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Marcinkiewicz-like means of two dimensional
Vilenkin—Fourier series

By GYORCY GAT (Debrecen)

Dedicated to Professor Zsolt Pdles on the occasion of his siztieth birthday

Abstract. Let a be a lacunary sequence of natural numbers. In this paper, among
others, we investigate means of two variable Vilenkin—Fourier series of the following kind:
tyf = a% ZZ’;EI Sai(nk),az(n,k)f, and prove the a.e. convergence t°* f — f for each
integrable'function f. This immediately implies for the triangle means of the two variable
integrable function f the a.e. relation t5f = 259" 1S oy f — f (n — 0).

an

1. Introduction

In 1939, for the two-dimensional quadratical trigonometric Fourier parti-
al sums S; ;f MARCINKIEWICZ [9] proved that for all f € Llog L([0,27]?) the
a.e. relation

% Y Sif—f (1)
j=1

holds as n — 0o. ZHIZHIASHVILI [13] improved this result for f € L([0,27]?). Dy-
ACHENKO [3] proved this result for dimensions greater than 2. In 2001, WEISZ [12]
proved this result with respect to the Walsh—Paley system. GOGINAVA [6] proved
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the corresponding result for the d-dimensional Walsh—Paley system. The author
of this paper investigated [4] the (bounded) Vilenkin situation, proving also the
a.e. convergence of the Marcinkiewicz means of integrable functions.

The aim of this paper is to generalize the notion of Marcinkiewicz means
with respect to two-dimensional Vilenkin systems, prove (1) for these general
means and also to verify this result for another “slightly different” special one
with lacunary indices n. An example for this Marcinkiewicz-like means is the
triangular means of two dimensional Fourier series.

First, we give a brief introduction to the theory of Vilenkin systems. These
orthonormal systems were introduced by N. JA. VILENKIN in 1947 (see e.g. [11]
and [1]) as follows.

Let m = (my,k € N) (N={0,1,...},P =N\ {0}) be a sequence of integers,
each of them not less than 2. Let Z,,, denote the discrete cyclic group of order my.
That is, Z,,, can be represented by the set {0,1,...,mj — 1}, with the group
operation mod my addition. Since the group is discrete, every subset is open.
The normalized Haar measure on Z,,, , pr is defined by pr({j}) = 1/my (j €
{0,1,...,m — 1}). Let

G = X -
k=0

Then every z € Gy, can be represented by a sequence x = (z;,¢ € N), where
2; € Zpm, (i € N). The group operation on Gy, (denoted by +) is the coordinate-
wise addition (the inverse operation is denoted by —), the measure (denoted by p),
which is the normalized Haar measure, and the topology are the product measure
and topology. Consequently, Gy, is a compact Abelian group. If sup,,cymn < 00,
then we call G,,, a bounded Vilenkin group. If the generating sequence m is not
bounded, then G, is said to be an unbounded Vilenkin group. In this paper
we discuss bounded Vilenkin groups, only. That is, m* = sup,, m, < oo. Let
My :=1,Mp+1 := m, M, (n € N) be the so-called generalized powers.

The Vilenkin group is metrizable in the following way:

- Ty —Yi
d(z,y) = |M+1| (z,y € Gm).
i=0 *

The topology induced by this metric, the product topology, and the topology

given by intervals defined below, are the same. A base for the neighbourhoods
of G, can be given by the intervals:

In(z) =G, In(z):={y=(y;,i €N) € Gy :y; =x;fori <n}
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for x € Gpp,mn € P. Let 0 = (0,i € N) € G, denote the nullelement of G,, and
en=1(0,...,0,1,0,...) € G, where the n-th coordinate of e, is 1 (n € N).

Furthermore, let LP(G,,) (1 < p < o0) denote the usual Lebesgue spaces
(IIllp the corresponding norms) on G,,, A, the o-algebra generated by the sets
I,(z) (x € Gy,), and E, the conditional expectation operator with respect to
An (n € N).

Let p either be a real not less than 1 or plus infinity. We say that operator T
is of type (LP, L) if there exists an absolute constant C' > 0 for which ||T'f||, <
C||fll, for all f € LP. T is said to be of weak type (L', L') if there exists an
absolute constant C' > 0 for which u(Tf > X) < C||f|l1/X for all A > 0 and
f € LY(G,,). Tt is known that the operator which maps a function f to the
maximal function f* := sup|E,, f| is of weak type (L', L'), and of type (LP, LP)
for all 1 < p < oo (see e.g. [2]).

Each natural number n can be uniquely expressed as

o0
n=> nM; (n;€{0,1,..,m; —1}, i € N),
1=0

where only a finite number of n;’s differ from zero. Later, we also use the notations
nl = 377 niM; and |n| ;= max {j € N': n; # 0} for positive integers. That is,
M, <n < Mp41 < m*M,|. The generalized Rademacher functions are defined
as

T (2) == exp <2mx"> (€ Gpyn € N2 :=/—1).

s

It is known that

my,—1 .
azl 0 f 2, 20,
E:T’(x):{’ o 20, b egn nen.

My, ifx,=0

The n-th Vilenkin function is
Yy = Hr}” (n e N).
j=0

The system ¢ := (¢, : n € N) is called a Vilenkin system. Each v, is a character
of G,,, and all the characters of GG, are of this form. Define the m-adic addition

as
00

kdn:= Z(k] +nj(modm;))M; (k,neN).
3=0
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Then, Yran = Yrtbn, Yn(T +Y) = Yn (@) (), Yu(—2) = (), [¢Yn] = 1(k,n €
N,z,y € Gp).

Define the Fourier coefficients, the partial sums of the Fourier series and the
Dirichlet kernels with respect to the Vilenkin system v as follows

n—1
foy = [ fiad, S5 = Y Fkn
m k=0

n—1
Dn(%x) = Dn(y - JJ) = Zwk(y)'(z)k(x)’ (n ENy,z€Gn, [ € Ll(Gm))'
k=0
It is well-known that

Suf(y) = /G f@) Doy — )du(z) = [+ Du(y) (nEN, y € G, f € L' (Grm)).

m

Tt is also well-known [1] that

M,, ifzel,:=1I,(0),
0, ifxéI,,

mjfl

Dy(x) = n(2) Y Dary(x) Y rh(x),
§=0

p=m;—nj

DJV[n ((E) = {

S, f(z) = M, / = Euf@) (7 € LG ) 2)

Next, we introduce some notation with respect to the theory of two-dimensional
Vilenkin systems. Let m be a sequence like m. The relation between the sequence
(7hy) and (M,,) is the same as between sequence (m,) and (M,). The group
G X Gy, is called a two-dimensional Vilenkin group. The normalized Haar
measure is denoted by u, just as in the one-dimensional case. It will not cause
any misunderstanding. In this paper we also suppose that m = m, and that the
generating sequence m is a bounded one.

The two-dimensional Fourier coefficients, the rectangular partial sums of the
Fourier series, the Dirichlet kernels, the Marcinkiewicz means, and the Marcin-
kiewicz kernels with respect to the two-dimensional Vilenkin system are defined
as follows:

Flnu,ns) = /G 1 @ (e ),
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ny— 1TL2 1

Snmaf W7 =D Y f ks )k, () n, (07),

k1=0 ko=0
Dnlyn2 (y7 x) = Dnl (yl - xl)Dnz (y2 - xz)

ny— 1n2 1

Z Z '(/}k1 wkz )qan (xl)’(/;kz (.’1,‘2),

k}l OkQ 0
1 n—1
tnf i= — -
nfi= 2> Sisl
7=0
1 n—1
KTL(:%J;) :Kn(y_x) = E Dj,j(y—ﬂf),
7=0

(y = (yl,yz),x = (1’1,552) € Gy, X Gm)

It is also well-known that
W)= [ F@Kaly - o) = < Koly)
GmXGm

For the two-dimensional trigonometric Fourier partial sums S ; f MARCIN-
KIEWICZ [9] proved that for all f € LlogL([0,27]?) the a.e. relation t,f —
f as m — oo. ZHIZHIASHVILI [13] improved this result for f € L([0,27]?).
In 2000, WEISZ [12] verified the result of Zhizhiashvili for the Walsh—Paley system.
In 2003, GOGINAVA [6] proved this result with respect to the d-dimensional Walsh—
Paley system. In 2004, GAT [4] proved the a.e. convergence of Marcinkiewicz
means of integrable functions on two dimensional bounded Vilenkin groups.

2. The result

After then, we turn our attention to the generalization of Marcinkiewicz
means. Let @ = (aj,a2) : N> — N2 be a function. Define the following
Marcinkiewicz-like kernels and means:

. 1

K (2) =~ > Doy (n].6) (") Dasy (] (%),
k=0

tof = f+xK* (feLY(G?),neP).

The main aim of this paper is to give a class of functions « for which we have the
a.e. convergence relation t& f — f for each integrable two-variable function f. The
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following properties will play a prominent role in the a.e. convergence properties
of generalized Vilenkin—Marcinkiewicz means.

#{leN:qa;(|n|,l) = o;(In|,k),l <n} <C(k<n,j=1,2), (3)

max {a;(|n[,k):k<n} <Cn (k,neP,j=12). (4)
More precisely, we prove:

Theorem 2.1. Let « satisfy (3) and (4). Then we have t& f — f for each
[ eLYG2).

We give a corollary of Theorem 2.1.

Corollary 2.2. Let (a,) be a lacunary sequence of natural numbers, i.e.
Unt1 > anq for some g > 1 (n € N) and « satisfy conditions (3) and «;(n, k) <
Ca, (k < apn, j = 1,2) (modified version of condition (4)). Then for every
integrable function f € L'(G?,) we have

an,—1
1

Z Sal(n,k),ocg(n,k:)f(x) — f(fﬂ)

a
" k=0

2
for a.e. x € G7,.

For the Walsh—Paley case (that is, m,, = 2 for all n € N) Theorem 2.1 and
Corollary 2.2 are proved also by the author of this paper [5].

ProOF. The proof of this corollary runs as follows. First suppose that ¢ >
m* = sup,, M. Let b, = |a,|+1. In this situation by, 11 = |an1|+1 > |gan|+1 >
|m*an| +1 > |an| + 2 = b, + 1. Moreover, let

i3 (b, ) = {aj(n,k), ?f 0<k<ay,

k, if ap, <k < My,
Then, & satisfies conditions (3) (trivially) and (4) since &;(bn, k) = a;(n, k) <
Ca, < CM,, (k < an) and by Theorem 2.8 (see in this paper below) it fol-
lows that for the maximal operator t2f := sup [t2f| we have mes {tf‘f > )\} <
C|\flli/A for all f € LY(G?,) and A > 0. Since

an,—1

1
Y Saimbyasnm =

a
" k=0
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M, 1 My, — My, —
= Sa S, )
o My, Z 1 (b k). G2 (b, o kZ bk f

and consequently, [t5 f| < m*|t§‘~v[bnf|+m*|thnf|—|—m*\tanf|, then t&f < Ct3f+
Ct.f. The ordinary maximal Marcinkiewicz operator is of weak type (L', L') and
of type (LP,LP) (1 < p < o0) (see e.g. [4]), and thus so does t¢. This, by the
standard density argument, completes the proof of this corollary for the case of
g > m* = sup,, my. If this is not the case, then let 7 be the smallest natural
number for which ¢ > m* and divide the sequence a = (a,) to v subsequences:
al = (aj) = (any+5), j = 0,...,7—1,n € N. Since for each subsequence a’
we have a’, | > ¢"al, > m*aj, and consequently Zk 0 Sar(n,k),as (n,k) f () —
f(x) a.e. for j =0,...,7, then the proof of thls corollary is complete for every
qg>1. ([l

The triangular partial sums of the 2-dimensional Fourier series are defined

as
k—1k—i—1
Sefata®) =37 Y [0 9)ia");(?).
i=0 ;=0
Denote the triangular kernel
k—1k—i—1
Di(ah,a?) =" Y di(a ()
i=0 j=0

The Fejér means of the triangular partial sums of the two-dimensional integrable
function f (see e.g. [7]) are

For the trigonometric system HERRIOT [8] proved the a.e. (and norm) convergence
t&f — f (f € LY). His method cannot be adopted for the Walsh and Vilenkin
systems, since for the time being there is no kernel formula available for these
systems. The first result in this a.e. convergence issue of triangular means is due
to GOGINAVA and WEISZ [7]. They proved for the Walsh—Paley system and each
integrable function the a.e. convergence relation tfn f — f. That is, we have the
subsequence (t@) of the whole sequence of the triangular mean operators. This
result for every lacunary sequence (a,) (instead of (2")) follows from a result of
GAT [5]. For bounded Vilenkin systems Corollary 2.2 gives this a.e. relation for
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lacunary triangular means with «a;(n, k) = k, as(n, k) = a, — k. To demonstrate
this, see also some calculations with respect to the triangle kernels.

A _ ! _IN
K2 (zh 2?) = ZD xt, 2’ nkz::

_2 )

W‘
”M
= o :

n—1k—1 n—1 k
— _ ANy (2
= ZZ@ )D-il@?) = = 3 D i@ Di(a)
k 11:=0 k=1 1i=1
n—1ln—1 1 n—1
= Z > i@ Di(a?) = — > Dui(a")Di(a?).
=1 k=1 =1

That is, we proved the following corollary.

Corollary 2.3. Let (a,) be a lacunary sequence of natural numbers, i.e.
An+1 > anq for some q > 1. Then for every integrable function f € L'(G?)) we

have
anp—1

100@) = 3 St 1f (@) = ()
" k=0

for a.e. x € G2,.

Now, we turn our attention to the proof of the convergence theorem. Our
first main aim is to prove that the operator t$ f := sup,,cp [t5 f| is of weak type
(L', LY). In order to have this, we need a sequence of lemmas. The first, which
(one might say) is the very base of the proof of Theorem 2.1, is the most difficult
one. However, the techniques of its proof will also be used in the proof of the
forthcoming lemmas.

Denote for k € N Jj, = Ij, \ I41 and recall that n® := ;2 npMj (n,s € N);
n® = n,nln*tt = 0.

Lemma 2.4. Let a € N and

a—1 oo

Ja71= U U Jt1XJt2CGm><Gm

t1=0t2=¢!
Then

ng—1|Ms—1

A
sup  sup Do (Ans+14i M4k (z )
/']a 1 A>a {n:|n|=A} MA sztl _]ZO Z a1 (A,nst 14 M +E)\T

X Dag(A,nS+1+jMS+k) (zQ) d,LL(I) <C.
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PRrOOF. First, for fixed t = (t!,12), ], s, A we discuss the integral

/ sup
Jtl X.]tQ |n|:A

Check the function Ziw;(;l Do, (ans+14jM0) (@) Doy (A ns+14j0,+k) (2?) on the
set Ju X Jyz. Since we have 22 € J;2, then by (2) we have |Dy(z?)| < C M, for
each [ € N, and consequently, |Dq,(a ns14j01,+k)(2%)| < CMz. On the other

Ms—1

Z Dal(A,nS+1+st+k)(xl)Daz(A,nS+1+st+k)(3«"2) dp(z).
k=0

hand, again by (2) for ! € J;1 we have

Dal(A,nS+1+st+k) (501)

1
= Ypay (A1 1Moy ()

ti—1 m,1—1
X (Z [ar (A, n® T 4 M, + k)]; M+ > i (ml)Mﬁ)

j=0 i=m,1 —[a1(Ans T 4+ M +k)] 1

=: w[al(A,nS+1+st+k)]t1 (xl)ﬂl(A,nerl + M, + k,tl’x#).

The function B (A, n**t + jM, + k,t*, z},) is Ay 41 measurable, it depends only

1

on x}; (and not on other coordinates of x!'), and its absolute value is bounded

tl
by C M. If it does not cause misunderstanding, we simply abbreviate it by £1(5).
That is,

Bl(]) = 61(A7n8+1 +jMS + kvtlvx%1)~

Apply the Cauchy-Bunyakovsky—Schwarz inequality:

/ / sup
Je2 |0 In|=A

t

Mo—1

1 2
Y " Doy (am=+14j0 48 () Dag(am=+14j01, 1) (2°)
k=0

1
iy
J. MY? [ I, |nj=A

t1

du(xw]du(x?)

M,—1

1
E , Dal(A,nS“JrstHc)(33 )
k=0
2

1/2
X Doy (Amet1 4011 (27) du(ﬂfl)] dp(z?)

M,—1

1
- /]2 ML/? [/J Sub Z Vlar (Ans 145 M, +)]H

t t1 t1 "I’LlZA k;,l:[)

X (@), (At gz e (@)
x B(A,n* T 4+ i My + k,tt 2 ) B (A, n T+ M + 1t x)
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1/2

X Doy Amnet14jM, k) (@7) Dag(ans+1 a4 (@) dp(zh) | dp(a®)

=: BL.

Since n*t1 depends only on ngy1,...,n4_1,n4 (recall that ns # 0), then
the supremum operator supy,,.,—4; above also depends only on ngi1,...,na.
Thus, by

Jtl = U;‘itll_lltl_;'_]_(ietl)

we have for B!:

B! g/
Jo M 1/2

[mA 1—1ma_1—-1 Mmesp1—1
t

DD ST S A

na=1 mna_1=0 n+10 tlklO

1
Vi (Ao 1M, +09) @)Wy (4 mest i, 1 (@)
X 61(14-7 n8+1 + jMS + k7t17 xil)ﬂl(A7 ns+1 + ]MS + lu tla xil)

1/2

X Dag(A,n5+1+k) (xg)Docg(A,ns"'l—f-l) (‘rQ)d:u‘(xl) d,u(x2)
—1lmyg_1—1 ma_1 mep1—1 My—1
-] —m z YD MIEED VDS
Jt2 na=1 na_1=0 ns41=0 k,l=0

,Bl(A,nSJrl + Mg+ k,tt ) Br(A, n T 4 M+ 1t 0)
X Day(ams+14k) (@) Doay(ans+14) (27)
. / ey (@)

t1+1(ze 1)

1/2

x w[al(A7nS+1+st+l)]tl (x!)dp(z) dp(z?) =: B

That is, we estimate B! by B? defined above at the end of the previous line.
Discuss the integral

/ Vi (Aime+1 10, 480 @ (4o g a4y (2)dpa(ah).
It1+1(iet1)

If it differs from zero, then the ¢! + 1-th, ¢! 4+ 2-th,. .. coordinates of ay (A4, n*! +
jMs + k) and a1 (A,n*T! + jM; + 1) should be equal. Since (3) we have that for
every k there exists only a bounded number of I’s for which a (A, n**! + jM, +
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k) = ai(A,n*Tt 4+ jM, +1). These facts give that for every k there exists — at
most — C M1 number of I’s for which this integral is not zero.
Consequently (emphasize that C' can depend on m*),

[N

ma—1—1ma_1—1 msp1—1
B2<C/ M2 >y - MAMAZMMa M| du
na= 1 naA— 1_0 n5+1:0
< C\MaMi.
This means
M,—1
2
/ sup > Dayamet1intari) (@) Dag (a1 4t (€%) | dp(z)
JaxJe In|=A|

< O\ MaM;:.

This inequality immediately gives (a V b = max(a, b))

a—1 oo 1
Z Z / sup sup -
=0 2=¢1 Y 1 ><th A>av(t2-C) |n|=A 1A
A ng—1
X Z Z Z Dal (Amst145M, +k)( ) as(Anst145M k) ( ) d/’b( )
s=t! 7=0 | k=0

Sy Yy v

tt=0t2=t! A=aV(t2-C) s=t!

a—1 oo o)

<CY N > (At 1) My /My

t1=0t2=t! A=aV(t2—C)

<CY D (@) —th)y/ Ma /My
t1=0t2=¢!
a—1 a a—1 0o

SCY Y (a—tMu /Mo +C YT YT ()M /M < C.
tr=0t2=t! t1=0t2=a+1

This inequality shows that if we want to complete the proof of this lemma, then
we have to discuss also the case sup;2_ o~ 4>, This follows that ¢* should be at
least a + C. That is, we have to prove that the following integral is bounded.
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Ms—1

2

o) A ns—1

Sy [ by

t1=0t2=a+C JixJy2 t2—C>A>a|n|= AMA s=t! j=0

Dal(A,nsﬂﬂ'Merk:)(xl)DaQ(A,nsﬂﬂ'Merk)($2) du(z) =: B

The method we are going to use in order to discuss B? is the same as we
used for the investigation of B!. The only difference is that in the situation of B*
we used the estimation |D, (4 ns+14j0,+1)(2?)] < CMp2, and in the case of B?
we use — by the help of (4) and the formula of the Dirichlet kernel D,, (2) — the
estimation |Dg, A ns+1450, +k) (T 2)] < CM 4. The other steps of this process are
the same. Remark that since j < ng, < ms; < m*, then “we do not have to take
too much attention to” j, as constant C' can depend on m*. That is,

peey s [ PO PTe

t1=0t2=a+C " /12 A=a s=t!

1/2
ma—_1—1mag_1—1 Mms41—1 /

<Y Y e Y MAMAM MMt dp(a?)

na=1 nap_1=0 ns41=0

a—1 00 t’—C A M
S D Vb b WV RE

t1=0t2=a+C A=

~
S
Q =

oo

—c‘izz_i

t1=0t2=a+C A=

<C Z Z Z — ' MY PP Mt

t1=0t?>=a+C A=a

<c>d Y @-t+yMPug?<c

t1=0t2=a+C

This completes the proof of Lemma 2.4. Remark the fact that the generating
sequence m is bounded, that is, m* < oo is “heavily used”. ([

In the sequel we step further, and with the application of Lemma 2.4 we
prove the main tool with respect to this investigation issue of the maximal
Marcinkiewicz-like kernel, in order to prove that the maximal operator t$ is quasi-
local (for the definition of quasi-locality, see e.g. [10, page 262]), and consequently,
it is of weak type (L', L1).
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Lemma 2.5.

/ sup K2 (2)|du(z) < C.
G2

\(Iox1g) n>a— C

m

PROOF. For t! < a—1,t2 > t! and x € Ju x Jiz by (2) and (4) it is clear
that (A = |n|)

IDoy (Anst1400+8) (81) Dag (A ne+ 4 a1y (22)| < My Mgap gy,

This gives
a—1 oo 1 ne—1|Ma.—1
Z Z / 202l Z Z Z Doy (ans+i4n,+k)(2")
11=0 t2=¢1 J1 X Jy2 A>a—C |n| et R
X Daz(A,ns+1+st+k)(x2) du(]})
o
<C / sup MMy M 4274 du(z)
tlz:()ﬁ —nJJaxJe A>a— CMA Z )
S a—1 o] 1
<cC Ao o
Z Z Mtht2 Aigpc 12 A g + Z Z M M2
t1=0t2=t! 1—012—a—C
a—1 a—C M _ oo M
! 1
<CY> >3 +CZ S M
t1=0t2=¢! =0 t2=q—C +2
This by equality
1 A ng—1M;—1
KO‘ = ﬁ Z Dal(A‘rn3+1+jM5+k)(xl)Dag(A,n3+1+st+k)(aj2)
s=0 j=0 k=0

and by Lemma 2.4 immediately gives

)3 [ s (K@) < C.

10 p2—¢1 Y Jy1 X Jy2 n>a—C

Similarly, we can also have

oo

SY [ w mE@e e

$2=0 t1=¢2 Ji1 X Jy2 n>a—C
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If we prove the almost everywhere relation

a—1

00 a—1 oo
G%z\([a X Ia) - (U U Jtl X Jt2> U ( U U Jtl X Jt2> = aquJa’27

t1=0t2=t! t2=0t1=t2

then the proof of Lemma 2.5 would be complete. This is quite easy, and therefore
it is left to the reader. O

Corollary 2.6. Let n € P. Then
1K < C.

PrOOF. By Lemma 2.5 we have

/ |KS|du < C.
GZ A\ n X))

Besides, (4) and (2) gives

n—1

n—1
. 1 1
Ky (@)l <~ D Doy () (@) [Dag iy (27)] < - > My - My < CME,.
k=0 k=0

Hence,

| immansc
Ty X1

and this completes the proof of Corollary 2.6. (]

Now, we can prove that the maximal operator t¢ is quasi-local (for the defi-
nition of quasi-locality, see e.g. [10, page 262]) and then a bit later the fact that
it is of weak type (L', L'). In other words:

Lemma 2.7. Let f € L'(G2,), supp f C I,(u') x I, (u?), [ fdu = 0 for some
u € G2, and a € N. Then

/ 19 f(@)du(z) < C||f]|1.
G2 \(Io(ul)xIq(u?))

PROOF. From the shift invariancy of the Haar measure we can suppose that
ul = w2 = 0. If |]n| < a — C for some fixed constant C' > 0 depending on
aq, 09 (and m*), then we have by (4) that ai(|n|, k), az(|n|, k) < M, for every

k < n. Consequently, the kernel K2(x!,2?) (which is a linear combination of
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two-dimensional Vilenkin functions v, with j,k < M,) is Age = Aq X Aq
measurable. This implies

12 £(y) = / @K (= )dn(e) = K ) / f(@)dp(z) = 0.

I, x1,

That is, |n| > a — C can be supposed. By the theorem of Fubini and Lemma 2.5

we get
/ e fdu
GZ\I2
_ / sup [t f]dp = / sup | [ f@)E2(y - z)du(z)lduly)
GZ\12 In|Za—C G2 \I2 |n|>a—C JI2

= /Ig |f($>|/G$n\I§ sup | (2)dp(z)ldp(z) < C/Ig |/ (@)ldp(@) = C||f]1.

In|>a—C
This completes the proof of Lemma 2.7. O

Theorem 2.8. The operator t& is of weak type (L',L') and it is also of
type (LP, LP) for all 1 < p < oo.

ProoF. Now, we know that operator t¢ is of type (L°°, L®°), which is given
by Corollary 2.6, and it is quasi-local (Lemma 2.7). Consequently, to prove that
operator t¢ is of weak type (L', L') is nothing else but to follow the standard
argument (see e.g. [10]). Finally, the interpolation lemma of Marcinkiewicz (see
e.g. [10]) gives that it is also of type (LP, LP) for all 1 < p < oo. O

PROOF OF THEOREM 2.1. Next, we turn our attention to the proof of the
theorem of convergence, that is, to Theorem 2.1. This is also a trivial consequence
of the fact that the maximal operator t& is of weak type (L', L') and the fact
that Theorem 2.1 holds for each two-dimensional Vilenkin polynomial (which is
also easy to see). O
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