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Existence of solutions for coupled integral boundary
value problem at resonance

By YUJUN CUI (Qingdao)

Abstract. A coupled integral boundary value problem for a nonlinear differential
system is considered in this article. An existence result is obtained with the use of the
coincidence degree theory.

1. Introduction

This article deals with the following second order coupled integral boundary
value problem

); (1)

where f; and f> : (0,1) x R* — R are continuous and may be singular at ¢ = 0, 1;
afz], Blz] are bounded linear functionals on C[0, 1] given by

ae] = / H(OdA(t),  Pla] = / £(H)dB(b),
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involving Stieltjes integrals.
The coupled integral boundary value problem (1) happens to be at resonance
in the sense that the associated linear homogeneous boundary value problem

has nontrivial solutions. Clearly, the resonance condition is k1k3 = 1, where

m/oltdA(t), nz/oltdB(t).

Coupled boundary conditions for ordinary differential systems arise in the
study of reaction-diffusion equations and Sturm-Liouville problems, and have
wide applications in various fields of sciences and engineering, for example math-
ematical biology and heat equation. Moreover, boundary value problems with
Riemann—Stieltjes integral conditions constitute a very interesting and important
class of problems. They include two, three, multi-point and integral boundary-
value problems as special cases, see [10], [11], [16]. The existence and multiplicity
of solutions for such problems have received a growing attention in the literature.
We refer the reader to [1], [3], [4], [12], [13], [14], [16] for some recent results of
integral boundary value problems at nonresonance and to [2], [4], [7], [8], [9], [15],
[17], [18] at resonance. However, to our knowledge, the existence of solutions for
a differential system with coupled integral boundary value problems at resonance
has not been studied.

The purpose of this paper is to study the existence of solution for coupled
integral boundary value problems (1) at resonance. Our method is based upon
the coincidence degree theory of MAWHIN [5], [6].

The organization of this paper is as follows. In Section 2, we provide some
necessary background. In particular, we shall introduce some lemmas and defini-
tions associated with problem (1). In Section 3, the main results of problem (1)
will be stated and proved. Finally, one example is also included to illustrate the
main results.

Throughout this paper, we always suppose that

1

K1

1 1
(H) ramy =1,  x=" t(l—t)dB(t)+§/ #H(1 — £)dA(t) # 0.

0 0



Existence of solutions for coupled integral. . . 75
2. Preliminaries

In this section, to establish the existence of solutions in C*[0,1] x C[0,1],

we provide some background definitions and lemmas.

Definition 2.1. Let Y, Z be real Banach spaces, L : domL C Y — Z be a
linear operator. L is said to be the Fredholm operator of index zero provided
that:

(i) Im L is a closed subset of Z,
(ii) dimKer L = codimIm L < +o0.

Let Y, Z be real Banach spaces and L : domL C Y — Z be a Fredholm
operator of index zero. P:Y — Y, Q : Z — Z are continuous projectors such
that InP = Ker L, KerQ = ImL, Y = KerL®& KerP and Z = ImL & Im Q.
It follows that L|qom nnkerp : dom L N Ker P — Im L is invertible. We denote
the inverse of the operator by Kp (generalized inverse operator of L). If ) is an
open bounded subset of Y such that dom L N Q # (), the operator N : ¥ — Z
will be called L-compact on Q if QN (Q) is bounded and Kp(I — Q)N : Q — Y
is compact.

The theorem we use is Theorem 2.4 of [5] or Theorem IV.13 [6].

Theorem 2.1. Let L be a Fredholm operator of index zero and let N be
L-compact on Q. Assume that the following conditions are satisfied:

(i) Lz # ANz for every (x,A) € [(dom L\ Ker L) N 092] x (0, 1).
(ii) Nz € Im L for every x € Ker L N 0f).

(iii) deg(QN|kerr,Ker LN Q,0) # 0, where Q : Z — Z is a projector as above
with Im L = Ker Q.

Then the equation Lx = Nz has at least one solution in dom L N Q.

We use the classical spaces C[0, 1], C*[0,1] and L[0,1]. For z € C1[0, 1], we
use the norm ||z|| = max{||z||co, ||Z'||cc }, Where ||Z||cc = max |z(t)]. And denote

the norm in L[0,1] by || - ||1. We also use the following fc;[fég Banach spaces:
W21(0,1) = {x : [0,1] = R | ,2" are absolutely cont. on [0, 1], =" € L'[0,1]}
with its usual norm and Y = C1[0, 1] x C1[0, 1], with the norm
1, )lly = max{[l]], lyll} = max{]|(z, y)lloc, (=, y")lloc}
and Z = L'[0,1] x L'[0,1], with the norm

1z, y)llz = max||z[|, [lyll},
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where

12, 9)lloo = max{[lz]lco, [9lloo}-

Let the linear operator L : dom L C Y — Z with

dom L = {(z,y) € W*(0,1) x W*'(0,1) : 2(0) = y(0) = 0,
z(1) = alyl, y(1) = Blz]}

be defined by
L(xa y) = (_xllv _y//)'

Let the nonlinear operator N : Y — Z be defined by

(N (2, 9))(t) = (N1 (2, y)(t), Na(2, y) (1)),

where N1, Ny : Y — L[0,1] are defined by

Then coupled integral boundary value problems (1) can be written as
L(z,y) = N(z,y).
Lemma 2.1. Let L be the linear operator defined as above. Then
Ker L = {(z,y) € dom L: (z,y) = c(kit,t), c€ R, t €[0,1]}

and

ImL = {(u, v) €Z Ky /01 /01 k(t, s)u(s)dsdB(t)

Jr/ol/olk(t,s)v(s)dsdA(t) _0},

where
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PROOF. Let (x(t),y(t)) = (k1t,t). Considering k1k2 = 1,
afyl = aft] = k1 =2(1),  Blz] = Blrat] = k1kz = y(1).
So {(a: y) € domL : (z,y) = c(k1t,t), c € Ryt € [0,1]} € Ker L. If L(z,y) =
(2", —=y") = (0,0) and ((0),y(0)) = (0,0), then (z(t),y(t)) = (at,bt). Con-
sidering x(1) = afy] and y(1) = B[x], we can obtain that a = a[bt] = bk; and
b = Blat] = ake. It yields
Ker L C {(z,y) € dom L: (z,y) = c(x1t,t), c€R, t €0,1]}.

We now show that

ImL:{uv )eZ: m// (t, s)u(s)dsdB(t)
+/0 /0 k(t, s)v(s)dsdA(t) = 0}.

If (u,v) € Im L, then there exists (z,y) € dom L for which —z”(¢t) = u(t) and
—y"(t) = v(t). Hence

/kts s)ds + z(1)t. (2)

and

o) = [t s)uleds + (e 3)

Integrating (2) and (3) with respect to dB(t) and dA(t) respectively on [0, 1] gives

/ / / (t, $)u(s)dsdB(t) + (1)

/ // (t, $)o(s)dsdA() + y(1)rs.
[_@ 1 1 lx(l)] //k;ts s)dsdB(t)

A [k syu(s)asaa)

and

Therefore
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/ / (t, s)u(s)dsdB(t
FGQ i

1 K1 // ddA'

ImLC{uveZ ml//kts s)dsdB(t
// (t,s)v(s)dsdA(t }

On the other hand, (u,v) € Z satisfies

m// (t,s)u(s)dsdB(t // (t, s)v(s)dsdA(t) =

/k‘ts s)ds + t,
11

/kts dS—FIigt( //kts dsdA(t)),
0o Jo

then L(z,y) = (u,v), (0) = 0, y(0) z(1) =1 and

( //kts dsdA)

Simple computations yield

/ / / (t, s)u(s)dsdB(t / 1ltdB(t)
:_m// 5)dsdA(t) + k2 = y(1)

[[soo= [ v
oo //m i)
[ [ o
+m1( // (t. 5)v dsdA) 1= 2(1).

and so

It yields

Let

and
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Lemma 2.2. The operator L is a Fredholm operator of index zero and
dimKer L = codimIm L = 1. Furthermore, the linear operator K, : ImL —
dom L N Ker P can be defined by

(Kp (2, ))(t)

= (/01 k(t,s)x(s)ds +t/01 /01 k(t, s)y(s)dsdA(t) , /01 k(t,s)y(s)ds) .

HKP(‘T,y)”Y < AH(«T,y)”Z, for all (x,y) € ImLa

A1+/1t(1t)d<\t/B>
0 0

¢
and \/ B denotes the variation of B on [0,t].
0

Also

where

PROOF. Firstly, we construct the following operator Q : Z — Z by
1 1 1,1
Q(z,y) = - (/{1/ / k(t,s)x(s)dsdB(t) +/ / k(t, s)y(s)dsdA(t)) (1,1).
K 0o Jo o Jo

Note that fol k(t,s)ds = $t(1 —t), we have

QZ(Ivy) = Q(x,y)

Thus Q : Z — Z is a well-defined projector.

Now, it is obvious that Im L = Ker (). Noting that () is a linear projector, we
have Z = Im Q®Ker Q. Hence Z = Im Q@ Im L and dim Ker L = codim Im L =1.
This means that L is a Fredholm operator of index zero.

Taking P:Y — Y as

(P(z,y))(t) = y(1)(krt, ),

then the generalized inverse K, : Im L — dom L N Ker P of L can be rewritten

(Kp(z,9))(1)

_ (/01 k(t,s)x(s)dert/Ol /Olk(t,s)y(s)dsdA(t) , /Olk(t, s)y(s)ds).
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In fact, for (x,y) € Im L, we have

"

(LK (s ( ([ stesietasse [ [ ke spman)
-( / kit 5)y(s)ds ) — (e(t),5(0)

and for (z,y) € dom L N Ker P, we know

(K, Lz, y))(t) = (— /Olk t, )2 (s)ds —t/l/Olk(t,s)y”(s)dsdA(t),
[ [ o)

=(x<> 201 = 1) = a(Ve-+ ¢ [ 40 - 01 1)
yOAA®), y(t) - y(0)(1 — 1) - y<1>t>).

In view of (z,y) € dom L N Ker P, z(0) = y(0) = y(1) = 0,2(1) = [, y(t)dA(t
thus

(KPL(x’ y))(t) = (.Z‘(t), y(t))

This shows that Kp = (L|domnKer P) "
Since

K (5 ) o

<max{/ (s \ds—i—// (1= B)ly(s |dsd<\:/B>,/Ol|y(s)|ds}

< All(z,y)llz

and

(K p (2, 1)) [l

1 1 1 t 1
<max{/0 \x(s)\ds—f—/o /0 t(1—1)|y(s)|dsd (\()/B) 7/0 |y(s)|ds}

< Al y)llz-

Thus |[Kp(z,9)lly < All(z,9)l 2.
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3. Main results

In this section, we will use Theorem 2.1 to prove the existence of solutions
to BVP (1). To obtain our main theorem, we use the following assumptions.

(H1) There exist functions a;, b;, c;,d;,e; € LY0,1](i = 1,2), such that for all
(u,v,u',v") € R* and t € [0, 1],

(1t w00, 0] < ax (B)|u] + by (B)v] + ea(D)]u'| + du () [V'] + ex (8);

|2t u, 0,0, 0)] < ag(t)|ul + ba () [v] + ca(t) '] + da(B)[V] + ea(t);

(H2) There exists a constant C' > 0 such that for (z,y) € dom L, if |/(¢t)| > C
for all t € [0,1], then

1'431‘/0 A k(t7S)fl(&m(s)’y(s)’xl(s)vy/(S))deB(t)
[ ) o). 9600, (9.4 () dsdAr) £ 0

(H3) There exists a constant D > 0 such that for a € R, if |a| > D, then either

11
cml/ / k(t, s)f1(s, k1as,as, kia,a)dsdB(t)
0o Jo

1,1
—I—a/ / k(t, s) f2(s, k1as,as, k1a,a)dsdA(t) > 0;
0o Jo
or

1,1
cml/ / k(t, s)f1(s, k1as,as, kia,a)dsdB(t)
o Jo
1 1
—I—a/ / k(t, s) f2(s, k1as,as, k1a,a)dsdA(t) < 0.
0o Jo

Theorem 3.1. Let (H1)—(H3) hold. Then (1) has at least one solution in
C'0,1] x C*[0,1] provided

max{Aoq + (50(2,042((5 + A)} <1,

where § = max{|x1],1}, a; = [Ja;|l1 + |bill1 + |leills + ||dil|1 (i = 1,2) and A is the
same as Lemma 2.2.
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PROOF. Set

O = {(z,y) € dom L\ Ker L : L(z,y) = AN(z,y) for some X € [0,1]}.
Then, for (z,y) € O, L(z,y) = AN(z,y), thus A # 0, N(z,y) € Im L = Ker Q,

and hence
QN (z,y) =(0,0), forallte[0,1].

By the definition of @), we have

11
m/o /0 k(t, s)fi(s,z(s),y(s), 2’ (s), ¥ (s))dsdB(t)
11
+/O /O k(t, s) f2(s,2(s),y(s), 2’ (s),y'(s))dsdA(t) = 0.

Thus, from (H2), there exist tg € [0,1] such that |y/(to)] < C. Since z,2',y,y’
are absolutely continuous for all ¢ € [0, 1],

t
ly' ()] =1y (to) —/ y"(s)ds| < [y'(to)| + [ly"lly < C + [IN2(z, )1,

to

()] = [y(0) —/0 y'(s)ds| < t(C + [ Na(z,y)[h) < C + [ Na(z, )]

Thus

| P y)lly = max{|P(z,5)]o, (P, 9)) oo}
< Sly(1)] < 8(C + [|Na(e, p)ll)- (4)

Also for (z,y) € O, (z,y) € dom L\ Ker L, then
(I — P)(z,y) € domLNKer P, LP(x,y) = (0,0),
thus from Lemma 2.2, we have

I = P)(@,9)lly = [KpL(I = P)(z,y)lly <AIL(I = P)(z,y)]z
= AlL(z,y)llz < AN (z,y)]|z- (5)

From (4) and (5), we obtain

1z, Ylly = 1P(z,y) + (I = P)(a,y)lly <[Pz y)ly + 1 - P)(z,y)lly
< OC + 0| Na(z, y) | + AN (2, y) 2
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= max{dC + 6| Na(z, y)[[1 + A Na(z, )1,
6C + (0 + A)[[Na (2, y)l1}- (6)

Writing x(t) = f; 2'(s)ds, we obtain
Izlloo < ll2ll < l|2"]]oo- (7)

Similarly,
1Ylloe < Nl < 113/ lloc- (®)
From (6), we discuss various cases.
Case 1. ||(z,y)lly <0C+ (64 A)|[N2(z,y)l1-
From (H1), (7) and (8), we have

INa (2, )11 < (llazll + llezll) 2o + (b2l + lldall) 1y oo + ezl

Consequently, for
12 oo 19 oo < (@, )y

S0,
12 loo < (6 + A)((Ib2]l1 + lId2l[)[¥ [l + lle2]1) +0C
- 1= (0 + A)(llazll + [le2(l1) ’

1—(6+ A)(llazlls + llealls + b2]lr + [|da]l1)
Therefore, there exists M > 0 such that
2" ]loo < M, |ly'lloc < M,

so that ||(z,y)|ly < M. We have shown that Q; is bounded.
Case 2. [|(z,y)|ly < 6C +6[|N2(z, y)|lx + Al N1 (, )]l
From (H1), (7) and (8), we have

IN1 (@, )l < (laxlly + lerllo)l2lloo + (orll + ldall) 1Y oo + llexlla,
IN2(z, )l < (lazlly + le2ll) 12 loo + (Nb2ll2 + lld2ll)[[Y' [0 + [le2l1,

I, )lly <6C+ (Alllarlly + llexll) + 6(llazllx + llezll)) 2 lloo
+ (AB I + lldalln) + 6(l1o2llx + 2l oo + Allexlls + dllealls,
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6C + (A(|[brllr + ldallx) + 0([b2ll1 + ldall1)]|¥ [|oo + Aller]lr + dlle2]l1
L= (A(llalls + llenlln) + d([lazllr + llellr))

19 [l < 0C + Allealls +dflez]ls
1— AOél - 50&2

2 ]loo <

)

From the above inequality, there exists a constant M > 0 such that
12" oe < M, Iy loo < M.

Therefore €2; is bounded.
Let
Oy ={(z,y) €e Ker L : N(z,y) € ImL}.

For (z,y) € Qqa, (x,y) € Ker L implies that (x,y) can be defined by (z,y) =
c(kit,t), t € [0,1], ¢ € R. By (H2), there exist ¢y € [0,1] such that |y/(to)] < C,
then

1 lle = lel < €, [l'[loo = |era| < max{rs, 1}C.

Moreover,
[Zlloe < ll2"llco,  Nylloo < 19 lloo-

So |[(z,y)|ly < max{ri,1}C. Thus, Qs is bounded.
We define the isomorphism J : Ker L — Im @ by

J(akqt,at) = (a,a).
If the first part of (H3) is satisfied, and then let
Qs = {(2,) € Ker L M(a,y) + (1 - NQN(z,) = (0,0), A€ [0, 1]

For every (z,y) = a(k1t,t) € Qg,

AMa,a) = —

1—\ ot
- (ml/ / k(t, s)fi(s, k1as,as, kia,a)dsdB(t)
0o Jo
1,1
+/ / k(t,s)f2(57nlas,as,ma,a)dsdA(t)> (1,1).
o Jo

If A =1, then a = 0, and if |a| > D, then by (H3)

1_ 11
Aa?,a?) = — A (cml/ / k(t, s)f1(s, k1as,as, kia,a)dsdB(t)
0o Jo

K
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1o
+a/ / k(t, s)fg(s,nms,as,ma,a)dsdA(t)) (1,1) < (0,0),
0o Jo

which, in either case, is a contradiction. If the other part of (H3) is satisfied, then
we take

Q3 ={(z,y) €Ker L: —AJ(z,y) + (1 — \)QN(z,y) = (0,0), X € [0,1]},
and, again, obtain a contradiction. Thus, in either case
(@, y)lly = max{]|z], [[yll} = max{r1,1}a| < max{r1,1}D

for all (z,y) € Qs, that is, Q3 is bounded. In the following, we shall prove that
all the conditions of Theorem 2.1 are satisfied.

Set  be a bounded open subset of Y such that U3_;Q; C Q. By using the
Ascoli-Arzela theorem, we can prove that Kp(I — Q)N : Q@ — Y is compact,
thus N is L-compact on €. Then by the above argument we have

(i) Lx # ANz, for every (z,\) € [(dom L\ Ker L) N 9] x (0,1),
(ii) Nz ¢ Im L for x € Ker L N 0N).

At last we will prove that (iii) of Theorem 2.1 is satisfied. Let H((z,y),\) =
AT (z,y) + (1 — N)QN(z,y). According to above argument, we know

H((z,y),\) #0 for (z,y) € Ker LN 99,
thus, by the homotopy property of degree
deg(QN|ker 1, Ker LN Q,0) = deg(H(-,0),Ker L N Q,0)
=deg(H(-,1),Ker LNQ,0)
= deg(£J,Ker LN Q,0) # 0.

Then by Theorem 2.1, L(z,y) = N(x,y) has at least one solution in dom L N Q,
and so, the BVP (1) has at least one solution in the space Y. O

4. Example

To illustrate how our main results can be used in practice, we present an
example. Consider the couple boundary value problem

1 1
—a"(t) = g5 sina(t) + siny3 (t) + e + V(M. e,

1
—y"(t) = 1+ cost + cos y(t) sinz’(t) + §(1 +t)y'(t), te(0,1),
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Let 1 1
fl(taxa:%z/ay/) = ESiHIL' +Slny% + et + gyla
1
folt,z,y, 2’ y") = 14 cost + cosysinz’ + g(l + 1)y,
1
0 telo=),
03)
4 (1 2
A(t) = =t B(t)=<-1 t -, =
=11 B c[53).
7 f e [2
2 3
Then
/ / 1 1 / 1 /
2 5 13 9
= — = — = — —1 Azf.
K1 57 R2 27 R 607 d ) 4
Again taking by = c; =as = by =cy =0, a; = ﬁ, di = % and dy = %(1 +1), we

have

max{A([lalls + [[b1ll1 + llexllr + [[d1l[1) + d([lazllx + [[b2l1 + [le2llr + [|d2]l1),

39
(0 + A)(llazlls + [lb2lls + llealls + lld2]l1)} = &7 < 1.

Finally taking C = 30, for any y € W#!(0,1), assume |y'(¢)] > C hold for any
t € (0,1), since the continuity of ¢, then either ¢'(¢) > C or y'(¢t) < —C hold for
any t € (0,1).
If y/(t) > C hold for any ¢ € (0,1), then
fl(ta x(t)v y(t)a x/(t)a y/(t)) > 07 f2(t7 .’13(t), y(t)7 xl(t)a y/(t)) > 0.
Therefore,
11
i / / k(L 8) 1 (5,2(5), y(5), 2/ (5), o/ (5))dsdB (1)
o Jo
11
—|—/ / k(t,s)fa(s,x(s),y(s),2'(s),y (s))dsdA(t)
o Jo

1 1
>,-<;1/0 /0 k(t, ) f1 (5, 2(s), 2/ (5)) ds dB(t)
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=1 (= [ KGO+ [ k10500500060

> (5 [ 30 30 ilsale). ()

- /o1 s(1 = s)fi(s,2(s), x’(s))ds) _

If y/(t) < —C hold for any t € (0,1), then
1 p1
/11/0 /0 k(t,s)fi(s,z(s),y(s),z'(s),y'(s))dsdB(t)

1 1
[ ) o). 0660, (9. () dsdA ) < 0.

Thus condition (H2) holds. Again taking D = 30, for any a € R, when |a| > D,
we have

1l
cml/ / k(t, s) f1(s, k1as,as, k1a,a)dsdB(t)
o Jo

11
+ a/ / k(t, s)f2(s, k1as,as, k1a,a)dsdA(t) > 0.
o Jo

So condition (H3) holds. Hence from Theorem 3.1, BVP (1) has at least one
solution (z,y) € C[0,1] x C1[0,1].
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