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Invariant means related to classical weighted means

By PETER KAHLIG (Vienna) and JANUSZ MATKOWSKI (Zielona Géra)

This paper is dedicated to Professor Zsolt Pdles on the occasion
of his 60th birthday

Abstract. Let A;, H:, and G; denote, respectively, the two-variable weighted
arithmetic, harmonic and geometric means with the weight ¢ € (0,1). Fixing arbitrarily
s,t € (0,1), and choosing for K one of these three means of weight s, and for M another
mean of weight ¢, we examine when the function N satisfying the equality Ko(M, N)=K
is a mean, that is when the mean K is (M, N)-invariant. The convergence of the iterates
of (M, N) is considered. The obtained results are applied to find the invariant functions
with respect to the suitable mean-type mappings.

1. Introduction

Let I C R be an interval and let K, M, N : I? — I be means. The mean K is
called invariant with respect to the mean-type mapping (M, N) : I? — I?, briefly
(M, N)-invariant, if K o (M,N) = K ([13]). In the case when K is unique,
it is called Gauss composition of the means M and N (cf. Z. DAROCZY and
Zs. PALES [4]). If K is a unique (M, N)-invariant mean, we say that N is a
complementary mean to M with respect to K (briefly, N is K-complementary
to M).

Recall that if M, N are continuous and strict means, then there exists a
unique (M, N)-invariant mean (cf. [12], [16]).
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Denote by A : R2 — R, G : (0,00)%> — (0,00), H — (0,00)° — (0,00) the
classical arithmetic, geometric and harmonic means

2zy
Tty

Alwy) =", Glay) = Vam, Hwy) =

Since G o (A, H) = G, the geometric mean G is (A, H)-invariant, and the arith-
metic and harmonic means are mutually complementary with respect to the geo-
metric mean. Note that also Ao (H,N) = A where N : (0,00)> — (0,00) given
by

is the contra-harmonic mean ([1], [2]); so the harmonic and contra-harmonic
means are complementary with respect to the arithmetic mean A.

For t € (0,1) denote by A, : R2 — R, H; : (0,00)> — (0,00) and Gy :
(0,00)%2 — (0,00), the weighted arithmetic, harmonic and geometric means of
weight t, given by

Ty
1—t)z+ty’

Gy (z,y) =a'y' ™"

Ap(z,y) =te+ (1 —t)y, Hi(z,y):=
In the present paper, fixing arbitrarily the weights s,¢ € (0,1), and choosing
for K one of these three means of weight s, and for M a mean of weight ¢,
we determine the functions N such that K o (M,N) = K and examine when
N = N, is amean. In Sections 3 and 4 the cases when K = H, and K = G are,
respectively, considered. Some properties of the means N ;, and the convergence
of the iterates of the suitable mean-type mappings are considered ([12], [15]).
In each of these sections, we apply the obtained result to determine all functions
(continuous on the diagonal) which are invariant with respect to the suitable
mean-type mappings (see [8]).
It is interesting that the invariance problem is a special case of the equality
considered by Z. DAROCZY and J. DASCAL [3]:

where Lfop D s the L-conjugate mean L

DAROCZY and Zs. PALES in [5] and defined as follows: given a mean L : I? — I,

Sap,q) on I. This was introduced by Z.

a strictly monotonic continuous function ¢ : I — R, and the numbers p, ¢ € (0, 1),

Lg"'q) (z,y) =9 " (pe (@) +qp(y)+(1—p—q)L(z,y)), wzyel
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2. The case when the arithmetic mean is invariant

Theorem 1. Let s,t € (0,1). Then

(i) a function N : (0,00)> — (0,00) satisfies the equation
Ago (A, N) = A

if, and only if, N = N, ; where

s(1—t¢ s(1—t
Moo= "0 Dar (12202005 aye 000

(ii) the function N, is a mean if, and only if, (s,t) € W, where

W::(Oé}x(O,l)U{(s,t):;<s<land28_1<t}; (1)
s

(i) if(s,t) € W, then Ny = Asa-w Is a complementary mean to A, with respect
1—s

n
to A, and, moreover, the sequence (At7 A, 17”) of iterates of the mean-

1—s
type mapping (At, A, 170) converges pointwise to the mean-type mapping
T—s
(As, Ay):

lim (At,As 14)) (z,y) = (A5, As) (z,y), =,y € (0,00).

n— 00 1—s

PROOF. By the definition of the weighted arithmetic means, the equality
As o (A, N) = A, is equivalent to

Ns(lt)er(ls(lt))y’ z,y € (0,00),
1—s 1—s

which proves (i). The function N is a mean iff 0 < % < 1, which holds true
iff either s € (O, %] and t € (0,1) or s € (%, 1) and ¢ € (255_17 1). Thus Ns; is a
mean iff (s,t) € W, and clearly, Ny, = Asa—n .

1

Result (iii) follows from the definition of a complementary mean and Theo-
rem 1 in [12]. O
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Theorem 2. Let s,t € (0,1). Then

(i) a function N : (0,00)> — (0,00) satisfies the equation
As 0] (Ht,N) = AS

if, and only if, N = N, ;, where

z,y € (0,00); (2)

1 ST
Noilo) = 1 fso+ -9y - st

(1—t)z+ty

(ii) the function Ny, is a mean if, and only if,

(s,8) € (0, ;} X (0,1)

(iii) if (s,t) € (0,3] x(0,1), then N, is complementary to H, with respect to As,
and, moreover, the sequence (Hy, Ny .)" of iterates of the mean-type mapping
(Hy, N;) converges pointwise to the mean-type mapping (As, As):
lim (Htst,t)n (x,y) = (AS’AS) (z,y), T,y € (0700)

n—oo

PROOF. Part (i) is easy to verify as N satisfies equality As o (Hy, N) = A,
iff N has form (2). Of course, we have

1 sy
N = — |y — S el SR
(@y) = |y —sy—2) iy =)

) x? y e (0? OO) *
The function N = N, ; is a mean iff for arbitrary z,y € (0, 00),
min (z,y) < N (z,y) < max (z,y). (3)

Assume first that £ = min (x,y) < max (z,y) = y. In this case, after some careful
calculations, the first of these inequalities can be written in the form

(y—z)[t(l—s)y—(2s—1) (1 —t)x] > 0.
Since y — x is positive, this inequality is equivalent to
2s—1)(1-t)a<t(l—-3s)y,

and, obviously, it holds true if
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(as then the left-hand side is non-positive and the right-hand side is positive).
If s > %, taking into account that z and y,z < y, can be arbitrarily close, this
inequality holds true for all ¢ € (0,1) satisfying the inequality (2s — 1) (1 —¢) <
t (1 — s), that is, such that

1 2s —1
56(2,1> and ¢ > i .

S

The second of inequalities (3) holds true for all s,¢ € (0, 1), as it is equivalent
to the obvious inequality
€ S Ht (ZL', y) .

Now assume that y = min(z,y) < max(x,y) = z. In this case the first of
inequalities (3) holds true for all s, € (0, 1), as it reduces to the obvious inequality

H; (z,y) < x.
The second of inequalities (3) can be written in the form
(=9 {@2s-1) (A -tz —t(1-s)y} <0,
and, as z — y > 0, it is equivalent to
2s—1)(1—-t)a<t(l—3s)y.

Clearly, this inequality holds for all positive x,y, = > y, iff s < %, that is, iff
1
s€ <0, 2] and te€(0,1).

Summing up, the function N ; is a mean if, and only if, (s,¢) € (0, %] x (0,1),
which completes the proof of (ii). From the definition of the complementary mean
and Theorem 1 in [12] we get (iii). O

Theorem 3. Let s,t € (0,1). Then

(i) a function N : (0,00)> — (0,00) satisfies the equation
Aso(Gy, N) = A,

if, and only if, N = N, ;, where

Nt (z,y) = [sx +(1—s)y— sxtylft] , x,y € (0,00); (4)

1—s
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(ii) the function Ny, is a mean if, and only if,

(5,1) € <o, ﬂ X (0,1);

(iii) if (s,t) € (0,3] x(0,1), then Ny, is complementary to G with respect to As,
and, moreover, the sequence (G, N, ;)" of iterates of the mean-type mapping
(H, Ns ) converges pointwise to the mean-type mapping (As, As):
hm (Gth,t)n (xvy) = (ASaAS) (xay)v xaye (0,00)
n—oo

PROOF. A simple calculation proves (i). For the proof of (ii), write the
function (4) in the form

1 _
N(xay)zli_s[yfs(yfx)fsxtyl t]v :C,yE(0,00),

and take arbitrary z,y € (0,00). Assume that x = min (z,y) < max (x,y) = y.
In this case, the first of inequalities (3) can be written in the form

sat (' =) < (L= 5) (y— ),

or, equivalently, as y — x > 0,

1—t 1—t
-
sxtyi <1-s.
Yy—x

t

Since t € (0,1), the power function y — y*~* is concave. It follows that

1=t _ 1t
sup{“ [y € (a:,oo)} =(1-t)z™",

y—x
and, consequently, this inequality is satisfied iff
s(l—t)=sz'(1-t)z " <1-s,

that is iff ) )
> (5)
S

The second inequality of (3) holds true for all s,t € (0,1), as it reduces to the
following obvious inequality

=)

Z<(2) .

Y Y




Invariant means related to classical weighted means 379

Now assume that y = min (z,y) < max (z,y) = z. In this case the first of
inequalities (3) is obvious, and the second one can be written in the form

szt (xl_t - yl_t) <(1-s)(x—y),

or, equivalently, as > y, in the form

1—t 1—t
pl-t _
smtiy <1-s.
rT—Y

t

The concavity of the power function y — 3'~* implies that

1 t

1-t 1-t —t 1—

Tt — Tt —

sup {y ry € (O,x)} = 111%1+ .
r—=yYy y= rT—Y

whence, the above inequality holds true, iff
selz7t<1— s,

that is iff s < 3.
Since 255_1 <0 forall s < %, we have t > 235_1, so inequality (5) is fulfilled
for all t € (0,1). This concludes the proof of (ii). To prove (iii), we argue similarly

as in previous results. O

Corollary 1. Under the assumptions of Theorem 1, 2, 3, the complementary

mean is symmetric iff s =t = %

Remark 1. In each of the three cases the complementary mean is homoge-
neous.

Remark 2. The complementary mean belongs to the class of quasi-arithmetic
means only in the case of Theorem 1. This fact is also a consequence of some
more general results, see [9], [10], [6] (cf. also [17], [18], [13], [4]).

2.1. Arithmetic means and invariant functions. For an interval I C R
denote by A(I?) the diagonal {(x,z) € [ :x € I}.

Applying the above results and Theorem 1 on convergence of iterates of
mean-type mapping ([16], [12], [14]), similarly as the suitable results in [11], we
determine a broader class of invariant functions (cf. [8]). Namely, we prove the
following
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Theorem 4. Let s,t € (0,1) be fixed.
Suppose that (s,t) belongs to the set W defined by (1). Then a function
® : R? = R, continuous on the diagonal A (R2), is invariant with respect to

the mean-type mapping (At, As(l—t)), i.e., satisfies the functional equation
1—s

@o(At,Ag):@, (6)

1175
if, and only if, there exists a continuous function of a single variable ¢ : R — R
such that ® = p o A;.
Suppose that (s,t) € (0,%] x (0,1) and let N,, be a complementary mean
to H, with respect to A,. Then a function ® : (0,00)°> — (0,00), contin-

uous on the diagonal, is invariant with respect to the mean-type mapping
(Hy, Ng4), i.e., satisfies the functional equation

(I) ) (Ht;Ns,t) = (I)7

if, and only if, there exists a continuous function of a single variable ¢ :
(0,00) = (0,00) such that ® = ¢ o As.

Suppose that (s,t) € (0, %] x (0,1) and let N, be a complementary mean to
G, with respect to A,. Then a function ® : (0,00)* — (0, 00), continuous on
the diagonal, is invariant with respect to the mean-type mapping (G, Ns.1),
i.e., satisfies the functional equation

(I) () (Gt;NS,t) = (I),

if, and only if, there exists a continuous function of a single variable ¢ :
(0,00) — (0,00) such that ® = po A;.

PROOF. To prove (i), take (s,t) € W, where the set W is defined by (1).
First assume that a function ® : I* — R is continuous on the diagonal A(R?)

and satisfies equation (6). Then, by induction, we have

1-s

d—do (At,Asl,t))", neN,

n
where (At, Asa-y ) denotes the n-th iterate of mean-type mapping (At, As(l_f,)> .
T— 1—s

In view of Theo;em 1, and Theorem 1 of [16], for all z,y € R,

—s

lim (At,A%)n (z,9) = (As (2,9) , A (2,9)) .

n—oo
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Hence, taking into account the continuity of ® on the diagonal A(R?), and setting
o(t) :=® (t,t), for teR,

we obtain, for all z,y € R,

@ (ay) = lim ®o (A, A ) (2,9) = © (A, (0,) A, (2,9))

n—oo 1-—s

= (P(As (x,y)) =@o° (As) (l‘,y),

that is & = p o A, which completes the “only if” part of the theorem.
To prove the “if” part, take an arbitrary function ¢ : R — R, and put ® =
poAs. Making use of the associativity of compositions and the invariance identity

Ago (At, A, 14)) = A, guaranteed by Theorem 1, we have

1—s

1

Po (At,ASufn) =(po Ag)o (At, A.a—y ) =o (AS ) (At, A.a-y )) =poA,=9,
T—s T—s —=
which was to be shown.
Since the proofs of results (ii) and (iii) are similar, we omit them. O

Remark 3. The proof of the “if” part of this theorem shows that any function
of the form po A, even if ¢ is not continuous, is an invariant function with respect
to the suitable mean-type mapping. The problem to determine all solutions of
equation (6) is open.

3. The case when the harmonic mean is invariant

Arguing similarly as in Section 2, one can prove the following.
Theorem 5. Let s,¢ € (0,1). Then
(i) a function N : (0,00)> — (0,00) satisfies the equation
H;o (A, N) = Hy
if, and only if, N = N, where

(1=9)zyte+ (1 —1t)y]

Neal2:9) = T a T syl w4 (1= 0)y) — sz’

z,y € (0,00);  (7)

(ii) the function N, is a mean if, and only if,

(s,1) € <0, ﬂ < (0,1);
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(iii) if (s,t) € (0,%] x (0,1), then Ny, is the complementary mean to A; with
respect to Hy, and, moreover, the sequence (A, Ns)" of iterates of the

mean-type mapping (A, Ns 1) converges pointwise to the mean-type mapping
(Hs, Hy):

lim (A¢, Nso)" (z,y) = (Hs, Hy) (z,y), x,y € (0,00).

n—00

Theorem 6. Let s,t € (0,1). Then
(i) a function N : (0,00)> — (0,00) satisfies the equation
Hso (Hy,N) = H,
if, and only if, N = N, ;, where
x
N (2,y) = (1 _ s t))yx+ -0
(ii) the function N, is a mean if, and only if, Ng; = H.u_v, that is, if, and
only if, (s,t) € W, where W is defined by (1); o
(iii) if (s,t) € W, then H.a-v is the complementary mean to H, with respect

1—s

z,y € (0,00);

n
to H,, and, moreover, the sequence (Ht, Hs(l_f,>) of iterates of the mean-
1

—s

type mapping (Ht, H e f)> converges pointwise to the mean-type mapping
(Hs, H)

1m1@ﬁJLuﬂ)(xm (Hy, Hy) (z,y), z,y € (0,00).

n—00
Theorem 7. Let s,t € (0,1). Then
(i) a function N : (0,00)> — (0,00) satisfies the equation
Hyo (G, N) = H,
if, and only if, N = N, ;, where

(1—s)zy
(1 —38)x+ sy — sxl-tyt’

Ny (z,y) = x,y € (0,00); (8)

(ii) the function Ny, is a mean if, and only if,

(aﬂE(Q;}meﬁ

(iii) if (s,t) € (0,3] x(0,1), then N, is complementary to G, with respect to Hy,
and, moreover, the sequence (Gt, N, ;)" of iterates of the mean-type mapping
(G, Ns t) converges pointwise to the mean-type mapping (Hs, Hy):

nlgn (Gt> St) (l',y> - (HS,HS) (xay)a T,y € (0,00) .



3.1.

Invariant means related to classical weighted means 383

Harmonic means and invariant functions. Applying the results of the

previous section, similarly as in Theorem 4, we obtain the following

(i)

(i)

(iii)

Theorem 8. Let s,t € (0,1) be fixed.
Suppose that (s,t) € (0,%] x (0,1) and let N, be a complementary mean
to A, with respect to Hy (cf. formula (7)). Then a function ® : (0,00)° — R,
continuous on the diagonal A ((O,oo)2>, is invariant with respect to the
mean-type mapping (A;, Ns ), i.e.,
Do (A, Ngy) =D,

if, and only if, there exists a continuous function of a single variable ¢ :
(0,00) = R such that ® = p o H,.
Suppose that (s,t) belongs to the set W defined by (1). Then a function
® : (0,00)* — (0,00), continuous on the diagonal, is invariant with respect
to the mean-type mapping (Ht, H#), ie.,

do (HtH;)) s
if, and only if, there exists a continuous function of a single variable ¢ :
(0,00) — (0, 00) such that ® = p o H,.
Suppose that (s,t) € (0, %] x (0,1) and let Ny be a complementary mean
to G, with respect to H, (cf. formula (8)). Then a function ® : (0,00)> —
(0, 00), continuous on the diagonal, is invariant with respect to the mean-type
mapping (Gy, Ny ), i.e., satisfies the functional equation

do (GtaNs,t) =,

if, and only if, there exists a continuous function of a single variable ¢ :
(0,00) — (0, 00) such that ® = p o H,.

4. The case when the geometric mean is invariant

Theorem 9. Let s,t € (0,1) be fixed. Then

a function N : (0,00)> — (0,00) satisfies the equation
Gso (A, N) =G,

if, and only if, N = N, ;, where

S

€T 1—s
- , ,y > 0; 9
tz+(1t)y> $ond ©)

Nt (z,y) = (
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(ii) the function Ny, is a mean if, and only if,

(s,t) € <0, ﬂ x (0,1);

(iii) if (s,t) € (0,3] x(0,1), then Ny, is complementary to A, with respect to G,
and, moreover, the sequence (A, N )" of iterates of the mean-type mapping
(A¢, Ng i) converges pointwise to the mean-type mapping (G5, G5)

lim (A, Nso)" (z,y) = (Gs,Gs) (z,y), 2,y € (0,00).

n— o0

Remark 4. This result extends the classical harmony invariance. Taking here
s=t= %, we obtain Ny, = H and the equality G, 0 (A, Ny ) = G5 becomes the
Pythagorean harmony proportion G o (A, H) = G mentioned in the Introduction.

Theorem 10. Let s,t € (0,1). Then

(i) a function N : (0,00)* — (0, 00) satisfies the equation
GSO(Ht,N) - GS

if, and only if, N = N, ;, where

s

Nog(wy)=[(1 -tz +ty] ¢ 75, a,ye(0,00); (10)

(ii) the function N, is a mean if, and only if,

(s,t) € (0, ﬂ x (0,1);

(iii) if (s, t) € (0,1] x(0,1), then N, is complementary to H, with respect to G,
and, moreover, the sequence (Hy, N )" of iterates of the mean-type mapping
(Hy, N ) converges pointwise to the mean-type mapping (G5, Gs)

lim (Hy, Ng2)" (z,y) = (Gs,Gs) (z,y), x,y € (0,00).

n— oo

Remark 5. From formula (10) we obtain
Ns,t = Gﬁ © (Alfhp)?

where P : (0, oo)2 — (0,00) given by P (x,y) = y is a projective mean.
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Theorem 11. Let s,t € (0,1). Then

(i) a function N : (0,00)> — (0,00) satisfies the equation

(i)

(iii)

4.1.

Gs 0] (Gt,N) = Gs

if, and only if, N = N, ;, where

s-t) | s(-t)
Ns,t (l’,y) =x =5y I=s T,y € (0,00),

the function Ny, is a mean if, and only if, Ny, = G.a-n and (s,t) € W,
where W is defined by (1); .

if (s,t) € W, then the sequence (Gy, Ns)" of iterates of the mean-type
mapping (G, Ns 1) converges pointwise to the mean-type mapping (G, HG5)

lim (G, Ngt)" (z,y) = (Gs, Gs) (z,y), z,y € (0,00).

n—oo

Geometric means and invariant functions. Analogously as in Theo-

rems 4 and 8, we obtain the following

(1)

(i)

Theorem 12. Let s,t € (0,1) be fixed.

Suppose that (s,t) € (O7 %] x (0,1) and let Ny be a complementary mean
to A, with respect to Gy (cf. formula (9)). Then a function ® : (0,00)° — R,
continuous on the diagonal A ((0,00)2), is invariant with respect to the

mean-type mapping (A, Ng ), i.e.
do (Ata Ns,t) - @7

if, and only if, there exists a continuous function of a single variable ¢ :
(0,00) — R such that ® = p o Gs.

Suppose that (s,t) € (07 %] x (0,1) and let Ny be a complementary mean
to H, with respect to Gy (cf. formula (10)). Then a function ® : (0,00)> —
(0, 00), continuous on the diagonal, is invariant with respect to the mean-type
mapping (Hy, Ns+), i.e., satisfies the functional equation

(I) o (HtaNs,t) = (I)7

if, and only if, there exists a continuous function of a single variable ¢ :
(0,00) — (0,00) such that ® = p o Gs.
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(iii) Suppose that (s,t) belongs to the set W defined by (1). Then a function

® : (0,00)* — (0,00), continuous on the diagonal, is invariant with respect
to the mean-type mapping (Gt, Gs(kt)), ie.,
1—s

Po (Gt7Gs 1%)) = (I),
if, and only if, there exists a continuous function of a single variable ¢ :
(0,00) = (0, 00) such that ® = p o Gs.
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