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On a class of Finsler metrics with relatively isotropic
mean Landsberg curvature

By HONGMEI ZHU (Xinxiang)

Abstract. In this paper, we find an equation which characterizes a class of Finsler
metrics with relatively isotropic mean Landsberg curvature. Furthermore, we determine
the local structure of a class of Douglas metrics with relatively isotropic Landsberg
curvature.

1. Introduction

In Finsler geometry, there are several very important non-Riemannian quan-
tities, the simplest of them is the Cartan torsion C. There is another, more
sophisticated quantity which is determined by the Busemann—Hausdorff volume
form: the so-called distortion 7. The vertical differential of 7 on each tangent
space gives rise to the mean Cartan torsion I = Tykdxk. C, 7 and I are the
basic geometric data which characterize Riemannian metrics among Finsler met-
rics. Differentiating C along geodesics leads to the Landsberg curvature L. The
horizontal derivative of 7 along geodesics is the so-called S-curvature S := T wy".
The horizontal derivative of I along geodesics is the mean Landsberg curvature
J := Iy*. The Riemann curvature measures the shape of the space, while the
non-Riemannian quantities describe the change of the “color” on the space. Thus,
figuratively saying, Finsler spaces are “colorful” geometric spaces. It also turned
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out that the flag curvature is closely related to these non-Riemannian quantities
3], [13], [14].

Recall that a Finsler metric is a Landsberg metric if L = 0. Landsberg metrics
can be generalized as follows. Let F' be a Finsler metric on an n-dimensional
manifold M. We say that F' has relatively isotropic Landsberg curvature if L +
cFC = 0, where c is a scalar function on M. We say that F' has relatively
isotropic mean curvature if J + ¢F1 = 0. By the definitions, if F' has relatively
isotropic Landsberg curvature, it must have relatively isotropic mean Landsberg
curvature. The converse may not be true. Many known Finsler metrics satisfy
J+ c¢FI =0 (see [3], [5], [13]). X. CHENG and Z. SHEN classify Randers metrics
of isotropic flag curvature satisfying J+c¢FI = 0 for some ¢ [5]. Further, CHENG—
MO—SHEN characterize flag curvature of Finsler metrics of scalar flag curvature
with relatively isotropic mean Landsberg curvature [3]. In [4], CHENG-WANG—
WANG obtain a sufficient and necessary condition for an («, 8)-metric to be of
relatively isotropic mean Landsberg curvature. Recently, CHENG—LI-ZOU have
studied conformally flat («, 8)-metrics with relatively isotropic mean Landsberg
curvature [2].

The following Randers metric F' given by
VA=Yl + @, y)? | (zy)

1
e IR @)

Fla,y) =

is the FUNK metric [7]. It is a projectively flat Finsler metric on B"(1) with flag
curvature K = —1. The Randers metric (1) satisfies J £ $FI = 0. In [13], for
Randers metrics, SHEN showed that J + ¢FI = 0 if and only if L + ¢F'C = 0.

Moreover, the Finsler metric (1) satisfies
F(Az, Ay) = F(x,y), (2)

for all A € O(n). A Finsler metric with this property is called spherically sym-
metric. Such metrics were first studied by RuTz in [12]. They can be locally
expressed on a ball B"(§) C R™ in the form

F(z.y) = [yllé (nxn, <ﬁg’f’|>) ,

where || - || stands for the Euclidean norm in R™. Many known examples such
as Bryant metric and Chern—Shen metric [11], [16] belong to this class. More-
over, spherically symmetric Finsler metrics form an important class of generalized
(o, B)-metrics [15]. Hence, the researches on them offer references to study gener-
alized (a, B)-metrics. Recently, some works have been carried out on spherically
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symmetric Finsler metrics [9], [10], [11], [16], [18]. In this paper, we mainly study
spherically symmetric Finsler metrics with relatively isotropic mean Landsberg
curvature and prove the following

Theorem 1.1. Let F' be a spherically symmetric Finsler metric on B"(8) C

R™, given by F(z,y) := ||y||lo(r, s) := |lyll¢ <||;v, <T|2/ﬁ>) Then F is of relatively

isotropic mean Landsberg curvature if and only if

[(n = 2)po + 35](Ly — ¢p1) + (r* — s*)2(Ly — ¢T') = 0, (3)
where c is a scalar function,
~ P 1 — — p—
po = ¢(¢ — S¢s), pP1 - (¢ 5¢s)¢s 5¢Pss, (4)
1

T = 3¢s0ss 558 H:= ; 5

bsfas + 60 (b[(b — 8¢5 + (7“2 - 82)¢SS] ( )

Ll = ¢Psss + SQSSS(¢ - 5¢s) + 3¢SPSS + r2¢SQSSSa (6)

Ly i= —5¢Pss + ¢5(P — sPs) + [s¢ + (r* — 5%) ) (Qs — 5Qss)- (7)

Recall that a Finsler metric is called a Douglas metric if its Douglas cur-
vature vanishes. Douglas metrics form a rich class of Finsler metrics including
locally projectively flat Finsler metrics. In this paper, we obtain the following
classification theorem

Theorem 1.2. Let (B™(d), F') be a non-Riemannian spherically symmetric
Douglas manifold. If F' has relatively isotropic Landsberg curvature, then one of
the following holds:

(1) F is a Berwald metric;
(2) F is a Randers metric which is of the following form
F(z,y) == Oyl + 9(r){z,9)? + h(r){z,y), yeTB"(0) =R", (8)
where the smooth functions f, g and h satisfy
FI2(F + gr*)h — 2" + g'r*)h] = rh(2f +rf')(g — h?), (9)

with r := ||z]|.

Note that by (9), we can construct a lot of spherically symmetric Randers
metrics with isotropic S-curvature (see [8]). Taking

€ V1—¢g2
)= g b=
r +er

we have the following

and ¢ = h?,
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Example 1.3. Consider the Randers metric F' = a + § on R" defined by
_ VellylP( +ell2]?) + (A — e?)(z, y)? V1 —e2(z,y)

1+elz|? 1+ ¢||z|?

)

;o Blzy) =

az,y) :

where € is an arbitrary constant with 0 < ¢ < 1. Then F has relatively isotropic
Landsberg curvature and isotropic S-curvature.

2. Preliminaries

Let F be a Finsler metric on an n-dimensional manifold M. The components
of the fundamental tensor of (M, F') are

Gij = %[Fz]yiyj' (10)
Given a non-zero vector y = yl£ z € Ty M, F induces an inner product on T, M
given by
gy(u,v) = gijuivja
where
u = ui%, v :vj% e T, M.

Lemma 2.1 ([10]). If F is a spherically symmetric Finsler metric given by
F = lyll¢(r, s), then

9ij = pOij + poxr'x’ + p1 <xly +13Jy> _|_p2y7y77 (11)
u U U u

where

pP= ¢(¢_S¢s)7 pPo = ¢§+¢¢337 P1= (¢_3¢s)¢s_5¢¢sm P2 = —SpP1- (12>

The components of the inverse of (g;;) are

97" = pod?* + %yjyk + %(wjy’“ +aPy?) + paatat, (13)
where
1 s _ 5o+ (= 5o, (14)
Po ¢(¢ — S¢s)’ P1 P P2,
- 5¢¢ss - (¢ - 5¢s)¢3
P2 = 2o s0u)6— s6u t (1% — )]’ 15)
~ ¢SS (16)

P = _¢<¢ - 3¢S)[¢ — 8¢5 + (TQ - 32)¢ss} '
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ot 1 1 09
2 ij
4[F ]ylzﬂy’“ = 2 32/’5'

Cijk = (17)

The symmetric trilinear form C := Cjjrdz’ ® dz? ® dz* on TM is the Cartan
torsion of (M, F'). The mean Cartan torsion I = I;dx" is defined by

For a Finsler metric F', the geodesics are locally characterized by
B (t) + 2G"(x(t), 2(t)) = 0,

where the functions 1
G' = zgzl [F2]rkylyk - [Fz]wl} (19)

are called the geodesic coefficients of F. A straightforward computation gives the
following result:

Lemma 2.2 ([9], [10], [18]). Let F be a spherically symmetric Finsler met-

ric on B"(§) C R" given by F := |ly|¢(r,s). Let z',--- 2" be the standard

coordinates on R™ and let y = Y y* 621.. Then the geodesic coefficients of F' are

of the form:

G" = u(Py' + uQz"), (20)
where u := ||y||,
L i T¢Ss - ¢T + S(brs L L <=T, y>
Q L QT d) . 5¢5 + (7'2 _ 82)¢SS7 ri= ||l’||7 S i= ||y|| 9 (21)
d
. P .= M _ Q[S¢ + (TQ _ 82)¢ ] (22)
=T os 4 sl

The Landsberg curvature L = L;jpdz’ @ dz? @ dz* is a type (0,3) tensor on
TM\{0} with components

(23)

1 s
Lijk = _iFFym [G L]yiyjyk

If L = 0, then F is called a Landsberg metric. The mean Landsberg curvature
J = J;dz" is defined by (cf. [13], [14])

Ji = gjkLijk,. (24)
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If J = 0, then F is a weakly Landsberg metric. We say that F' has relatively
isotropic Landsberg curvature if L + cF'C = 0, where ¢ is a scalar function on M.
Finally, F' has relatively isotropic mean Landsberg curvature if J + ¢FI = 0.
Recall that a Finsler metric F' on a manifold M is called a Berwald metric if
z. A Finsler metric is

Gi(z,y) = LT (2)y"y, ie., G is quadratic in y = y' 52
called a Douglas metric if its geodesic coeflicients satisfy

i1 ] i
G'=3T (@YY + Pz, y)y',

which means that it is pointwise projectively related to a Berwald metric (for
details, see [1]).

For a spherically symmetric Finsler metric, MO—SOLORZANO—TENENBLAT
proved the following

Lemma 2.3 ([9]). A spherically symmetric Finsler metric on B"(§) C R"
is a Douglas metric if and only if Q = f(r) + g(r)s?, where Q is given by (21).

Let 7 be a geodesic of F' with 4(0) = = and 4(0) = y. Define

S(y) = S (0) A=,

where 7 is the distortion of F. The function S(z,y) is called the S-curvature of
(M, F) [5], [13], [17]. A Finsler metric F is said to have isotropic S-curvature if
there is a scalar function x on M such that

S = (n+ 1)sF. (25)

3. Proof of Theorem 1.1

Note first that )
Yy’ 1 s

From (11) and (26) we get

99is i iV Y P i

aylz = pykéijJr(PO)ykx ‘T]Jr(pl)yk (‘T ;+ jz 7E(I Y +aly )yk
. . Yy o L 2 o

+EL @+ 276 + (p2) e T + B+ 7500 - TRyt (27)
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By (12) we obtain

ps=p1, (po)s =T, (p1)s=—5T, (p2)s=—p1+ 5T, (28)
where
T :=3¢spss + ¢Psss. (29)
From (26)—(28) we get
09ij 1 kS5 kY i i 'Z/k 2 il/kyj
ok " u [Pl (fU Y )5j = sTz'a? "~ —(pr = s"T)a* "~~~
T . . 30: — S2T) . .
(i =7 —k—i)+ —2'ziz? + S(plizls)yzyjyk, (30)
u u

where i — j — k — i denotes cyclic permutation. By (30), the Cartan torsion of
a spherically symmetric Finsler metric is

Cigh = 2 Qy*
1 , R VLYY
= { {pl (zkffyk) 8 — sTxliy(pls2T)xzyy]
2u U U U U
» vyt
(i —j—k—i)+Taiala® 4+ s(3p; — $*°T) =" 7. (31)
u U u
It follows from (13), (18) and (31) that
I = gjkcijk
= A+ D0 +367 = Pl + 07— o + (2~ AT (- )
2u U
1

ﬂ{(n —2)pop1 + [3p1 + (r* — 32)T}E} (xi_zyZ) )

where we used (16) and the first equality of (4). Moreover, Z is given by the
second equality of (5). Therefore, we have the following

Proposition 3.1. For a spherically symmetric Finsler metric given by F(x,y)
:= |lyl|¢(r, s), where r := ||z|| and s := %, the mean Cartan torsion can be

expressed as

1

1= 5-{(n = 2)pop1 + [3p1 + (0% = )TIE} (2’ = Sy) v (32)

where pg, p1, T and Z are given by (14), (12), (29) and (5), respectively.
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Corollary 3.2. A spherically symmetric Finsler metric is a Riemannian
metric if and only if

(n —2)pop1 + [3p1 + (r? — sH)T]E = 0.

In [10], the Landsberg curvature of a spherically symmetric Finsler metric
has already been calculated:

. . ) J RTLETS
Lij, = —¢{ |:L2 (x] - fyj) Oki — sleZxky— + (8L — Lg)xjyy}
2 U U U U

o i 0,0 0k
(i—j =k — i)+ Liz'aiz® + (3L — s2L1)ZZyu}, (33)

where L; and Ly are given by (6) and (7), respectively. From (13), (24) and (33)
we obtain the mean Landsberg curvature of spherically symmetric Finsler metrics
as

Ji = —g{(n — 2oL + [3La + (r? — s2)L4]E} (xi - Sy) . (34)

PROOF OF THEOREM 1.1. By definition, we know that F' is of relatively
isotropic mean Landsberg curvature if and only if J + ¢F' I = 0. Thus, applying
(32) and (34), we conclude the proof . O

In the two-dimensional case, Theorem 1.1 becomes simpler and we have the
following corollary.

Corollary 3.3. A spherically symmetric Finsler metric on B2(§) C R? is of
relatively isotropic Landsberg curvature if and only if

3(Ly — cpy) + (r? = 8?)(Ly — ¢T) = 0, (35)

where Ly and Loy are given by (6) and (7), respectively.

PRrROOF. Theorem 1.1 tells us that a two-dimensional Finsler metric has rel-
atively isotropic Landsberg curvature if and only if

E[3(La — cp1) + (r* = s*)(Ly — cT)] =0,

where = is given by the second equality of (5). Since Z nowhere vanishes, (35)
follows. 0
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4. Spherically symmetric Finsler metrics of relatively
isotropic Landsberg curvature

In this section, we classify a class of spherically symmetric Finsler metrics
with relatively isotropic Landsberg curvature.
From (31) and (33) we obtain

Lz’jk + CFCijk =—

. ) ok
(5{ [(chm) (Ij *Zyj) (Ski*S(Ll*CT)J?ZIJ%

+[s*(L1—cT)— (Lo —cpl)]xjy:i](' —j—=k—1)

yl yF
= 36
U u }’ (36)

where p1, T, Ly and Ly are given by the second equality of (4), the first equality
of (5), (6) and (7), respectively.

By (36), F has relatively isotropic Landsberg curvature, i.e., there exists a
scalar function ¢ on M such that L 4+ ¢FC = 0, if and only if ¢ satisfies

7

+(Ly—cT)atad k4 s[3(Ly—cpr) — s (L1 —cT)]

el=

Ll = CT, L2 = CpP1q. (37)
Plugging T, Ly and Lo into (37), we conclude the following result:

Proposition 4.1. A spherically symmetric Finsler metric on B"(d) C R"
is of relatively isotropic Landsberg curvature if and only if the following system
of equations holds:

_8¢(Pss_c¢ss)+¢s[P_SPs_C(¢_S¢s>]+[s¢+(r2_52)¢s](Q5_5st) =0, (38)

¢(Psss - C¢sss) + 3¢3(Pss - C¢ss) + [S¢ + (TQ - 52)¢S]QSSS = 0. (39)
By solving (38) and (39), we will get:

Lemma 4.2. A spherically symmetric Finsler metric on B"(§) C R™ has
relatively isotropic Landsberg curvature if and only if there exist functions t;(r),
i € {0,1,2,3}, such that the geodesic coefficients of F are of the form G* =
u(Py* + uQz?), where

to(r)Vr? — s?

P=c(z)p+1ti1(r)s + 5 (40)

r

Q=to(r)s® ~ BV 4, (a1)

and
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PROOF. First we prove the necessity. Let
®:=P — 5P, —c(¢p — s5¢5), I:=s¢+ (r*—s)p,.
Differentiating (42) with respect to s, yields
O, = —5(Pss — Css), Iy = — 5ps + (r? — 5?)Pss.

Moreover,
Qs = —(Pss — Chss) — 5(Psss — CPsss)-

By (42) and (43), Eq. (38) is changed to the following;:
(¢q))s + H(Qs - Sst) =0.
Differentiating (45) with respect to s, yields

((rbq))ss == *HS(QS - SQSS) + SHsts~

By (44) and the first equality of (42) and (43), we find that

(¢(I))ss = (¢9q> + d)q)s)s
= ¢ssq) + 2¢sq)s + ¢(I)ss

= _¢[Pss - CCz)ss + S(Psss - C(bsss)] - 25¢3(Pss - C¢ss) + ¢ss¢-

It follows from (46) and (47) that

HS(QS - Sst) = SHsts - (¢¢))55
= SHsts + d)[Pss - Cd)ss + S(Psss - C¢sss)}
+ 23¢3(Pss - C(bss) - (bssq)-

Plugging (39) into (48), yields

HS(QS - SQSS) = ((b - S(bs)(Pss - c¢ss) - ¢ss(b

= _¢ — S¢S (I)s - d)ssq)-
S

Note that II is nowhere zero. Plugging (45) into (49), we obtain

(/j)—

S

IT <¢ss(b + 5¢S (bs) - HS((ZSS(I) + (b(bs) =0.

(47)

(48)

(49)
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I) & =0

In this case, P—sPs—c(¢p—s¢s) = 0. It is easy to obtain that P = cd+t1(r)s.
Moreover, from Eq. (38), we have Q — sQss = 0, where we have used IT # 0. It
is easy to see that Q = to(r)s? + t3(r).

II) ® # 0 (nowhere 0)

Multiplying both sides of (50) by g, (50) changes to the following:

[(¢ = s¢)TT = 5110 — = s(ILa¢ps — M) (51)

va\*e*

Inserting the second equality in (42) and (43) into (51), we obtain
2y Ps
[(QS - s¢s)¢s - S¢¢ss] (T - S )g —s| =0. (52)

1) (¢ — s¢s)ps — sPss =0
Substituting n = @2, the above equation reduces to ns — snss = 0. It is
easy to see that n = a(r) + b(r)s?, i.e., ¢ = \/a(r) + b(r)s2. The corresponding

spherically symmetric Finsler metric is a Rlemannlan metric. At the same time,
plugging ¢ into (21) and (22), it is easy to verify that

P=t(r)s, Q= to(T)SQ + t3(r),

where
Fo(r) = — 2a’b — ab’ ) = a7’ bo(r) = — a’ — 2br
o dar(a+br2)” VT R dr(a+br?)’

2) (¢ - 3¢s)¢s - S¢¢ss 7’é 0

D, . 3
In this case — = L. From this, we obtain ® = A Hence, by
P 2 _ g2 2 _ g2
the first equality of (42), we have
ta(r
P —cp— s(Ps — cops) = % (53)
By solving (53), we find that
t 2 _ g2
P=cptty(r)s+ 2V (54)

r2
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Plugging (54) into (38) yields

ta(r)
Qs —sQss + ——————5| =0. 95
Qs — 5Q R (55)
Since IT # 0, it follows that
ta(r)
s ss = — . 56
Q.- sQu = -0 (56)
By solving (56), we obtain its solution
7 _ 2
Q= to(r)s? ~ BONVTZT ) 57)

rd

Conversely, it is easy to verify that (40) and (41) satisfy (38) and (39), so,
the sufficiency also holds. ([l

Remark. It is difficult to classify all of the spherically symmetric Finsler
metrics with relatively isotropic Landsberg curvature by (54) and (57). However,
we believe that all the regular spherically symmetric Finsler metrics with relatively
isotropic Landsberg curvature are either Berwald metrics or Randers metrics.

Let us consider a spherically symmetric Douglas metric . By Lemma 2.3
and Lemma 4.2, F' has relatively isotropic Landsberg curvature if and only if
there exist functions t;(r), ¢« = {0, 1,3}, such that the geodesic coefficients of F
are of the form G* = u(Py’ + uQz"), where

P =c(x)p+t1(r)s (58)

and
Q = to(r)s* +ts(r). (59)

By (22) and (21), we have

2 .2
% — (tos* + ts)w = c¢ + 115, (60)
T¢ss — (¢r — 5¢rs) — t082 + 3. (61)

2r[¢ — 5¢s + (r? — %) ¢ss)

Equations (60) and (61) are equivalent to

r[l —2(r* — 5?)(tos* + t3)]¢5 + 8¢, — 2rs(tes® +t1 +13)p — 2cr¢®* =0 (62)
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and
r[1—2(r® — $%)(tos® +t3)| bss — b + 5hrs — 2r(tes” +t3)(¢ — s¢ps) = 0. (63)
Differentiating (62) with respect to s yields

r[1=2(r® — $%)(tos” + t3)| Gss + Or + srs + 2rs(3tos” + t3 — ty — 2tor”) s
[1—2( 08> +1t3
— 2r(3t032 +t3+ tl)q’) —derggs = 0. (64)

From (64)-(63) we get
¢r — 18[2to(r® — %) + t1] b5 — r(2t0s® +t1)$ — 2crdps = 0. (65)
From (62)-(65)xs, we obtain
[1—2r%ts + (t1 + 2t3)s”] §s — s(t1 + 2t3)¢ — 2¢¢” + 2cs¢, = 0. (66)

Note that (66) is equivalent to

(1 — 2r’t3 ‘tbgtl + 2t3)82) n (?) =0 (67)

Case 1. c¢#0

1) 1—2r%t3 + (t1 + 2t3)s* #0
Integrating (67) yields

2¢s 4+ 1/ (1 = 2r2t3)o + [4c? + o(t + 2t3) |2
o cs \/( r2ts)o [c o(ty 3)]87 (68)

g

where ¢ is any non-zero smooth function. Then the corresponding spherically
symmetric Finsler metric is a Randers metric.

2) 1—2r%t3 + (t1 + 2t3)s* =0

In this case (67) reduces to (3)2 = 0, and it is easy to obtain that ¢ =
ﬁ. Hence, the corresponding spherically symmetric Finsler metric is a Kropina
metric, which is singular. Here we omit this case since the Finsler metric is

assumed to be regular.
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Case 2. ¢=0
Then the geodesic coefficients of F' are
G = uPy' +u?Qu’
=ty (r)usy’ +u? [to(r)52 + tg(r)]a:i
=t (r){z, y)y" + to(r) (@, y)a’ +ts(r)|y*a". (69)

From (69), it is easy to see that the functions G* are quadratic in y = ylmh
x
Hence F' is a Berwald metric. Next, we find explicitly the function ¢.
It is easy to see that (66) reduces to

[1—2r%ty + (t1 + 2t3)s”] ds — s(t1 + 2t3)¢ = 0. (70)

i) 1-— 27’2t3 + (tl + 2t3)52 7é 0
By (70) we obtain

o= U(r)\/l — 2r2t5 + (t1 + 2t3)s2, (71)

where ¢ is any positive smooth function. Hence, in this case, the corresponding
spherically symmetric Finsler metric is a Riemannian metric.

i) 1—2r%t3 + (t1 +2t3)s* =0

Note that ¢ > 0 and s # 0. In this case, (70) is equivalent to

tp+2t3 =0, 1—2r%z+ (t; +2t3)s> = 0. (72)

It follows from (72) that
1 1

2 BT
In this case, (65) implies that (62) holds. By the above caculations, it is easy to
see that (62) and (65) imply (63). Therefore, we only need to solve (65). Plugging
(73) into (65) yields

= (73)

¢ + 18| L_ 2(r? — s%)tg|dps = 7 (—:2 + 2t082) . (74)

o}
The characteristic equation of the PDE (74) is

dr ds B do (75)
1 rs[h — 2002 — s2)to]  7(—% + 2t0s2)p
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It follows that

52 A _29 1-—- r4t0d
. = nd In— — ——dr =
o Z(=2rtto)dr 4 g2 [ toel Z(1-2rito)dr g, a1 & P r "=z
are independent integrals of (75). Hence the solution of (74) is
2 —rde
o=f|— ; e 2 s (76)

ef 2(1—2rttg)dr + 452 ftoef%(lf%“‘*to)drdr

where f(-) is any continuously differentiable positive function. So, we have the
following theorem:

Theorem 4.3. If a non-Riemannian spherically symmetric Douglas metric
F on B™(0) C R"™ has relatively isotropic Landsberg curvature, then one of the
following holds:

(1) F is a Berwald metric given by (76);

(2) F is a Randers metric.

PrOOF OF THEOREM 1.2. Under the conditions, from Theorem 4.3, we ob-
tain that F' is either a Berwald metric or a Randers metric given by (8). If F
is a Randers metric, then from Lemma 5.1 in [8], we know that F' is a Douglas
metric. Since F' has relatively isotropic Landsberg curvature, then it follows from
Theorem 1.1 in [6] that F has isotropic mean Berwald curvature. Combining this
with Theorem 1.1 in [5], F' is of isotropic S-curvature. By Theorem 5.2 in [8], we
obtain that f, g and h satisfy (9). O
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