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Estimates of fractional integral operator with
variable kernel

By JIECHENG CHEN (Jinhua), DASHAN FAN (Milwaukee)
and TAOTAO ZHENG (Hangzhou)

Abstract. In this paper, we use interpolation and iterative methods to study the
fractional integral operator Fq,. with variable kernel. We obtain the sharp size condition
on 2 to ensure the (L9, L?) boundedness of Fo,o for 0 < a < n, 1 < p < co. We also
obtain some corresponding estimates of the rough bilinear fractional integral.

1. Introduction and main results

Let S™~! be the unit sphere in Euclidean R (n > 2), and do be the area
element on S"~! induced by the Lebesgue measure on R™. A function Q(x, 2)
defined on R™ x R" is said to belong to L>(R™) x L"(S™~1), r > 1, if it satisfies
the following conditions: for any z, z € R™ and A > 0,

Qz, A\z) = Q(z, 2), (1.1)
1
||Q||L<>Q(Rn)><Lr(Sn—l) = sup (/ |Q(£C,Z/)|Td0(2/)> < 00, (12)
T ER™ Sn—1

where 2’ = rps for any z € R™ \ {0}.
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If Q(x,2') € L®°(R™) x L"(S"1) satisfies the mean zero property
/ Q(z,2")do(2") =0 for all z € R", (1.3)
Sn—1

then the famous Calderén—Zygmund singular integral operator with variable ker-
nel is defined on the space S(R™) of all Schwartz functions f by

Q(z,y)
o Jyln

Tf(x) = pv. / fz—y)dy, feSER.

For the operator T, the following result is well known.

Theorem A ([2], [3], [9]). Let n > 2. If the function Q) satisfies condi-
tions (1.1), (1.3) and Q(z,2’) € L= (R"™)x L"(S™~1), then the following inequality
holds:

ITfllr®e) < CrpllQ Loe @nyxLr(sn-1) | Il LrRn)
provided that
W) b<gpifl<p<z (¥ =)

p—1
1 1 1 1 -

In this paper, we will study the fractional integral operator

Foaf(@) = [ T2 fa =y,

where 0 < a < n, f € S(R™) and Q satisfies (1.1) and (1.2). In this case, the
kernel of Fq o has less singularity in a neighborhood of the origin than the kernel
of singular integral operator T', and one does not need to assume the cancellation
condition (1.3) on £ in the definition of Fg 4. On the other hand, when Q = 1,
Fa.,« is the Riesz potential

Ra(1)e) = [ L)

e |z =y

which plays significant roles in analysis, partial differential equations, probabil-
ity theory and in many other fields of mathematics, via the Hardy-Littlewood—
Sobolev embedding theory.

In 1971, MUCKENHOUPT and WHEEDEN [13] studied the power-weighted
(L9, L?) boundedness of Fq o f for all 0 < a < n. In the unweighted case, their
theorem can be stated as follows.
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Theorem B ([13]). Let n > 2. Suppose that 0 < a« < n, 1 < ¢ < n/a and
1/p=1/q—a/n. If Qx,2') € L>®(R") x L"(S""1) for r > ¢/, then there exists
a constant C' independent of f and ), such that

| Fa.aflle@e) < ClQ Lo @nyxLrsn—1)If |l La@n),

and there is no such C if r < ¢'.

As we see, Muckenhoupt and Wheeden pointed out that the inequality in
Theorem B cannot be improved if » < ¢’ for all 0 < o < n and all indices p, ¢
satisfying 1 < ¢ < n/a and 1/p = 1/¢ — a/n. However, when 0 < a < 1/2,
the condition in Theorem B in fact can be improved. To address this interesting
phenomenon, CHEN, DING and FAN [4], [5], [10] published a series of papers
to study the fractional integral operator Fq ., among other things (see also [1],
[6], [8] for some related results). We list one result related to this paper in the
following theorem.

Theorem C ([4]). Let n > 2, 0 < a < 1/2 and Q(z,2') € L®(R") x
L7(S" 1. If r > 2p(n — 1)/(n — 2a), where p = (1/2 — a/n)(1/p' — a/n), then

[Fa,afllLe@ny < ClU Lo ®nyxLr(sn—1) 1 | Lan)

with 1/p=1/q — a/n.

Note that p = (1/2 — a/n)(1/p' — a/n), 1/p = 1/q — a/n, the size condition
r > 2p(n—1)/(n — 2a) in Theorem C is equivalent to

n— lq’,

r>

which is obviously better than the size condition 7 > ¢’ in Theorem B since S™~!
is compact.
We also can show that the size condition €2 in Theorem C is the sharp one.

Theorem 1. If in the inequality (1.2) we take r = ”Tflq’, the transform of
Faaf ofan f € L (-~ < q < %) needs not be in LP (1 <p < 2).

Proor. We will modify the proof for a similar problem on the singular in-
tegral (see page 223 in [2] by CALDERON and ZYGMUND). Denote Kq o(z,y) =
Az.y) e have

‘/—"Q,af(m) = on KQ@(J?,I' - y)f(y)dy
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Take for f(y) the function equal to 1 for |y| < 1 and equal to zero elsewhere. Then
f € L1(R™) for any g > 1. Let r be any positive number. We define a function
Q(x,y') on R™ x S"~1 by assuming Q(z,y’) = 0 for |z| < 20. When |z| > 20,
denote the subset S, of S*~1 by
10 }
< iz )
|z

’ xT

Sy = {y’eSnlz Yy

el
and define Q(x,y’) as

(a) equal to |z|"~V/7 if o € S,;

(b) equal to zero if y' ¢ S,.

Let A (S;) denote the surface area of S,. Since A (S;) ~ |x|7(n71) uniformly for
all |z| > 20, by the definition, we have that

sup / Q. o) do(y) = sup / 2| Ddo(y) < C.
zeRn Jgn—1 z€Rn J g,

This shows Q(z,y’) € L= (R™) x L"(S"1).
On the other hand, we notice that for sufficiently large |z|,

6
]

x (z—y) =

=yl 2|

(z—y)

]

uniformly for all |y| < 1. Hence, by the choice of f and €2, we have that

y))

Q _ /
|Fa.af(z)| = Kooz, 2 — y)f(y)dy‘ = ‘/l - Wdy‘

Rn

_ C
1 e 2| — oo,

x|"

where n =n — a — (n—1)/r. Now, in order to ensure Fq o f(x) to be in L?, we

/ 0 )y

%q’ . This completes the

must assume that 1 > n/p, which is equivalent to r >
proof. O

Inspired by Theorem A, Theorem B and Theorem C, it naturally raises the
following two questions.

Question 1: How to extend Theorem C to the case of 2 < p < 007

Question 2: Does Theorem B hold at the endpoint r = ¢'?

Question 2 was solved in the case 1 < p < 2 (see Theorem D). Thus, similar
to Question 1, we need to address this question in the case 2 < p < co.

Now, we state our first main result about the fractional integral operator.
The following theorem solves Question 1.
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Theorem 2. For 0 < a < 1/2,n>2,let 1 < g <n/a, 1/p=1/q—a/n

and Q(z,2') € L®(R™) x L"(S"71). If2 < p < o0 and % < % + p:f(;z_al), then

[Fa.afllLr@e) < CIQ Lo ®nyxLr(sn-1) I f |l Lagny-

It is easy to check that the theorem improves the result in Theorem B in the
case 0 < a < 1/2. We will prove Theorem 2 by using an interpolation between
the L7i#= — L2 estimate and the inequality in Theorem B.

The reader might notice that both Theorem 1 and Theorem C have a restric-
tion 0 < a < % One naturally expects to remove this restriction. We note that
CHEN, DING, FAN in [4] improved Theorem C in the case 1 < p < 2.

Theorem D ([4]). Let n > 2. Suppose that 0 < a < n, 1 < ¢ < n/a,
1/p=1/g—a/n, 1 <p<2and Qz,z") € L>°(R") x L"(S"'). If r > ¢/, then
[Fa.afller@ey < CIQ Lo ®ryxLr(sn-1) I fll Lamny-

As an application of Theorem 2, in the following theorem we extend Theo-
rem D to the full range 1 < p < 0o, which solves Question 2.

Theorem 3. Letn > 2,1 < qg<n/a, 1/p=1/q—a/n, 0 < a < n and
Qx,2') € L®(R") x L"(S" Y. Ifr > ¢/, then
| Fa,afllLe@ny < ClQ Lo ®ryxr(sn-1)If | La@ny-

We summarize the above results in Theorems 1-3 and Theorems B-D in the
following

Theorem 4. Let n > 2. Suppose that 1 < ¢ < n/a and 1/p = 1/q — a/n.
We have the following conclusions.

(1) For 0 < a < 1/2 and 1 < p < 2, there exists a constant C' > 0 such that for
all f € LI(R™) and all Q(z,2') € L>®(R™) x L"(S"1)

[Fa.aflle@r) < ClQ Lo ®nyxLrsn—1) I fll Lawn)
if and only if

(2) For0 < o< 1/2 and 2 < p < o0, there exists a constant C > 0 such that for
all f € LY(R™) and all Q(z,2') € L>®(R™) x L"(S"™1),
[ Fe,afllLr@n) < ClQ Lo @nyxrsn-1) | fllLa@n)
if
n — 2«

< pn(n—1)

_|_

S|

1
7
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(3) For1/2 < a<mnand1 < p < oo, there exists a constant C > 0 such that for
all f € LY(R™) and all Q(z,2") € L>®(R"™) x L"(S"~1),

[Fa,afllLr@e) < ClQ Lo ®nyxLr(sn-1) | fllLa@n)

if and only if r > ¢'.

Remark 1. If we consider another fractional integral

Loaf@) = [ Tt t )iy

all conclusions in Theorem 4 still hold if we replace Fq o by Lg,q-

We notice that some authors considered fractional Marcinkiewicz integrals
with variable kernels. For instance, in [12] (see also [11]), the authors study the
fractional Marcinkiewicz integrals with variable kernels in the form of

dt

ﬂ 5 0<Oé§1

2
/ WUz, z—y) y)f(y)dy

rz—y|<t |£E - y|n71

i@ = | [ N

Also, some people study the fractional integral of Marcinkiewicz type

N

2
dt

Maa(f)(@) = /OOO /| Wf(y)dy

z—y|<t |(E -

For 1 < p <2, LIN et al. [12] gave some estimates on jiq 4.
Theorem E ([12]). Let n > 2 and 0 < o < 3. If Q satisfies (1.1), (1.2) and
(1.3) for r = 2, then there exists a constant C' independent of f such that

10,0 (PllL2@n < CIFI

2n .
nt2a (Rn)
In addition, for "~ < p < 2 and 1/p = 1/q — a/n, if Qz,2') € L®(R") x

L?(S"~1) and satisfies L*“ Dini conditions, then there exists a constant C' inde-
pendent of f such that

le,a()llr@ey < CllfllLa@ny-
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It is easy to see that both integrals p1q o(f)(x) and Mq o(f)(z) are pointwise
dominated by the fractional integral Fq o f. In the fractional case, we may assume
that both Q and f are non-negative. Thus, by the Minkowski integral inequality,
we obtain

paatn@i< [ T ([ xx_ykt(t)tﬁia);dy

re |z — gyt

B Qlz,z —y) o dt :
- [ R ) ( | t) dy

~ /R U029 fydy = Foof(a),

n |z =y

Similarly,

Mo < [ EEZY g ( I X{x_y|<t}(t)dt>;dy

e [ =y 10 £

[ Oy < )’
_/IR gt W) </|m_y t3> dy

- /R US2=Y) ity = Foof(a).

n |z =y

As an application of our results, we will study the rough bilinear fractional

integral
Qz,y")

Bo,o(f.9)(x) = - flx+y)g(z —y) e dy,

where 0 < a < n. The following result is an easy consequence of our results
together with an application of Holder’s inequality, which is an improvement of
Proposition 1 in [7].

Theorem 5. Let n > 2. Suppose that p > =21 < p1,ps < o0, 1/p =

n )

1/p1 +1/p2 —a/n and 1/0 = 1/p1 + 1/p2. We have the following conclusions.

(1) For 0 < a < 1/2 and 1 < p < 2, there exists a constant C' > 0 such that for
all f € LP*(R"), g € LP?(R™) and all Q(x,2") € L>=(R™) x L"(S™™1),

| Ba,a(fs 9llLe ey < ClQU Lo mryxLr(sn-1) 1 f | o1 ey 191l Lr2 (me)

if




46 Jiecheng Chen, Dashan Fan and Taotao Zheng

(2) For 0 < a < 1/2 and 2 < p < o0, there exists a constant C' > 0 such that for
all f € LP*(R™), g € LP2(R™) and all Q(z, 2") € L= (R") x L"(S"71),

| Ba,a(fs 9L ey < CIQU Lo mryx Lr(sn-1) 1 | o1 ey 191l Lr2 (me)

if
1 < 1 n — 2a
r o  pn(n—1)
(3) For1/2 < a<mnand1 < p < oo, there exists a constant C > 0 such that for
all f € LP*(R"), g € LP2(R™) and all Q(x,2") € L=(R™) x L"(S™1),

[ Baa(fs DllLe@n) < ClQ Lo @nyxLrsn-1) 1 f|Lor @n) gl Le2 &r)
ifr>o'.
This paper is organized as follows. In Section 2, we prove Theorem 2. The-
orem 3 and Theorem 5 will be proved in Section 3.

Throughout the paper, the letter C' always denotes a positive constant that
may vary at each occurrence, but is independent of all essential variables.

2. Proof of Theorem 2

We invoke the interpolation methods used in [3]. Suppose now 2 < p < oo,
consider the kernel

Oz, 2,€) = |z, 2" sgnQz, 2"),

where ¢ is a complex parameter. For f € C§°, consider also the function f(z,¢)
and g(z, ),

fl@,6) = [f(@)|*® sgn f(x), g(x,&) = g(x)|*® sgng(x),

where g(z) is a simple function, and ¢;(§) = a;& + b; (i = 1,2,3) are linear
functions whose coefficients will be determined later.
We set

Q(xax_yvf)
G() = Gl 11 Y) dy g(x.€)da.
©=[_ [ e .0 o s

Consider the point (%, %) in the square

1 1 -2
Q) 0<s<1, 0<t<l1, wheref<f—|—u.
r ¢  pn(n—1)
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. 1 1 . s e s 1 —2 —
The point (5, ;) lies below the segment joining (5, 2’&7%) and (0, L )

We may assume 1 > L =1 -2 _ 1 therefore, (£, 1) lies on the segment from
T q n p P

‘r

poin‘c(1 1)topoint (1 1),where%<1—9—iaundi<27(273';“).

p1’ T 27 1o n p1 70

There is an s, 0 < s < 1, such that

1_ s sl L (2.1)
T 70 TP 2 P q 9o 731
where qp = niga, q% = p% + =
Let
1-¢ ¢ 1-¢& ¢ 1-¢ ¢
)\ - ) )\ = —+ —, )\ = —+ —,
(=42 M@= 5o b MEO= o+
and define functions ¢1, ¢5, {3 by
L=, LO=a%(O), () =T71- )]

Then, for £ = s we have ¢1(s) = l3(s) = l3(s) = 1.
For Re £ =0,

/

Reél(f)::—o, Reég(f):%, Re€3(§)=%.

Using Holder’s inequality and the L? boundedness of Fa.o (p=2in Theorem C),

2 3
d:r)

192(-, s &)l oo () x Lo (sn-1)

we obtain

GO < g+ &)lz2qe ( Lo Tt

eRn |z —y[n=

SCHIQ\%

1713

L2(R") ‘ L0 (R™)

1
j a4 0
< ClgllZ, w Qz, 2| do (2 .
< Cllgll 7, (Rn)nﬂm)sgp(/s 10, 2)] a<z>)

For Re £ =1,
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For 0 < a< %7 by Holder’s inequality and Theorem B, we have

1
p1 1
dx)

) ”Q(v 'vg)HLo"(R")XLTl (Sn—1)

|z —y[n—e

/ Mf(y,g)dy
yER™

1G] < 190l i oy (/ -

»
< ol i

LP1(R™) Lav(Rn

1

’
p_ 1
1

< C’||g||zp,(Rn)||f||g(Rn) sup </s » Q(df,z’)|?’dg(z/)>

By the three-line theorem, we get

P’ 1;S+i q l-s s 17;05+ﬁ
Gl < C”g”Lpg(R") 1> ”f”Lg&é)n) ) sup { (/s - m(f”vz/)rda(zl))} '

According to (2.1), the exponent of both [|g| 1 (gny and [|f[[en) is 1, and the

exponent of sup,{---} is 1.
Now, recalling that ¢1, {5, {5 are all equal to 1 at £ = s, we have

n — 2«

1 1
« n < C Q oo n T n— n 'th - I - .
[Fa.afller@ey < ClQ Lo @nyxLrsn-1) I fll La@gny Wi < 7 + on(n = 1)

Theorem 2 is proved. ]

3. Proof of Theorem 3 and Theorem 5

3.1. Proof of Theorem 3. By Theorem D, it suffices to show the case 2 <
p < oco. Without loss of generality, we may assume that both © and f are non-
negative. Since we have obtained a better result when 0 < « < 1/2 in Theorem 2,
our strategy is to use a two-step iteration to extend « to the full range (0,n).
The first step is to use the result of Theorem 2 to obtain the boundedness of Fq 4
under the condition r = ¢’ when 1/2 < o < n/2. Then continue this process to
obtain the theorem for o € (n/2,n). We now begin our proof of step 1 by fixing

angp € [V2—1, 3) and letting py = (2 + &o)n. For this choice of py, it is easy to
see that, for any % < a < 3, we have a — &g §n(%—%> if p > pg. Let § be a
number to be chosen later. We write

fn,af(x)w/ Q(z,y)

re |y["T

flz —y)dy
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- —y)d —y)dy := Hy + Ho.
/|y<6 ly|m—e f@=y) y+/y|>5 [y|n—o [z —y)dy 1+ Ho

To estimate Hy, it is easy to see that

a0 O)(a,
Hy = wﬂx —y)dy
wi<s vl
0 x, a—e
S / Iyin_ng(x —y)dy <6 Fa, f().
o

For Hs, using Holder’s inequality and noticing that the condition 1/p = 1/¢—a/n
implies (¢« — n)¢’ + n < 0, we obtain

Q(x, ¢ -
me(f ( (nyj) dy ) 117 e
ly|>6 |y|

([ [ o) e
5 Jsn—1

q

o0
< Q2 poo mryx Lo’ (5719 (/5 rla=ma +n_1dr> [ fll o)

< ||QHL°°(R")XLT(S"—l)(Sa_% I1flle@ny-

=

Thus,

Foaf(@) <870 Fqg oo f() + 0% 4[| fll pagn)
= 0% (Foe f(x) + 674

Q| oo (mryx Lr(sm-1)

fHLq(R”)”QllLW(R")er(Sn—l)).

Now we take

1
Faeof(x) ) 0-§
Q| oo mryxc L (57 1) '

o=
1f | e

and denote kg = 2==2. It follows that
q

E0—

Faaf (@) < (Fae, f(z)) o (Hf”Lq(R”)||Q||L°°(]R")><Lr(5"*1)>_KO . (3.1)

In order to obtain the L” boundedness of Fq o, we should make some estimates
on Foe,. For p>py = (24 ¢o)n, it is not difficult to see that

1+
||(f9750f)1+K0HLp(Rn) = H]:Q,EofHLpgngo)(]Rn) .



50 Jiecheng Chen, Dashan Fan and Taotao Zheng

Note that p(1 + kg) > 2, and

1 1 n — 2eg

— < =+
¢ ¢ pQ+ko)n(n—1)

for any ¢ > 1. Using Theorem 2, we obtain

H(]:Q,Eof)l-‘rKOHLp R = ||]:Q,€0f||}:~r;(ﬁlg~ﬁo) R~
(R™) (R™)

< ClQls snony IFIZEG (3-2)

Lo (Rr)x L' ( Li(R")’
where
1 1 o
=
¢ p(l+ko) n
The condition § = - — ¢ and a trivial calculation yield
1 €0 1 60_n—q50+50_1
- to_ 0 _ =,
p(1+ky) m P (1 + ?7—?) n qn n q

which implies ¢ = q.
Combining the above conclusion with the estimates of (3.1) and (3.2), for

% <a < § and p > po = (2+ o)n, we obtain that
170.aflls@n) < C[(Faeo )0l Lo gy (L paen) 920l oo @nyx ogsn1)) ™
< Ol oo @ryxLr(se—1y 1l La@nys (3.3)

where 1/g=1/p+ a/n and r = ¢'.

In the following, we need to discuss the boundedness of Fgq  for 2 < p < py.
We also note that the following L9* — L? boundedness of Fa,o for a < 5 was
established in [4]:

1 el 2 any < Ol Loeqinyx s s |l oy (3.4)

2n
n+2a

Interpolating between (3.4) and the following inequality

where q; = and 1 = ¢f.

IFe,af oo gny < ClNQU Lo @) x Lro(sn-1) L f | oo ).

we get that, for all 2 < p < pg,

”FQ,anLp Rn < CHQHL"O(R")XLT(S"—l)”fHLq(]R")v (3'5)
(R™)
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where

p p 2 1 rn rmn’ ¢ @ @
Thus, a trivial calculation yields § =1 — 2/p and r = ¢’. Therefore, we complete
the proof of the theorem for 1/2 < o < n/2.
Our second step is to extend « to the range § < a < n, by invoking the
result obtained in the previous step. For any a € (§,n), we can find a small

5 <a<n-—e Lete =35 and py = 2. When

p > p1, we have a —e; < n (5 — 5) Let §; be a number to be chosen later and

1 6 1-0 1 _ 6 1-0 1 _ 6 1-0
+ + =

positive number € such that

write

_ Nz, y) o Qzy) oo
Fouf(z) = /IM ) fw = vy + /y 2 fo = y)dy =y I

|>8, |y

It yields that, by a similar argument as the estimate of H; and Ho,

R 1 o
Hs < / < Wf(ﬂf —y)dy < 61° " Fae, fz),
Yy 1

Hy < ||Q| poo @y pr(sn-101% ¢ || fll paieny-
Thus,

Fo,af (@) < 61°7 (Fae, f(@) + 6177 | fllpagn) 19| oo @y s (sn-1)-

We now take )

51: < ‘Fﬂﬁlf(m) )ML?

H‘f”Lq(R"’) ||Q||L°°(R")><Lr(sn—1)

and denote k1 = “1 £L . It is not difficult to see that

Fo.af(x) < (Fae f(z)H™ (Hf”L‘Z(]R")HQ||L°°(R")><LT(S”—1))ﬂ{l (3.6)

and

[(Foer Y| oy = 1Feier Fllpnns gy
In order to use the result of step 1, it is necessary to ensure that p(141) > 2. Note
that in this case the inequality a« —e; <n (% — zlv) is equivalent to p(1 + k1) > 2

if « lies in the interval (%,n) Hence, for p > p; = 2, by virtue of the result of
step 1, we get

1+kK K K
H‘FQ,Elf||LP(11+f»1)(R") < C||Q‘|215Rn XL;’(S”_l)Hing(R}ny (37)
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where

% = m + L. Also, a trivial calculation yields m +E& = %, which

implies ¢ = q.
The estimates of (3.6) and (3.7) give us that, for all p > py,

H]:Q,OéfHLP(]R") < C H(‘7:97~*31f)1—’_m1 HLP(Rn) (H.](‘”L‘I(]Rn)||Q||L°°(]R")><LT(S"*I)>_'Lil
< ClU o @nyxrr(sn-1) | fll Lagny- (3.8)

Thus, it remains to prove the boundedness of Fq o for 2 < p < p;. Analogous to
the proof in step 1, interpolating between (3.4) and (3.8) for o € (5,n), we get
the desired result.

3.2. Bilinear fractional integral. We will only prove (1) in Theorem 5, since
the proof for other parts is the same. Let ¢/ =1+ Z—f and g =1+ %, by Holder’s
inequality we have

Ba.a(f.9)(@) < Fou(f)(@)"/" Loalg” (@)

By Holder’s inequality again, we have

g »/d
B [ DI | :
|Boatr.),, ., < 100l [|£oa®)] ...
By Theorem 4, we have a constant C' > 0 such that
p/d
[e% 'n. ‘C Ot
o0 (FE ey |[£0a6))]
p/d
<cr ||QHLoc(Rn )X LT (Sn—1) I/ ”LG(]R" ‘9 Lo®n)’
where 1
r> o’ and l/pzl/a—g.
n
Noting that
q|P/a P
170 |9 | gy = 1y N
and n
1)o = P1 T P2
p1p2
we easily see that
|Bo.att. 9, gy < CNWoos ey N1y
The theorem is proved. (I
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