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Some geometrical properties of four-dimensional
Lorentzian Damek—Ricci spaces

By JU TAN (Tianjin) and SHAOQIANG DENG (Tianjin)

Abstract. In this paper, we investigate some geometrical properties of four-dimen-
sional Lorentzian Damek—Ricci spaces, including some problems related to Ricci soli-
tons, harmonicity of invariant vector fields and curvature properties. We show that
these spaces does not even admit a left-invariant Ricci soliton, although all Riemannian
Damek—Ricci spaces are Einstein manifolds. Besides, we determine all the vector fields
which are critical points for the energy functional restricted to vector fields of the same
length. We also prove that there does not exist any invariant harmonic vector field
or invariant vector field which defines a harmonic map. Finally, we determine all the
invariant unit time-like vector fields which are spatially harmonic.

1. Introduction

The notion of Damek—Ricci spaces is the one-dimensional extension of gener-
alized Heisenberg groups. These spaces were studied systematically in [4], where
they are endowed with a left-invariant Riemannian metric. They are closely re-
lated to many special Riemannian manifolds such as symmetric spaces, naturally
reductive spaces, Riemannian g.o. spaces, weakly symmetric spaces, harmonic
spaces and commutative spaces (see [4]). Recently, the authors in [15] introduced
the notion of 4-dimensional Lorentzian Damek—Ricci spaces. These spaces are
endowed with left-invariant Lorentzian metrics. In this paper, we shall show that
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a four-dimensional Lorentzian Damek—Ricci space does not even admit any left-
invariant Ricci soliton. In particular, it can not be an Einstein manifold. By
contrast, every Damek—Ricci space is an Einstein manifold in the Riemannian
case (see [4, p. 85]).

The notion of Ricci solitons is introduced by HAMILTON in [18], which is a
natural generalization of Einstein metrics. A Ricci soliton is a pseudo-Riemannian
metric g on a smooth manifold M such that there exists a smooth vector field X
on M satisfying the following equation:

Lxg+p=A\g, (1.1)

where Ly is the Lie derivative in the direction of X, p is the Ricci tensor and
A is a real number. A Ricci soliton is said to be shrinking, steady or expanding,
according as A > 0, A =0, or A < 0, respectively.

In the special case that M is a Lie group and g is a left-invariant metric, we
say that g is a left-invariant Ricci soliton on M if the above equation (1.1) holds
with respect to a left-invariant vector field X.

A homogeneous Ricci soliton on a homogeneous space M = G/H is a G-
invariant metric g for which the above equation (1.1) holds [12]. Although there
exist three-dimensional Riemannian homogeneous Ricci solitons [2], [21], there are
no left-invariant Ricci solitons on three-dimensional Riemannian Lie groups [16]
(see also [19], [23]). Left-invariant Ricci solitons on three-dimensional Lorentzian
Lie groups were classified in [5], and four-dimensional Ricci solitons on non-
reductive homogeneous pseudo-Riemannian manifolds were classified [13] (see
also [14]). Recently, the authors in [12] classified homogeneous Ricci solitons
on four-dimensional homogeneous pseudo-Riemannian manifolds with non-trivial
isotropy.

On the other hand, parallel vector fields are the only ones which define har-
monic maps from a compact Riemannian manifold (M, g) to (T'M, g°), where g*
denotes the Sasaki metric on the tangent bundle TM (see [20], [22]). In [17], GIL-
MEDRANO showed that critical points of the restricted energy functional E|xa
are again parallel vector fields. However, if g is Lorentzian, then vector fields
satisfying some harmonicity properties need not be parallel (see [9], [10]). Since
a Riemannian manifold admitting a parallel vector field is locally reducible, and
it is also true for a pseudo-Riemannian manifold admitting a parallel vector field
which is either space-like or time-like, it is worthwhile to consider non-parallel
vector fields which satisfy some harmonicity properties.

In this paper, we investigate some properties of four-dimensional Lorentzian
Damek—Ricci spaces. The paper is organized as follows: in Section 2, we present
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some preliminaries. In Section 3, we consider left-invariant Ricci solitons on four-
dimensional Lorentzian Damek—Ricci spaces. We show that no four-dimensional
Lorentzian Damek—Ricci space admits a left-invariant Ricci soliton. In particular,
such a space cannot be an Einstein manifold. In Section 4, we study some cur-
vature properties of four-dimensional Lorentzian Damek—Ricci spaces. We prove
that these spaces are not conformally flat and these Ricci tensors are not Codazzi
tensors but Killing tensors. In Section 5, we investigate the harmonicity of invari-
ant vector fields on four-dimensional Lorentzian Damek—Ricci spaces. We show
that there does not exist any invariant harmonic vector fields and invariant vector
fields defining harmonic maps. We also determine all the invariant unit time-like
vector fields which are spatially harmonic.

2. Preliminaries

Let (M,g) be a compact connected and oriented n-dimensional pseudo-
Riemannian manifold. The tangent bundle TM of M can be equipped with
the Sasaki metric g° (see [10]). Given a smooth vector field V on M, the energy
of a smooth vector field V' : (M, g) — (T'M, g°) on M is defined by:

E\V)= 5Vol (M, g) / VV|?dv. (2.1)

(In the non-compact case, one works over relatively compact domains, see [9]).
V is said to define a harmonic map if V' : (M, g) — (T'M, ¢°) is a critical point for
the above energy functional. The Euler-Lagrange equations characterize vector
fields V' defining harmonic maps as the ones whose tension field 7(V) = tr(V2V)
vanishes. Consequently, V' defines a harmonic map from (M, g) to (T'M, g®) if

and only if
V*VV =0,
(2.2)
tr[R(V.V,V).)] =0
where with respect to a pseudo-orthonormal local frame {ej,...,e,} on (M, g),

with &; = g(e;, e;) = £1 for all indices 7, one has

VIVV =) (Ve Ve,V = Vy, ., V).

A smooth vector field V' is said to be a harmonic section if it is a critical point
of the vertical energy EV, here E'(V) = 1 [, |[VV|*dv. The corresponding
Euler—Lagrange equations are given by

V'YV =0. (2.3)
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In the non-compact case, equation (2.3) (respectively, (2.2)) is used as the def-
inition of harmonic vector fields (respectively, of vector fields defining harmonic
maps).
Let p be a non-zero real number, and denote XP(M)={V € X(M):||V|?>=p}.
We consider the vector fields V' € XP (M) which are critical points for the energy
functional E|x, s, restricted to vector fields of the same length. The Euler—
Lagrange equations of this variational condition show that V' is a harmonic vector
field if and only if
V*VV is collinear to V. (2.4)

This characterization is well known in the Riemannian case [1], [24], [25]. If V is
not light-like, the same argument applies to the pseudo-Riemannian settings [10].
Even if V is a light-like vector field, (2.4) is still a sufficient condition for V' to be
a critical point for the energy functional E|yo(as), restricted to light-like vector
fields (see [10, Theorem 26]). Usually, condition (2.4) is used as a definition of
critical points for the energy functional E|xs(as) in the non-compact case.

Let V be a unit time-like vector field on a Lorentzian manifold (M, g). The
space-like energy of V' is defined to be the integral of the square norm of the
restriction of VV to the distribution V. We say that V is spatially harmonic if
it is a critical point of the space-like energy. The Euler-Lagrange equations then
imply that V is spatially harmonic if and only if

X, = —V*VV =V ViV —div(V)Vy V+(VV)(Vy V) is collinear to V. (2.5)

It is easy to see that conditions (2.4) and (2.5) coincide for geodesic vector fields.
Next, we recall the structures of the Lorentzian Damek—Ricci spaces from [15].
A generalized Riemannian Heisenberg algebra is a two-step nilpotent Lie
algebra n with an positive inner product (,) such that if 3 is the center of n and
p =3, then the map J : p — p given by

<JZXaY> = <[X7Y]’Z>

for X,Y € p and Z € 3, satisfies the identity JZ = —|Z|?I for every Z € 3. The
associated simple connected Lie group, endowed with the induced left-invariant
Riemannian metric, is called a generalized Riemannian Heisenberg group.

A generalized Lorentzian Heisenberg algebra is introduced in [15]. It is a
two-step nilpotent Lie algebra n with a Lorentzian inner product (,) which is
Lorentzian restricted to the center 3 of n, and positive definite restricted to p = 3.
Moreover, the map Jz : p — p given by

<JZX7Y> = <[X7Y]’Z>
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for X,Y € p and Z € 3, satisfies the condition

JZ = —|Z|?1, if Z is space-like,
JZ =|Z]*1, if Z is time-like.

The associated simple connected Lie group with the induced left-invariant
Lorentzian metric, is called a generalized Lorentzian Heisenberg group.

From [15], we know that there exist two kinds of Lorentzian Damek-Ricci
spaces. A Lie algebra s of the first kind of (n+1)-dimensional Lorentzian Damek—
Ricci spaces is a direct sum of an n-dimensional generalized Riemannian Heisen-
berg algebra n and a one-dimensional vector space a. Each vector in s can be
uniquely written as U + X + sA, where U € p, X € 3, s € R and A is a non-zero
vector in a. We will always use the symbols U, V' for vectors in p, X, Y for vectors
in 3 and r, s for real numbers. In [15], the inner product (.,.) and Lie brackets
[.,.] on s are defined by

U+X+rAV+Y +sA) = U+ X, V+Y), —rs,

and
1 1
[U+X+7"A,V—|—Y—|—8A]=[U,V}n+§7'V—§sU+rY—5X.

With respect to these brackets, s becomes a Lie algebra with a Lorentzian metric.
The corresponding connected simply connected Lie group attached to s, endowed
with the induced left-invariant Lorentzian metric, is called a Lorentzian Damek—
Ricci space of the first kind, denoted as S}, +1- The Levi-Civita connection V of
Sk, is given by

VvivisalU+ X +1A)

1
= 5 (WU +JxV 1V 4 [UV] +2rY + (U, V) A+ 2(X, V) A}

On the other hand, from [15], we know that a Lie algebra s of the second kind
of (n + 1)-dimensional Lorentzian Damek-Ricci spaces is a direct sum of an
n-dimensional generalized Lorentzian Heisenberg algebra n and a one-dimensional
vector space a. The vector decomposition and the Lie brackets in s are given in
the same way as above, but the metric is given by

(U4+X+71AV+Y +s4) = U+ X,V+Y)a+rs.
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The corresponding connected simply connected Lie group attached to 5/, endowed
with the induced left-invariant Lorentzian metric, is called a Lorentzian Damek—
Ricci space of the second kind, denoted as S}, ;. The Levi-Civita connection V of
Sy, is given by

Vviv4sa(U+ X +rA)

1
= AW U+ XV +rV 4 [U V] 42 - (UV)A - 2(X,Y)A}.

3. Left-invariant Ricci solitons on 4-dimensional
Lorentzian Damek—Ricci spaces

In this section, we study left-invariant Ricci solitons on 4-dimensional Lorentz-
ian Damek—Ricci spaces. This will be completed through a case by case consid-
eration.

3.1. The S} case. In [15], the left-invariant Lorentzian metric g on the 4-dimen-
sional space S} is given by

2
g=etde® + e tdy®> + e 2 (dz + gydac — gxdy) — dt?,

where ¢ € R. The Lie algebra s4 of S}l has an orthonormal basis

_et (2 _wo (9 0 9 9
AN\ 202) T \oy T 208:) T8 T o

where eq, es, e3 are space-like and ey is time-like. The Lie brackets are given by

[e1,e2] = ce3, [e1,e3] =0, le1,eq4] = —%eh

3.1
[62,63] = 0’ [62764] = _5627 [63764} = —e€3. ( )

By the definition of the map Jz, we have ¢ = 1. The well-known Koszul formula
can be used to determine the Levi-Civita connection V of g. Set A; = V.. Then,
with respect to the pseudo-orthonormal basis {e1, ea, €3, €4}, where e4 is time-like,

we have
1 c
0 0 0 -3 0 0 ¢ 01
A= 0 o 5 0|, 0c 0 0 -3 |
0 < 0 0 £ 0 0 0
-3 0 0 0 0 -2 0 0
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0 3
£ 0
0 0
0 0

0 0
0 0
0 -1 |’
-1 0

Ac, = O4x4.

111

(3.2)

Using the identities R(e;, e;j) = Ve, ¢,) — Ailj + AjA;, we can determine the
curvature as follows

4
Applying the Ricei tensor formula p(X,Y) = > €;9(R(X, €;)Y, e;), we get
i=1

1
_5627

c
—5€3,

3
_1617
_c

4637

c
Ze4a
c
1617

4

72617
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264a
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_1645
1
1647
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- Zela
3

*1625
1

1647
c

2€2a

= €3.

(3.3)

4
On the other hand, for an arbitrary left-invariant vector field X = >~ Kje; on S},

we have

1 1
Ve, X = —-Kieq + EK2€3 - EK362 — - Kyeq,

2

1
Kzeq — §K462,

2 2 2
Vo X = —SKyes — 2Kpes+ &

2 2 2
Ve, X = —%Kleg + gngl — Kzey — Kye3,
Ve, X = 0.

=1

By the identity (Lxg)(Y,Z) = g(Vy X, Z) + g(Y,VzX), we have

Lxg =

—K4 0 CKQ %Kl
0 —K4 —CK1 %KQ

CK2 —CK1 —2K4 K3

1Ky 1K, Ks 0

(3.4)

(3.5)
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3.2. The S} case. In [15], the left-invariant Lorentzian metric g on the 4-dimen-
sional space S3 is given by:

2
g=etde® + e tdy®> —e 2 (dz —+ gyda: — gmdy) + dt?,
where ¢ € R. The Lie algebra 5:1 of S§ has an orthonormal basis

et (2 _wON (O @l a0 0O
1= T oy " 20z) P "oz YT ot

ox 2 0z
where eq, es, e4 are space-like and eg is time-like. The Lie brackets are given by

Nl

le1,e2] = ces, [e1,e3] =0, 1, 4] = —1eq, (3.6)

le2,e3] =0,  [ea,ea] = —3e2, [e3,e4] = —es.

One can also prove that ¢ = 1 by the definition of the map Jz. The well-known
Koszul formula can be used to determine the Levi-Civita connection V of g. Set
A; = V.,. Then, with respect to the pseudo-orthonormal basis {ej,eq, e3, €4},
where ez is time-like, we have:

0o 0 o0 -1 0 0 -£ 0
4 _1
A = 0 (2 500 | A= oc 0 0 -5 |
0 £ 0 0 -£ 0 0 0
10 0 0 0o 2 0 o0
0 -£ 0 0
£ 0 0 0
A, =| 2 , Aey = Ouxa. .
s 0 0 0 -1 S (3:7)
0 0 -1 0

where Q444 denotes the 4 x 4 matrix whose entries are all zero.
Using the identities R(e;,e;) = Vi, ¢;] — AiAj + AjA;, we can determine the
curvature as the following:

R(el,eg)el = %62, R(61,62)€2 = 7%61, R(€1,62)63 = 7%64,
R(€1,€2)64 = —%63, R(€1,€3)€1 = —%63, R(617e3)62 = —264,
R(61,63)€3 = —%61, R(61,63)64 = %62, R(€1,64)61 = —%64,
R(ei,eq)es = —Ge3,  R(ei,es)ez3 = —Jea,  Rlei,eq)eq = %617 (3.9)
R(eg,eg)el = 264, R(€2,€3)€2 = —%63, R(82,€3)€3 = —%62, ’
R(62,€3)64 = 7%61, R(€2764)61 = %63, R(€2764)62 = 7%64,
R(ez,eq)es = Seq, Rles, eq)es = Lea, R(es,eq)er = —$Sea,

R(eg, 64)62 = %61, R(eg, 64)63 = €4, R(@g, 64)64 = €3.
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4
Applying the Ricci tensor formula p(X,Y) = 3 e;9(R(X, €;)Y, e;), we get
i=1

-+ 0 0 0
0 -2 0 0

e 2
(p)l] 0 0 g 0
o 0 o0 -3

4
Now, for an arbitrary left-invariant vector field X = 3" K;e; on S3, we have
i=1

1 c c 1
VelX = §K1€4 + —Ksez + —Kzeqs — —Kyeq,

2 2 2
c 1 c 1
Ve, X = —§K163 + §K2€4 - §K3€1 - §K4€2,
VeSX = %Kleg - gngl - K364 — K463,
Ve, X =0. (3.9)

By the left invariance, we have (Lxg)(Y,Z) = ¢(Vy X, Z) + g(Y,VzX). This
implies that
—K4 0 —CKQ %Kl

0 —K4 CK1 %KQ
—CK2 CK1 2K4 —K3
1K, 1K, —Ksy 0

Lxg= (3.10)

Now we can prove

Proposition 3.1. A 4-dimensional Lorentzian Damek—Ricci space does not
admit any left-invariant Ricci soliton.

PROOF. We first consider the S} case. If it admits a left-invariant Ricci
soliton, then by the Ricci soliton formula (1.1), we get the following system of
equations:

— 3
A=3,
K=K, =K;=0,
_K4+%:)\7
—2K4+3 =\

From this, we get K4 = 0. So —c? = 1, which is a contradiction. The proof for
the S3 case is similar. O
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4. Curvature of 4-dimensional Lorentzian Damek—Ricci spaces

The properties of curvature of 4-dimensional generalized symmetric spaces
were investigated in [11]. In this section, we mainly study the curvature properties
of 4-dimensional Lorentzian Damek-Ricci spaces.

A pseudo-Riemannian manifold (M, g) is said to be in class A if the Ricci
tensor is cyclic-parallel, i.e., Vxp(Y, Z) + Vyp(Z, X)+Vzp(X,Y) = 0, or equiv-
alently, it is a Killing tensor, i.e., Vxp(X, X) = 0. It is said to be in class B if its
Ricci tensor is a Codazzi tensor, i.e., Vxp(Y, Z) = Vyp(X, Z), where

Vipjrk = — Z(5jBijtptk + 5kBiktptj)a (4.1)
t

here the B, components are determined by Ve, e; = > ;B kex, and pyy, are the

tensor Ricci components. Note that B;r; = —Byjk, for all ¢,7, k. In particular,
B;;; = 0 for all indices 4, j. For more detail, see [7], [8].

Proposition 4.1. Every 4-dimensional Lorentzian Damek—Ricci space be-
longs to class A but not to class B.

PROOF. In the S} case, from (4.1), it is easily seen that V;p; = 0,i =
1,2,3,4. So it belongs to class A. On the other hand, by (3.2), we have

o

C C C
Bios = —, Biza= ——, Boz=——, Bag = .
123 ) 132 27 213 2; 231 2

Vi1p23 = —B123p33 — B132p22 = —c,

[\]

Vap13 = —DB213p33 — Bagi1p11 = c.

Notice that ¢ # 0. Thus it does not belong to class B. The proof for the S} case
is similar. g

Now we recall the following theorem from [3].
Theorem 4.2. A pseudo-Riemannian manifold (M™, g) of dimension n > 4,

is conformally flat if and only if its Weyl curvature tensor vanishes, that is,

R(XY, Z.W) = —(4(X, 2)p(Y. W) + g(Y. W)p(X, 2)

n—2
- g(X, W)p(Y, Z) - g(Y, Z)p(X, W))
- m(g@(v 2)g(Y, W) —g(Y,Z)g(X,W)), (4.2)

where X,Y, Z, W are vector fields and 7 is the scalar curvature.
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Now we can prove

Proposition 4.3. Every 4-dimensional Lorentzian Damek—Ricci space is not
conformally flat.

PROOF. We first consider the S} case. Since R(X,Y, Z, W)=g(R(X,Y)Z,W),
it follows form (3.3) that Rip34 = §. By (4.2), we have Riz34 = 0. So St is not

conformally flat. Now, we consider S]. By (3.8) we have Rig34 = —5. On the
other hand, by (4.2), we also have Rj234 = 0. Hence Si is also not conformally
flat. [l

A vector field V is called a geodesic vector field if ViV = 0, and it is called
a Killing vector field if Ly g = 0, where L denotes the Lie derivative. It is easily
seen that X is Killing vector field if and only if g(Vy X, Z) + ¢g(Y,VzX) =0 for
all Y, Z € X(M). A vector field V is called a parallel vector field if VxV = 0 for
all X € X(M). It is obvious that parallel vector fields are both geodesic vector
fields and Killing vector fields. From (3.4), (3.5) and (3.9), (3.10), we have:

Proposition 4.4. On a 4-dimensional Lorentzian Damek—Ricci space, a left-
invariant vector field is neither a parallel vector field, nor a Killing vector field.

By (3.4) and (3.9) and some direct calculations, we get the following result.

Proposition 4.5. Let V' be a left-invariant vector field on a 4-dimensional
Lorentzian Damek—Ricci space, then V is geodesic if and only if V = aeq,a € R.

A r-dimensional distribution D on a manifold is said to be parallel if VxD C
D, ie,f VxY € Dforall Y € D and any X € X(M). A Walker manifold
is a pseudo-Riemannian manifold (M, g) which admits a parallel null distribu-
tion D. Such structures possess many interesting properties with no Riemannian
counterpart. For more detail, see [6]. Now we prove

Proposition 4.6. A 4-dimensional Lorentzian Damek—Ricci space does not
admit any 1-dimensional parallel null distribution.

PROOF. We first consider the S} case. Set X = Kje; + Koea + Kzes + Kyey,
and suppose D = span(X) is an invariant null parallel line field. Then there exist
parameters wy, we, w3, wy satisfying the following equations:

V51X = le, VeQX = ’LUQX, VE3X = U}3X, V64X = w4X,
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From the first equation, we have

—1K, =w K,
—5K3 =wi Ky,

sKay =wiKs,
—lKl = w1K4.

Hence Ky = K3 = 0. Since V., X = w2 X, we have K; = K4 = 0. So a non-trivial
solution can not occur. The proof for the S} case is similar. O

5. Harmonicity of invariant vector fields

In this section, we investigate the harmonicity of invariant vector fields on
the 4-dimensional Lorentzian Damek—Ricci spaces. As in the previous sections,
we will study the problem case by case.

5.1. The S} case. A left-invariant vector field V on the Lorentzian Damek—
Ricci space S} is uniquely determined by its components with respect to the
pseudo-orthonormal basis {e;} for which (3.1) holds. Thus it can be written as
V = Kie1 + Koes + Ksez + Kyey, for some real constants Ky, Ko, K3, K4. Notice
that the constant norm of V is given by ||[V||? = K? + K2 + K2 — K3.

Applying the equations (3.2) and (3.4) to the calculation of V., V.,V and
Ve, eV fori=1,2,3,4, we get

1 1 1 1
Ve, Ve,V = ZKlel - ZKQSQ — —K3ze3z + —Kyey,

4 4
1 1 1 1
Ve, Ve,V = _ZKlel + 1K262 - 1K3€3 + ZK464’
1 1
V63V63V = _ZKlel — ZKQ@Q + K363 + K4€4.

Note that V¢, V.,V = 0 and Vy, .V = 0for i = 1,2,3,4. By the equation
4
VWV =3 €i(Ve, Ve,V = Vy, ¢, V), we have

=1

1 1 1 3K
V*VV = _ZKlel — ZKQ@Q + 5[(363 + 7464. (51)

Thus, we have the following
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Theorem 5.1. There does not exist left-invariant harmonic vector fields on
the Lorentzian Damek-Ricci space S}. Moreover, none of the left-invariant vector
fields on the Lorentzian Damek—Ricci space S} defines a harmonic map from S}
to (TS}, g°%).

From (5.1), we obtain:

N 1 3 7
V*VV = _ZV + Zl<363 + Z.K464,
VYV = LVt Kies - 2Kie - 2K
=3 4€4 4 1€1 4 2€2,
3 7 7
* = — —_— _ = —_ .
Vv*VV 2V 4K1e1 4K262 Kses

So we have the following

Theorem 5.2. Let V be a left-invariant vector field on Sj. Then V is
a critical point for the energy functional restricted to vector fields of the same
length if and only if V = Kye; + Kaeq, or V = Kses, or V = Kyey.

We now determine spatially harmonic vector fields on S}. Let V = Kje; +
Kses + Kszez + Kyeq be a unit time-like vector field. Then we have

4
div(V) = Zsig(VEiV, ;) = —2Ky,

=1

1 1
Vvv = (CKgKg - 2K1K4> €1 — (CKlKg + 2K2K4> €9

1 1
— K3K463 — (2K12 + §K22 + K§> €4,

1 1 3
VyVyV = (41{? + KK — :K2K3K4> er

1 1 3c
+ (4KS + ZK12K2 + 4K1K3K4> es + Kies
2 Lo 1..o
+ K3K4 + ZK1K4 + ZK2K4 €q.
Since
4
(VV)'VyV =) eig(VyV, Ve, Ve,
i=1
We have

3c 1 1 1
(VV)'VyV = (—4K2K3K4 + ZKle - ZK1K§ - 4Kf) el
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3c 1 1 1
+ <4K1K3K4 + 1K2K§ - 1KEK2 - 4K§) e
+ (K3 + K3K3)es.

Therefore, we have

-~

Xy = -V*VV = Vy VY V — div(V)VyV + (VV)H(Vy V)

3 1 1 1
<—4K1Kf — 5KlKg — §Kf + 1K1 + 20K2K3K4> e1

3 1 1.4 1
+ (4K2KZ - §K12K2 - 51{5 + 7K - 2cK1K3K4> e

1
+ (—2K§ — K3K3 — 2K3> es

5 5 3
— <3K§K4 + ZK12K4 +7 2Ky + 21(4) es.

So, V satisfies (2.5) if and only if there exists a real constant A such that

7%K1K42 — %Klez — %Kf + %Kl +26K2K3K4 = )\Kl,
_%KQKZ — %K%Kz — %K% + %KQ — 2CK1K3K4 = )\KQ,
2K} — K3K} — LK3 = \K,

—3K3K, — SK{Ky — 2K3K, — 3K, = \K,.

(5.2)

The system of equations (5.2) completely characterizes spatially harmonic unit
time-like invariant vector fields (which must satisfy the additional condition ||V||?
=K? + K3 + K2 — K2 = —1). Now we can prove

Theorem 5.3. A time-like unit left-invariant vector field V' on the Lorentzian
Damek—Ricci space S} is a spatially harmonic vector field if and only if there exist
real numbers K3, K, such that K2 =1+ K3 and V = Kzez + Kyey.

PROOF. We first prove the “if” part. Suppose V = Ksez + Kyey, where
K3 =1+ K3. Then by (5.2), we have A = —3K3 — 3. Thus V is a spatially
harmonic vector field.

Now we prove the “only if” part. For this, we need to prove the existence of
non-trivial solutions of (5.2). Since K4 # 0, from the last equation of (5.2), we
have A = —2 — 2 K2 — 2K? — 3K%. Then, from the first and second equations of
(5.2), we have (K7 + K3)($K3+41) = 0. Thus K; = K> = 0. Since K7 = 1+ K3,
the third equation also holds. Therefore, we have V = Kzes + Kyeq and K2 =
1+ K3. O
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Next we calculate the energy of a smooth vector field V' : (M, g) — (T'M, g°)
on Sj. Since S} is not compact, we suppose that D is a relatively compact domain
and calculate the energy of V|p.

Proposition 5.4. Let V be a smooth left-invariant vector field on S}. Then
the energy of V|p is

Vi 3

7
s "3 3+ 8K§> vol(D),

Ep(V) = <2+

where Ep (V') denotes the energy of V|p.

PROOF. Notice that

4
||VVH2 = Zaig(vei‘/? V&'V)

=1
1 1 1 3

Considering ||V||? = K? + K2 + K2 — K7 in (2.1), we complete the proof. O

5.2. The S} case. A left-invariant vector field V on the Lorentzian Damek—
Ricci space S} is uniquely determined by its components with respect to the
pseudo-orthonormal basis {e;} for which (3.6) holds. Thus in this case one can
write V = Kie; + Koes + Kzez + Kyeq, where Ky, Ko, K3, K4 are real constants.
Notice that the constant norm of V is given by ||V|?> = K? + K3 — K3 + K3.

We now apply (3.7) and (3.9) to calculate V., V.,V and Vy,_.,V for i =
1,2,3,4. It is easily seen that ’

1 1 1 1
= —— — — —
Ve, Ve,V 4K1€1 + 4K2€2+ 4K363+ 4K4€4,
Ve, Ve,V = 1K lK + 1K 1K
ez VeV = 7 1€1 1 2€2 1 3€3 4 4€4,

1 1
vegv%v = —ZKlel - ZKQGQ + K363 + K4€4.

Since V¢, Ve,V =0 and Vy,_ .,V =0 for ¢ = 1,2,3,4, taking into account

4
the fact that V*VV = 3 ¢;(V, Ve,V = Vy, ., V), we get
-t ,

3

K
s (5.3)

. 1 1 1
V*VV = ZKlel + 1K2€2 — §K3€3 — 5

This proves the following
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Theorem 5.5. There does not exist left-invariant harmonic vector fields on
the Lorentzian Damek-Ricci space S3. Moreover, there does not exist any left-
invariant vector field on the Lorentzian Damek-Ricci space S3 which defines a
harmonic map from S} to (TS}, g°).

Combining theorem 5.1 with theorem 5.5, we get the following

Proposition 5.6. There does not exist any left-invariant harmonic vector
fields or invariant vector field which defines harmonic maps on 4-dimensional
Lorentzian Damek-Ricci space.

From (5.3), we obtain

1 3 7
WV = -V — “Kyeg — - K.
\VARVA74 4V g vaes — iacs,
. 1 3 3
V*VV = —§V — K464 + ZKlel + EKQEQ,
i 3.7 7
V*VV = *iv + ZKlel + ZKQ@Q + K363.

So we have the following

Theorem 5.7. Let V be a left-invariant vector field on S3. Then V is
a critical point for the energy functional restricted to vector fields of the same
length if only if V = Kye; + Kaeq, or V = Kses, or V = Kyey.

Next we determine spatially harmonic vector fields on S3. Let V = Kje; +
Kses + Kses + Kieq be a unit time-like vector field. Then a direct computation
shows that

4
div(V) = Zgig(vei‘/? ei) = —2Ky,
i=1
1 1
Vvv = <_CK2K3 - 2K1K4) e + (CKlKg — 2K2K4) €9

1 1
— K3Kyes + <2K12 + K3 — K§> eq,

2
1 . 1 ) , 3c
VVVVV = _ZKl - ZKlKQ +K1K3 + ZK2K3K4 €1
1. 5 1 , 9 3cC 3
+ _ZK2 — ZKIKQ +K2K3 — ZK1K3K4 €9 +K363

1 1
+ (K§K4 — ZKIZIQ — 4K22K4) eq.
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Since
4
(VV)'VyV =) eig(VyV, Ve, Ve,
i=1
We have
‘ 3¢ 1 5 1 9 1 4
(VV) VVV = ZK2K3K4 + ZK1K4 + ZKle + ZKl €1
3 1 1 1 .
+ (:K1K3K4 + ZKQKZ + ZK%KQ + 4K‘23) €9
+ (= K3 + K3K7)es
Thus

Xy = —V*VV = Vi Vy V — div(V)Vy V + (VV)H(Vy V)
3

1 1 1
= (—4K1KZ + 51(11(3 + in — K- 20K2K3K4> e1

1 1 1
+ (iKsz + 51;(1217(2 + 51{3 RVLCR 2cK1K3K4> €2

1
+ (—2K§’ — K3Ki + 2K3> €3

5 5
—3K2K, + “K?K, + =
+ ( 38y + e 4+ 1 2

3
22K4 + K4> €4.
Therefore, V satisfies (2.5) if and only if there exists a real constant A, such that

—3K1K} + 1K1 K3 + K} — 1Ky — 2cK, K3 Ky = MK,
_%K2K4% + %K%KQ + %KS - iKg + 26K1K3K4 = )\KQ,
—2K3 — K3K3 4+ 1 K3 = AK3,

—3K3Ky+ SKiKy + SK3 Ky + 3Ky = MK,

(5.4)

Solutions of system (5.4) completely characterize spatially harmonic unit time-
like invariant vector fields (which must satisfy the additional condition [|V||? =
K? + K3 — K2 + K2 = —1). Thus we have the following:

Theorem 5.8. A time-like unit left-invariant vector field V' on the Lorentzian
Damek—Ricci space S} is a spatially harmonic vector field if and only if V has the
form V = Kzez + Kyeq with K3 =1+ K3.

PrOOF. We first prove the “if” part. If V = Kges + K464,K§ =1+ K32,
then by (5.4), we have A = —3K3 — 3. So V is a spatially harmonic vector field.
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Now we prove the “only if” part. We only need to find a non-trivial solution
of (5.4). Notice that K3 # 0. If K4 = 0, then by (5.4), we get the following
system of equations:

1KIK2 + 1K} — LKy = \K;,
$KoK? + K3 — 1Ky = MK,
—2K3 + 1 K3 = \Kj.

If K2 + K3 # 0, then it follows from the first and the second equations that

1 1
A= §(Kl2 + K3) — T
Moreover, by the third equation, we also have
1
A= —2K3 + 3

Since K? + K3 = K3 — 1, from the above two equations, we obtain K2 = 1, but
K2 =1+ K} + K3 > 1, which is a contradiction. So K; = Ko = 0.

If K4 # 0, then it follows from the last equation of (5.4) that A = % +
%Klz + %KQQ — 3K2. Then, from the first and second equations of (5.4), we get
(K? + K3)(2K3 — 1) = 0. Notice also that K3 > 1. Thus K; = K, = 0. Since
K2 =1+ K3, the third equation automatically holds. So V = Kzes + Kyeq. O

Finally, we calculate the energy of a smooth vector field V : (M,g) —
(TM,g°) on S}. Since S} is not compact, we suppose that D is a relatively
compact domain in S} and calculate the energy of V|p.

Proposition 5.9. Let V be a smooth left-invariant vector field on S§. Then
the energy of V|p is

Vi 3
8 8

Ep(V) = (2 - K3+ ;Kf) volD

where Ep (V') denotes the energy of V|p.

ProoOF. Notice that

4
vaHz = Zsig(VEiV7 Ve, V)
i=1
1 1 1 3

Considering ||V||? = K + K2 — K3 + K3 in (2.1), we complete the proof. |
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