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Generalized power means for matrix functions

By B. MOND (Bundoora) and J. E. PECARIC (Zagreb)

§1. Introduction

Generalized power means are defined by [1]
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where a,p € R, z,w € R}, n € N. Concerning inequalities for these means
see [2-5]. Further generalizations of these means are given in ([6,7]).

Let ¢ : I — R be a strictly positive function, F': I — R be a strictly
monotone function, x € I, w > 0(€ R™). Then define
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Remark. Note that in [8,9] means are defined with ¢;(z;) instead of
w;p(x;).

Concerning inequalities for these means see, for example, [8], [9] or

the monograph [10, pp. 261-269].
In this paper, we give analogous means for matrix functions.
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2. Preliminaries and definitions

~ Let A€ C™" be a normal matrix, i.e., A*A = AA*. Here A* means
At the transpose conjugate of A. There exists [11] a unitary matrix U
such that

(3) A=U"\, Aas e MU

where [A1, A2, ..., A,] is the diagonal matrix (\;d;;), and where A1, Ao, ...,
An are the eigenvalues of A, each appearing as often as its multiplicity.
A is Hermitian if and only if \;, i € I,, = {1,2,...,n} are real. If A is
Hermitian and all \; are strictly positive, then A is said to be positive
definite.

Assume now that f(\;) € C, i € I,, is well-defined. Then f(A) may
be defined by (see e.g. [11, p.71] or [12, p.90])

As before, if f(\;), i € I, are real, then f(A) is Hermitian. If, also,
f(Ai) >0, € I,, then f(A) is positive definite.
We note that for the inner product

(5) (F(A)z,w) =D lyl*F A

where y € C", y = Uz, and so Z |lyi|? = Z |z;|?. Thus if x is a unit
vector, then so is y. i=1

If A is positive definite, so that \; > 0, i € [,,, and f(t) = t", where
t >0 and r € R, we have f(A) = A". This representation is used in [13]
and [14] to obtain matrix inequalities involving powers of A.

It is obvious that the above representations can also be used to obtain
matrix versions of means (1) and (2).

Definition 1. Let A be an n x n positive definite Hermitian matrix,
0# x € C™ a,p € R. Then the generalized power means of A is given by
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Definition 2. Let ¢ : I — Ry (I C R) be a positive function, F' :
I — R a strictly monotone function, and let A be a Hermitian matrix

with eigenvalues in I. The generalized quasi-arithmetic mean F(A;x) is
defined by

) F(Azi6) = P! (

where z € C", x # 0.

((¢- F)(A)z, l’))
(¢(A)z, z)

3. Inequalities for generalized power means

Theorem 1. Let a,b,p,q € R satisfy
(8) |la] = |b]| +a+2p < b+ 2q.

Then for every positive definite Hermitian matrix A and every x € C",
x #0,
9) MP(A;x) < M (A;x).

PRrROOF. This is a simple consequence of (5) and of the following ([2]):
Lemma 1. Let a,b,p,q € R. Then
M, o (W) < My, p(2;w0),
holds for every x € R™(z # 0), if and only if (8) holds.
Theorem 2. Let a, by,...,bk, p,q1,...,qx € R, kK > 2. Further, let
Qo=a —p, Qi=b +qi=1,...,k
Qo =a"+p, QF =b —q, i=1,....k,
where a™ = (|a| + a)/2 and a= = (Ja] — a)/2 and for i = 0,1,...,k, let
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Let A be a normal matrix with eigenvalues in I(I C C); f; : I — Ry for
=1,k If
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then
(1) ME((fr--- fr)(A);z) < M (f1(A); ) .. M (fi(A); ).

PRrROOF. This is again a simple consequence of the following ([3]):

Lemma 2. Let a,by,...,bk, p,q1,...,qx € R, k > 2 and let Q;,Q7,
H; be defined as in Theorem 2. Then the inequality

My o(x1 .. xpw)p < My, (T15W) g, -« My by (Th; w)g,
holds for all xy,...,xz, € R}, n €N, iff (10) holds.
Remark. If x,y € R™ we use notation xy = (x1y1, ..., TnYn)-

Theorem 3. Let a,by,..., bk, p,q1,--.,qx € R, k > 2. Let A be a
normal matrix with eigenvalues in I (I C C), and let f; : I — Ry for
i1=1,....k,x e C", x#0. If

(12) max{p+a*,1} < q; + b}
and
(13) max{p —a~,0} <min{g; —b; ,1}

hold for every i =1,...,k, then
(14) ME((fr+-+ fi)(A);z) < M (f1(A);2) + -+ M (fu(A); ).

The reverse inequality holds in (14) if

(15) min{p + a™, 1} > max{q; + b;, 0}
and
(16) min{p —a~,0} > ¢; — b;

hold fori=1,...k.
PROOF. This is a consequence of the following ([4]):

Lemma 3. Let a,by,...,bk,p,q1,...,qx € Rk > 2. Then the in-
equality

Myo(x1+ -+ zisw)y < My, (T15W)g, + -+ + Mo b, (Th; w) g

holds for every n € N, x1,...,x, € R, iff (12) and (13) hold for every
i = 1,...,k. The reverse inequality holds if (15) and (16) hold for i =
1,...,k.
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Theorem 4. Let A be a positive definite Hermitian matrix with eigen-
values \; such that

O<m<\N<M (i=1,...,n).
Then
(16) My (A;2) < C(m, M)ME(A; z)

where a, b, p,q are fixed numbers such that (8) holds, where C'(m, M) is
defined by

(18) C(m, M) = Tt,4(to,7)/Ta,p(to, 7)

v = M/m and t, is the unique positive root of the equation

Aap (NI + )T+ 1) = Mg (V) (7P + (P + 1)

where, fort > 0,
tafl

tP 0
Aa,p(t) = a ’ af
tP logt, a=0,

and
(Y *P +8)/(" + )Y, a#0

Fap(t7) = { exp((+*log7)/ (7" +1)),  a=0.

ProoF. This is a simple consequence of the following ([5]):
Lemma 4. Let 0 <m < M < o0, let

C(m,M)=sup M,p(x;w)q/Myqo(z;w),
z€[m,M|"

where a, b, p, q are fixed numbers such that (8) holds. Further, let \, p,
Lu.ps to, v be defined as in Theorem 4. Then C(m, M) is given by (18).

Remark. Note that results in [3-5] are obtained in the non-weighted
case, i.e., for w = (1,...,1). However, the previous lemmas can easily be
obtained from the non-weighted case.

4. Inequalities for quasi-arithmetic means

Theorem 5. Let K, L, M be three differentiable strictly monotone
functions from the closed interval I to R; and let ¢, 1, x be three functions
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from I to Ry, f : I? — I such that for all u,v,s,t € I, the following
inequality holds.

<

(Mof(u,v) —Mof(t,s)) x o f(u,v)
M’ o f(t,s) x o f(t,s)

K(u) — K(8)\ ¢(u) , L(v) — L(s)\ (o)

: ( 0 ) o) 15T < (s) > 0(s)

Let A be a normal matrix with eigenvalues in J and g,h : J — I are given
functions. Then for x € C™, (x # 0)

(20)  f(K(g(A);z, 0), L((A);2,9)) = M(f(9(A), h(A)); x5 X)-

(Note that f(g(A), h(A)) is the matrix U*[f(g(A1), h(A1)), f(g(A2), h(X2)),
5 f(g(An), h(An))]U).

Proor. This is a simple consequence of the following lemma [10,
p.262].

Lemma 5. Let functions K, L, M, ¢,,x be defined as in Theorem 5
and let a,b, € I™ then

f(Kn(a;¢), Ln(b;v)) > My, (f(a,b); x)

holds if and only if, for all u,v,s,t € I, (19) holds. Here f(a,b) is the
vector whose j'® component is f(a;,b;).

(19)
fa(t5)-

Remark. Note that in [8-10] a more general result than our Lemma 5
was proved. Of course, Lemma 5 follows from this result in the cases when

i = wi, Yy = winp, and x; = wix (i =1,...,n).

Theorem 6. With the notations of Theorem 5 with \; € I (i =
1,---,n) (\; are the eigenvalues of A),

(21) M(A;x;x) < K(A;2;0)
if, for all u,t € I,

(M(U) —M(t)> x(u) _ (K(U) —K(t)> ¢(u)
M'(t) x(t) ~ K'(t) ¢(t)

PrOOF. Immediate from Theorem 5 taking f(x,y) =z, g(x) = .

A very important particular case of Theorem 5 is when f(x,y) = z+y.
Then, we get

K(g(A); ;) + L(h(A); 39) > M(g(A) + h(A); a3 x)
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holds if, for all u,v,s,t € I,

M(u+v) — M(t+s) x(u+v)
M'(t+ s) X(t+s)

K(u) = K(t) $(u) | L(v) = L(s) x(v)
K'(t) o) L'(s)  x(s)

<
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