §*(P))

)
S 1e ST )@ (1= e S§7(1)

T~z SHT)® (P —1+ §1))

( )

(P
(
(T =1+ S*T)) @ (P — z — S*(1))
(
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+) (T =1+ 8 (T) & (T =z~ §*(P))
+Y (T == S(P)®(1—1<5(1)
+Y (T =1+ 8" (P)® (1 =2+ §*(1))

1
=<P,§(1+c+cx)>(m®1+1®x).

Direct computations show that conditions (a), (c) and (d) of Theorem 3.5 hold.

3. Partial representations

A first definition of partial representations of Hopf algebras was proposed
in [2], requiring only axioms (PR1) and (PR2) below. This was mainly motivated
by the constructions done in [5] for partial H-module algebras A, originated
from partial entwining structures. In the case of partial representations of Hopf
algebras, the authors have found a richer and more complex structure in [4], and
we have introduced partial representations of the partial twisted smash product
A#H in [10], so we would like to define a richer and more complex structure of
ml representation of the partial twisted smash product A#H. In order to
carry out the work of section 3, we assume that

(a = S(ha))) ® hez) = (a = S(h))) ® hay, (3.1)

(a = S(ha))) ® hzy = (S(hz)) = a) ® hq) (32)

and the components (1) and k(o) can be switched independently of the £’s that
they are multiplying, for any a € A and h,k € H.

Definition 3.1 ([4]). Let H be a Hopf algebra. A partial representation of H

on a unital algebra B is a linear map

m:H — B, h— 7(h)

such that

(PR1) 7(15) = 1p;

(PR2) m(h)m(k))m(S(k2)) = m(hk))m(S(k2)));:
(PR3) m(h1))m(S(he2)))m(k) = m(ha))m(S(h(2)k);
(PR4) 7(h)m(S(k)))m(ke2y) = m(hS(kqu)))m(ke2));
(PR5) m(S(h)))m(h))m(k) = n(S(ha)))m(hk).
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If (B, 7) and (B’,n’) are two partial representations of H, then we say that
an algebra morphism f : B — B’ is a morphism of partial representations if
' = fom.

The category whose objects are partial representations of H and whose mor-
phisms are morphisms of partial representations is denoted by yParRepg.

Lemma 3.2. Let H be a Hopf algebra with antipode S and let A be a partial
H-bimodule algebra. Then

(1) h —ab+ g = (ha) = a+ gu))(he) = b—g@),
(2) k= (h—a+g)~1l=(kp) — La = 1)) (kah = a — gl)).

PRrROOF. Straightforward. O

We say that the partial H-bimodule structure is symmetric if, in addition, it
satisfies

(PA4) k— (h —a “— g) — = (k(l)h —a“— gl(l))(k(g) — 1y = l(g)),

for any h,l,k,g € H and a € A.

If (A,—,~) and (B,—,+) are two partial H-bimodule algebras, then a
morphism of partial H-module algebras is an algebra map f : A — B such that
f(h = a +~ g) = h — f(a) — g. The category of all symmetric partial H-
module algebras and the morphisms of partial H-module algebras between them
is denoted as gParActy.

Proposition 3.3. Let A be a symmetric partial H-bimodule algebra, and
let B = End(A). Define
m:H — B, h— 7(h)

given by m(h)(a) = h(1y = a = S(h(2)) Then 7 satisfies the conditions (PR1)-
(PR5).

PROOF. Since 1y — a — 1y = a, for all a € A, implies n(1y) = 1p, so
(PR1) is satisfied. With respect to (PR2), and do the following calculation:

m(h) (k) (S(k2))(a)
= hy = [ka) = (S(kw)) = a = S*(ks))) = S(k)] — S(h)
= (hay = 1a = S(h))h@)ka) = (S(kuy) = a—S5*(k@s))) — S (k@) S (h) )]
= (ha) = 1a = S(he)) (hyka) = 1a = S(ka))S(h)))
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sy k) S (ki) = a = 82 (k5))S (k(3) S (hay)]
L hay = 14 = S(ho)) (k) = 14 = S(ks)S(hs))
[h(3)k2) S (k) = a — S?(kay)S(ke))S (h)]
= (ha) = La = S(he))(hyka) = 1a = S(k)S(he))
[h3)k2)S (k) = a = S(hw))]
(3:2)
(h(l) — 14 = S(he))) (hyka) — 1a = S(k@y)S(hs)))
[h(3)k2)S (k) = a = S(h))]
= (hay = 1a = S(h)) (b kay = 1a — S(he) k) he) — a — S(ha)]
= hay = ([kay) = 1a = S(k))la) = S(h)).

On the other hand, we have

m(hkqy)m(S(k(2)))(a)
= hayk) = [S(kay) = a = 5%(k@s))] — S(h@)ke)
= (hykay = 1a = S(hwyk))[h@) k@ S(ke) = a — S (k) S (ha k)]

(3.1)
hayka) = 1a = S(hak)) k) S(ke) = a = 52 (key))S(hs)k))]

(
( )
hykay = 1a = S(hak))[h)ke)S(ka) = a = S(ha))]
( 1)
( )

(
= (
Dhgaykay = 1a = S(heayk)h ke S(he) = a = S(h)]
= (
= (
=(n

—

hayka) = 1a = S(hak@))lh@) = a = S(hs)]

haykay = 1a = S(hk))) (h) = 1a == S(h(s)) @) — a — S(hyy)]
1) = La = S(h))(h@yka) = 1a = S(hs) k)@ — a = S(ha)]

= hay = ([ka) = 1a = S(k))la) = S(h).

For equation (PR3), we have

m(h))m(S(h)))m(k)(a)
= hy = [S(hy) = (k@) = a = S(k@a)) — S*(h@))] — S(h@)
= (hay = 1a = S(h())[h) S(h)) = (k) —a—S(k@))) = S (h(s)S (h)]
b1y = 1a = () hia) S(he) = (k)= 0= S(kz))) = 5 (h(a)) S(hs))]
= (hay = 1a = S(h)))lh)S(hey) = (ka) = a = S(k@)))]
(3.2)
)

(
(
(
=(ha) = 1a = S(h)))lh@)S(h@a)y) = (kay = a — S(kew)))]
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= (hay = 1a = S(hz))) (k) = a = S(k))
and

7(h(1))m(S(h(2))k)(a)
= h(1y = [S(hay)ka) = a = S(k2)S*(he)] = S(h)

= (hay = 1a = S(h)))h2)S (b)) k) — a — S(k2)S%(h(s))S (h(s))]
( (hs) [ S(hie))ky = a — S(k2)S?(h4))S(h3))]

= (hay = 1a = S(h))) @) S(hay)kay = a — S(k2)]
( (h2)))
( (h2)))

[h(3yS(heay)kay — a ~— S(ka)]

For equation (PR4), we have

m(h)m(S(k)))m(k2)(a)

(S

= h(1y = [S(k@)) = (k@) = a = S(kw)) = S* (k)] = S(h)

= [hy 1)5( )= (k3 = a—=S (k) — 5% (k1)) S (h)](h) = 1a = S(h))
= [h(1)S(k))k) = a — S(k@)S?(ka))S(he))]

(h2)S(kz)) = 1a = S%(k(2))S(h(s))) (hz) = 1a = S(ha)))

= [h(1) = a = S(he))l(h(2)S(k)) = 1a < S(he2)S(k(2))))

and

m(hS(k)))m(ke2))(a)
= ha)S(k@)) = [k@) = a < S(kw))] — S(h)S(kw)))
= [h)S(ku))kE)—a—=S(ke))S(h)S (k)] (he)S(kE)— 14 S (he)S(ke))))
= [ha) = a = S(kw))S(h)S(ka))(h)S(ks)) = 1a — S(h2)S(kw))))
(?;1)[h(1) — a = S(k2))S(h)S(ka))](h@)S (k@) = 1a — S(h2)S(kw)))
= [hq) = a = S(h(s))l(h2)S (k@) = 1a = S(h2)S(k)))-

Finally, for equation (PR5), we have

7T(S(h(l)))W(h(z))ﬂ(k)(“)
= S(h@) = [ha) — [kq) = a = S(k2)] < S(he))] — S*(ha))



34 Shuangjian Guo, Shengxiang Wang and Long Wang

= [S(he))hs) = k) —a=S(ka)] = S(h()) S (h1)](S(h(z)) =14 =5 (h(2)))
= [ka) = a = S(ka)] = S(h())S?(h))|(S(hz)) = 1a = S%(h(z))

(3.1)(3.2)
[kay = a < S(k2)] — S(h))S*(h3))](S(he)) = 1a — 5*(hq)))

= (k@ = a = S(k2))(S(h(2)) = 1a = S*(h)))

and

7(S(h)))m(h(2)k)(a)
= S(hez) = [hka) = a = S(hayk)] = $*(h))
= [S(h@)hsyka) = a = S(h)k) S (h)I(S(hs)) = 1a = S*(h()))
= [k = a = S(h@wyk)S*(h2)|(S(he) = 1a = S*(hq)))
(3:2)
(k1) = a = S(hyk)S*(h(z))(S(h) = 1a — S*(h()))
= (k) = a = S(k2))(S(h2)) = 1a = S*(h(1)))-
Therefore, the partial action of H on A provides an example of a partial repre-

sentation of H on Endy(A). O

Partial twisted smash products give another source of examples of partial
representations of a Hopf algebra H.

Definition 8.4. Given a symmetric partial H-bimodule algebra A, the linear
map 7o : H — A#H, given by mo(h) = 14#h is a partial representation of H.

PRrROOF. First, the item (PR1) is easily obtained, for mo(1p) = 1a#1ly =
lagn. Now, verifying the item (PR2), we have

7T0(h)71’0(/€(1)>770<s<]{7(2))) = (1A#h 1A#k‘(1))(1A#S(k‘(2)))

On the other hand, we have

o (hk(1))mo(S(k2))) = (La#hkq))(La#S (k)
= hayk) = 1a = S(h(s)k))#h@ k) S (k)
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heyka) = La — S(hiy k) #he ke S(km)
= hayka) = 1a < S(h)k))#h2)
= (hayka) —=1a—=S(h(s)k))) (hiz) = 1a—S(hw)))#hs)
= hay = (k) = 1a = S(k))) <= S(h@)#he).

For the equation (PR3), we have

mo(h))mo(S(h)))mo(k) = (Ladth))(La#S (b)) (La#k)
= (hy = 1a = S(h(z))#h2)S(h))(1a#tk)
= (hy = 1a = S(h(2))#h3)S(hw))(1a#k)
= (ha) = 1a < S(h))#1m)(1a#k)
=hqay = 1a = S(he))#k

and

mo(h(1))mo(S(h2))k) = (La#th()) (La#S(h2)k))
= hy = 1a = S(he))#h2)S(ha))k
= h(y = 1a = S(he))#h(s)S(hay)k
=ha) — 14— S(h(g))#k.

For (PR4), we have

mo(h)m(S(k1)))mo(k2)) = (La#h)(La#S (k1)) (La#tk2))
= (La#h)(S(kes)) = 1a — 5% (k) #S (k2)) k)
= hay = (S(ke) = 1a = S*(k@))) = S(he)#heS(ke)ka)
= (hy—1a=S(hs))) () S(kz) = 1a— 5% (k) S(hy)) #h(s)S (k) k)

and

mo(hS(kw)))mo(k(2)) = (La#hS (k) (La##k(2))
= h)S(key) = 1a = S(h)S(ka)))#h2)S(kz))ka)
= (h(1)S(k5))—1a =S (h(5)S (k1)) (h(2) S (k) key— 1a =S (h(ayS(k(2) )k (s)))
#h(3)S (k) k)
= (h)S(key) = (ks = 14 = S(k(s)))) — S(h(z)S(k)))#h(2)S(ke2))ks)
= (hay = 1a = S(h)) (h)S(ke)) = 1a 5% (k) S(ha))) #h) S (k) k.-
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Finally, for (PR5), we have

mo(S(hay))mo(h(e))mo(k) = (La#tS(h(1)))(La#th(a)) (La#k)
= (S(he3)) = 1a < S%(hy)#S (hiz)ha) (1a#tk)
= (S(h(s)) = 1a =5 (h(1)))(S(h(a))hs) = 1a—S(S(h2))hs))) #S (b)) hnk
S(h) = (hay — 1a = S(h))) = S*(hay)#S(hez))hs)k
S(h(g)) = 1a = S*(ha))#S(hez))hwk
=7(S(h)))m(h)k).

Therefore, 7y is indeed a partial representation of H on the partial twisted smash
product A#H. |

In order to obtain the natural transformation of partial twisted smash prod-
ucts, we introduce the following definition and this definition is similar to [4].

Definition 8.5. Consider unital algebras A and B, and a Hopf algebra H that
acts partially on A. A covariant pair associated to these data is a pair of maps
(p,m) where ¢ : A — B is an algebra morphism and 7 : H — B is a partial
representation such that, for any h € H and a € A,

(CP1) @(h — a = S(h())) = 7(h))e(a)m(S(h2)))
(CP2) ¢(a)m(S(ha)))m(h(2)) = 7(S(h)))m(he)e(a).

With this definition at hand, we can prove that the partial twisted smash
product has the following universal property.

Theorem 3.6. Let A and B be unital algebras and H a Hopf algebra with a
symmetric partial action on A. Suppose that (p, ) is a covariant pair associated
to these data. Then there exists a unique algebra morphism ® : A#H — B
such that ¢ = ® o pg and m = ® o 7y, where the map ¢y : A — A#H given by
wo(a) = a#ly is an algebra morphism.

PROOF. Define the linear map
o: A#H — B afth — @(a)m(h).
Let us verify that this is, in fact, an algebra morphism:

P ((a#th)(b#9)) = ®(a(h@) — b~ S(he)))#h2)9)
= p(a(h@y = b~ S(he))))m(h2)9)
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@
>
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>
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A
>
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S
~
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h(3)9)
h(3))7T(9)

=

By construction, one can easily see that ¢ = ®oypy and T = ®omgy. Finally, for the

uniqueness, suppose that there is another morphism ¥ : A#H — B factorizing
both ¢ and 7. Then we have

W(afth) = W((adtly) (La#th)) = U(ad1 ) U(1afth)
— W (po(a)U(mo(h)) = p(a)m(h) = D(azth). O

With the above theorem we have the following result.

Theorem 3.7. Let H be a Hopf algebra, then there exist functors

Iy : gParActgy — gParRepn, (A4, ) = (A#H,m)

and
IT: gParActy — pParRepn, II(A4,:) = (Endg(A4), ).
and a natural transformation ® : Iy — II.
PROOF. It is not hard to see that the constructions of the functors are in-
deed functorial. Moreover, if (A, -) is a symmetric partial H-bimodule, II(A4, ) =

(Endg(A), ) is the associated partial representation on Endg(A) and ¢ : A —

End(A) is the map ¢(a)(a’) = ad’, then (¢, 7) is a covariant pair. Indeed, for any
h € H and a,a’ € A, and let us check (CP1)

W(h(l))@(a)ﬁ(s(h@)))(a/)

= hay = [a(S(h) = o = S*(he)))] = S(he)

= (hay = a = S(h))ha) = (S(he) = d' — (he)) — S(h))]
h(y = a8 (h))(hz) = 14— S(hs))) i) S(he) = a5 (hr)) S (ha))]
hy = a = S(hw))[hS(he) = a’ — 5*(h(s5))S(h)]

= (
= (
(i) = 0 S(hes)lhyS(he) = @' = 52 (h)S(h)]
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= (hay = a = S(h)))[hz)S(ha) — d]

«(3.2)
(hay = a == S(h()))[h2)S(h)) = d]

= o(ha) = a — S(hey))(a’).

Next, for (CP2), we find

)7 (h))p(a)(a’)

= S(h(2)) = [h) = aa’ = S(h)] — S*(hq))

= S(h)) = [(h@) = a = S(he))(hay = d’ = S(h))] — S*(hq))
= p(a)m(S(h)))m(hez)(a).

m(S(h

N

Consequently, similar to [4], there exists an algebra morphism ¢ : A#H —

Endj(A) such that m = ® o 7y, and hence ® is a morphism of partial representa-
tions. O

4. Frobenius properties

In this section, we shall discuss what conditions the algebra extension A# H/A
is Frobenius, generalizing the partial result in [5].

Let ¢ : R — S be a ring homomorphism. Recall from [5] that ¢ is called
Frobenius (or we say that S/R is Frobenius) if there exists a Frobenius system
( e). This consists of an R-bimodule map v : S — R and an element e = > e'®p
e? € S®p S such that se = es, for all s € S, and Y v(el)e? = > v(e?)el = 1.

A Hopf algebra H over a commutative ring k is Frobenius if and only if it is
finitely generated projective, and the space of integrals is free of rank one. If H is
Frobenius, then there exists a left integral t € H and a left integra ¢ € H* such
that < ¢,t >= 1. The Frobenius system is (¢, t(2) ® S~ ( y)). In particular, we
have

<@ty > ST Htw)) = te) < 0. S ta)) >=1u.

If t € H is a left integral, then it is easy to prove that
to) ® STtk = htz) @ ST (t)),

for all h € H.
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Proposition 4.1. Let H be a Frobenius Hopf algebra, let t and ¢ be as
above, and take a partial H-module algebra A. Suppose that (hqy — 14
S(h(2))) is central in A, for every h € H, and that t satisfies the following cocom-
mutativity property

t1) @t2) @) @ta) =ta) @) ®tu) ®is).

Then A#H/A is Frobenius, with Frobenius system (v = (A#p) o t,e =
(1a#t)1la ®a (1a ® S~ ( y))1a), where v : A#H — A#H is the inclusion
map.

PrOOF. For all a € A and h € H, we have

(1a ®t2))1a ®a (14 @ S™ (t(1)))1a(a#th)1a
=(1a®te)®a(la®S™ (t(l) )(a#h)la
= (14 @t(2) @a (14 @ S (tw))(a(ha) = 1a < S(he))#h)1a
= (1a @ t) ®a (S (tz) = (alh) = 1a = S(h))) = ta)#S ™ (tz)hez)1a
= (1a ® t@)) (5™ (k) —(alha)y=1a =S (h()))—t1) ®a (1a#S ™" (ta))h@2))1a
= (ty = (57 () = (a(ha) = 1a = S(he))) — tay) < S(te)#i)
©a (La#S ™ (t2)h(2))1a
= (tay) = 1a = S(te) (k)5 (t@) = (alhay = 1a — S(he)))) < ta)S(tem))#te)
®a (La#S ™ (t@))h2)1a
= (ts) = 1a = S(ts) (tw S~ (k) = (alhay = 1a = S(he)))) = ta)S(ten))#te)
®a (1A#S_l(t(2))h(2))1A
= (tay = 1a = S(t))((alhay = 1a < S(hs)))) — t1)S(te))#tes)
®a (1A#S—1(t(3))h<2))1A
(tz) = La = S(t)((a(hay = 1a = S(h(s))F#ta) ©a (LaF#S ™ (ta))hez)1a
((a(h<1) = 1a = S(h)))(t@) = La = S(tw)#te @a (La#S ™ (ta))hz)1a
= (((a(hy=1a=S(hg) )))(h(z @ 1a =S (hytw))#hete)@a(1a#S ™ (ta)))1a
= (a(ha) = 1a = S(h)))#heyt)la ®a (La#S ™ (t1)))1a
= (
= (

)
)

(
)

a#h)(La#t () ®a (1a#S™ (t)))1a
a#h)lA(lA#t(Q))].A ®a (IA#Sil(t(l)))lA.

Using the fact that ¢ is a left integral, we easily find that

v((a#h)1a) =< @, hg) > a(hy — 14 = S(h))) =< ¢, h > a.
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The left A-linearity of v is obvious, and the right A-linearity can be established
as follows:

v((a#th)14b) = v((a#h)bla)
=v((a(hay = b S(he))#h2)1la)
—< g hy > a(hay = 14— S(he))
=< ¢,h > ab=v((a#h)14)b.

Finally,

o((La#t@)1a)(La#S ™ (t@y))1a) = (< @, b2y > La#S  (t)))1a
= la#ly,

and

(La#tt@)1a)u((La#S ™ (b)) 1a) = (La#t@)(< ¢, S (tq) >
— La# 1. 0
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