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Mazur’s type problem for convexity of higher orders

By ROMAN GER (Katowice)

Dedicated to Professor Zsolt Pdles on the occasion of his 60th birthday

Abstract. I. LABUDA and R. D. MAULDIN [4] have solved in affirmative the fol-
lowing S. MAZUR’s problem posed about 1935 (see [6]):

“In a space E of type (B), there is given an additive functional F(z) with the
following property: if x(t) s a continuous function in 0 < ¢t < 1 with values
in E, then F(x(t)) is a measurable function. Is F(x) continuous?”

In [1], we showed that the same remains true in the case where F' is a Jensen-convex
functional on an open and convex subdomain of a real Banach space. In the present
paper, we study the possibilities of an extension of this result to convexity of higher
orders.

Some eighty years ago Stanistaw Mazur asked the following question (see
“Problem 24” from the famous “Scottish Book” [6]):

“In a space F of type (B), there is given an additive functional F'(z) with

the following property: if 2(¢) is a continuous function in 0 < ¢ < 1 with

values in E, then F'(z(t)) is a measurable function. Is F'(x) continuous?”
The solution, in the affirmative, was given by I. LABUDA and R. D. MAULDIN [4].
As a matter of fact, they have proved a more general theorem: instead of func-
tionals, they considered additive operators from a Banach space into a Hausdorff
topological vector space. Fairly soon afterwards, this result was generalized by
Z. LIPECKI [5] to the case where the domain and range of the additive transfor-
mations considered are suitable Abelian topological groups.
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It is widely known that the regularity behaviour of Jensen-convex functionals
is, in general, very similar to that of additive ones. Therefore, it was natural to
look after the following generalization of Mazur’s Problem 24 from the famous
“Scottish Book”:

Assume that we are given a nonempty open and convex subdomain D of a
real Banach space (E, || - ||), and that F : D — R is a Jensen-convex functional
on D, ie. F is a solution to the functional inequality

F<u+v) < F(u) + F(v) wveD. 1)

2 2 ’

Suppose that the superposition F oz is Lebesgue measurable for every continuous
map 2z : [0,1] — D. Does it force F to be continuous?

In 1995, a positive answer to that question was given by the present author
in [1].

What about the convexity of higher orders? More exactly, the question reads
as follows:

Given a nonempty open and convex subdomain D of a real Banach space
(E, ||-||) endowed with a cone C' of positive elements with CN(—C) = {0}, assume
that F' is an n-th order Jensen-convex functional on D, i.e. F is a solution to the
conditional functional inequality

n+1 . .

— +1 7 7
—uelC =) 1”“](”, >F(1 + >>0,
o j:o( ) J ( n+1)u ')

u,v € Db (2)

Does the requirement that the superposition F' o x is Lebesgue measurable
for every continuous map z : [0,1] — D, force F' to be continuous? To give a
partial answer to that question, we need to recall some facts.

(1) Any continuous Jensen-convex functional F': D — R (a solution to (1))
is convex in the usual sense, i.e. it satisfies the inequality

FAz+ (1= N)y) < AF(x) + (1 -\ F(y)

for all vectors z,y from D and all scalars A from the unit interval [0, 1].

MWsually (see e.g. M. Kuczma’s book [3]), this definition is formulated equivalently with the
aid of iterations of the difference operator Ay, but (2) is by far more convenient in the case
where the domain of the function in question yields a proper convex subset of the space.
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(2) Any continuous n-th order Jensen-convex functional F : D — R (a solu-
tion to (2)) is n-convex in the sense of Tiberiu Popoviciu (see e.g. M. Kuczma [3]),
i.e. it satisfies the conditional inequality

n+1
v-—uel = Z(_1>n+1_jv()‘0a )‘17 ceey )‘jfla )‘j+17 v A’ru )\n+1)
=0
X F((l — )\])U + )\jv) Z 0 (3)
for every choice of real numbers 0 = Ay < A\ < -+ < A\, < Apy1 = 1, where

V stands for the Vandermonde’s determinant of the variables considered (a higher
order counterpart of the standard convexity and reducing to it in the case n = 1).

(3) The linear structure of a real linear space E induces the so-called core-
topology in E as follows: given a set G C FE, denote by core G the set of all points
y € G enjoying the property that for every x € F one may find an € > 0 such that
y+tx € G forallt € (—e,e). Then G is said to be algebraically open provided
that G = core G. The family of all algebraically open sets forms a topology in E
which is just termed core-topology. Unfortunately, in general, a linear space with
its core-topology fails to be a topological linear space: instead of having the joint
continuity of the map

EXEXxR>(z,y\)— Ax+y€eE,

we get merely the separate continuity of it (semilinearity). The core-topology
of a linear space E turns out to be the finest possible semilinear topology in E.
There exist numerous sources in mathematical literature where these topologies
are studied. In what follows, the knowledge of Chapter I in Z. KOMINEK’S dis-
sertation [2] is utterly sufficient.

Theorem 1. Let (E,| - ||),D and C have the meaning described above.
Then any solution F': D — TR of (2) having the property that the superposition
F o x is Lebesgue measurable for every affine map z : [0,1] — D, is n-convex.
In the case where the order relation generated by the cone C in question is linear
(ie. CU(—=C) = E), F is also continuous in the core-topology of E.

ProOOF. Fix arbitrarily elements u and v from D with v —u € C. It is well
known (see, for instance, M. Kuczma [3]) that inequality (2) is equivalent to (3)
for every choice of rationals 0 = Ag < Ay < -+ < Ay < Apg1 = 1.

Since the domain D is supposed to be open, there exists an € > 0 such
that x(t) := (1 — t)u + tv belongs to D provided that ¢t € I, := (—¢g,1 + ¢).
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Putting f(¢t) :== F o z(t),t € I., we deduce that for every choice of rationals
0=X <A1 <-- <Ay < Apa1 = 1, and for every pair s,t € (—¢,1+¢),s < t,
in view of (3) one has

n+1
Z(—l)n+1_jV()\o, ALy Ajm 1 Ajts o Any A1) (1= Ag)s + Ajt)
7=0
n+1
= Z n+1 jV )\0 )\1, ey )\jfl, )\j+17 e )\n; An+1)F(£L'((]. — )\j)S + )\jt))

n+1
= Z D™V (X0, Aty A1 At - Any Angt)

X F((1 = Aj)x(s) + Ajz(t))) = 0, (4)

provided that z(t) —x(s) € C. Consequently, taking any s,t € (—e,1+4¢) and any
u,v € D such that v — u € C, we infer that

s<t=x(t)—x(s) = (t—s)(v—u) € C,

and, by means of the continuity of f resulting from a measurability implies con-
tinuity type theorem for n-convex functions (see e.g. M. KuczMma [3])), we get

n+1
Z(—l)"“—jV(/\O, ALy e s N1 Nty - Ay A1) F((1 = Xj)s + Ajt) >0

Jj=0

for every choice of real numbers 0 = Ay < Ay < --- < A\ < Ap41 = 1. Therefore,
since the first equality in (4) is valid for all real numbers 0 = Mg < A; < -+ <
An < Ang1 = 1 as well, we infer that the conditional implication (3) holds true
for any choice of real numbers 0 = \g < A} < --- < A,y < Apy1 = 1. This, in
turn, forces F' to be n-convex in the sense of Popoviciu.

To prove the remaining part of the assertion, it suffices to show that F' is
both upper and lower semicontinuous, i.e. that for each real number « the sets

A={reD:F(z)<a} and B:={xeD:F(z)>a}

are algebraically open. To show that that is really the case, we shall follow in
Z. KOMINEK’s footsteps while proving Lemma 3.8 in his dissertation [2]. Fix
arbitrarily a y € A and an x € E. Since y € D and D is open, one may find a
positive real number ¢ such that

y+txeD forall tel:=(-4,0).
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Due to the linearity of the order, without loss of generality, we may assume that
x € C. On setting g(t) := F(y + tzx), t € I, we define an n-convex function
g : I — R. Indeed, we have proved already that relation (3) holds true for all
u,v € D and for every choice of real numbers 0 = Ag < Ay < -+ < Ay < Apgp1 =1
(the n-convexity of F'). We are going to show that g is n-convex. To this end, fix
arbitrarily s,t € I, s < t, and real numbers 0 = \g < A\; < --- < A < A\pg1 =1
then

n+1

z:(—l)""'l_jV(/\o7 ALy A At Ay Ang1)g((1 = Aj)s + Ajt)
§=0
n+1
= Z DIV, AL A1 A A Ak ) F(y 4 (1= Ag)s + Ajt)z)

n+1
_Z D™ 9V Moy Aty 3 A1y Ajts+ Ans Ang)

X F((l — Ay + sz) + X\ (y + tx)) >0,

because (y +tx) — (y+sz) = (t —s)z € C.

It is known that n-convex functions from an open subinterval of R into R are
continuous (as a matter of fact, even of class C"~!) in the natural topology of R.
Therefore, since g(0) = F(y) < «, there exists an € > 0 such that g(t) < « for all
t € (—¢,e),ie. F(y+txr) < aforallte (—¢,¢), which states that y +tx € A for
all t € (—e,¢), and finishes the proof of the algebraic openness of A. The proof

of the algebraic openness of B is pretty much the same. This ends the proof of
the theorem. O

In what follows, we offer a modified version of the proof of Theorem 1.

ALTERNATIVE PROOF. Fix arbitrarily elements u and v from D with
u—v € C, and take an € > 0 such that z(t) := tu + (1 — t)v belongs to D
provided that t € I, := (—e,1 4 €). We shall show that a function f: I, :— R
given by the formula f(¢) := F(tu + (1 — t)v), t € I., is n-convex. To this end,
let us first observe that the following equality

[(1_nil)s+ni1t}u+ [1_ <<l_nil>8+niltﬂv

(1nil)(qur(ls))+i1(tu+(1t)v) (5)
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holds true for all s,¢t € I, and every j € {0,1,...,n + 1} (a simple calculation).
Plainly, because of the convexity of the domain D, both the vectors

a:=su+(1—s)v and b:=tu+ (1 —1t)v

fall into D. Moreover,
b—a=({t—-s)(u—v)el (6)

whenever s < t. Thus, on account of (5) and the definitions of a and b, we
conclude that for any two members s, t from the interval I. one has

- (n+1 j j
() 17 (T

n+1 ‘ n+1 . .
=Sy (T R (1 L )a+ —L-b) >0,
J n+1 n+1

Jj=0

because of (6) and the n-th order Jensen-convexity of F'. This states nothing else
but the n-th order Jensen-convexity of f. Along the same lines as in the previous
proof, we obtain the continuity of f which gives the implication (3) for every
choice of real numbers 0 = A\g < A\; < -+ < Ay < Apa1 = 1. The rest of the proof
remains unchanged. O

Remark 1. Noteworthy is the fact that the family of all continuous “testing
functions” z : [0,1] — D used in the statement of Mazur’s problem has been
restricted merely to affine functions.

Remark 2. The question whether or not F' is continuous in the norm topology
of the space (F, ||-||) considered remains open, even under the Mazur’s assumption
that the superposition F' o x is Lebesque measurable for every continuous map
xz:[0,1] — E.

However, since in finite dimensional spaces n-convex functions on open and
convex domains are automatically continuous (see e.g. M. KuczMA [3]), a pos-
itive answer to suitable Mazur’s question results immediately from Theorem 1.
Namely, we have the following:
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Theorem 2. Given a non-empty open and convex subdomain D of a finite
dimensional real Banach space endowed with a cone C of positive elements with
C N (—C) = {0}, assume that F is an n-th order Jensen-convex functional on D,
i.e. F is a solution to the conditional functional inequality

n+1 . .
—i(n+1 J J
_ E —_1)ntl-g n F 1—- >
vouet= (=1) ( J ) (( n—|—1>u n—|—1v>_07

Jj=0

u,v € D.

Suppose that the superposition F ox is Lebesgue measurable for every affine map
x:[0,1] — D. Then F is continuous.

Remark 3. Without any changes in the proof one might replace the assump-
tion that the superposition F o x is Lebesque measurable for every affine map
x : [0,1] — D by the requirement that for every affine map x : [0,1] — D,
the superposition F o x is bounded on a second category Baire subset of D, that
may depend upon x, or any other alternative assumption forcing an n-th order
Jensen-convex functional on an open subinterval of the real axis to be contin-
uous. A number of such sufficient conditions may be found in M. KUCZMA’S
monograph [3], for instance.
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