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On a class of projective Ricci flat Finsler metrics

By XINYUE CHENG (Chongging), YULING SHEN (Chongqing)
and XIAOYU MA (Chongging)

Abstract. The projective Ricci curvature is an important projective invariant in
Finsler geometry. In this paper, we study the projective Ricci curvature and charac-
terize projective Ricci flat Randers metrics. As a natural application, we characterize
projective Ricci flat Randers metrics with isotropic S-curvature. In this case, the metrics
are acturally weak Einstein Finsler metrics.

1. Introduction

The Ricci curvature in Finsler geometry is a natural extension of the Ricci
curvature in Riemannian geometry and plays an important role in Finsler geome-
try. A Finsler metric F' on an n-dimensional manifold M is called a weak Einstein
metric if it satisfies the following equation on the Ricci curvature:

Ric= (n—1) (i’fﬂ—) F?, (1)

where ¢ is a scalar function and = 6;4° is a 1-form on M. F is called an Einstein
metric if @ =0 in (1), that is,

Ric = (n — 1)oF% (2)
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In particular, a Finsler metric F is said to be of Ricci constant if F satisfies (2)
with a constant o. F is called a Ricci flat metric if F satisfies (2) with o = 0,
that is, Ric = 0.

The S-curvature S is an important non-Riemannian quantity in Finsler ge-
ometry, which was introduced by Z. SHEN when he studied volume comparison
in Riemann—Finsler geometry [7]. Z. SHEN proved that the S-curvature and the
Ricci curvature determine the local behavior of the Busemann—Hausdorff measure
of small metric balls around a point [8]. He also established a volume comparison
theorem for the volume of metric balls under a lower Ricci curvature bound and
a lower S-curvature bound, and generalized Bishop—Gromov volume comparison
theorem in the Riemannian case [8]. Recent studies confirm the importance of
S-curvature in Finsler geometry (see [3], [5] and [8]).

It is natural to consider the geometric quantities derived from Ricci curvature
and S-curvature. In [9], Z. SHEN considered the projective spray G associated
with a given spray G on an n-dimensional manifold which is defined by G and
its S-curvature S as

where Y = ¢/ azi is the vertical radial field on TM. Then G is projectively

invariant, and it is easy to see that the Ricci curvature Ric of G is given by

— n—1 n—1
Ric = Ric+ ——S,,y™ + ———S?,
ic 1c+n+1 |mY +(n+1)2
where “ | 7 denotes the horizontal covariant derivative with respect to Berwald

connection of G. Z. SHEN also introduced the so-called Berwald—Weyl curvature
of G by the Ricci scalar of G, which is the Ricci curvature of G divided by n— 1
(see Section 13.6 in [9] for more details). Recently, Z. Shen defined the concept
of projective Ricci curvature for a Finsler metric F' in Finsler geometry as

PRic := Ric + (n — 1) {S,,y™ + S}, (3)

1
nti
respect to the Berwald connection (or the Chern connection) of F. Actually, we

where S := S, and “ | ” denotes the horizontal covariant derivative with

can rewrite the projective Ricci curvature as

n—1 g2 (@)

. . 1 m
PRIC:RIC‘i‘iS‘my L+m .

n—

n+1
It is easy to see that if two Finsler metrics are pointwise projectively related on
a manifold with a fixed volume form, then their projective Ricci curvatures are
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equal. In other words, the projective Ricci curvature is projective invariant with
respect to a fixed volume form. On the other hand, the projective Ricci curvature
is actually a kind of weighted Ricci curvatures. See [6] and the definition of S-
curvature in Section 2. A Finsler metric is called projective Ricci flat if PRic = 0.

Randers metrics are among the simplest non-Riemannian Finsler metrics.
They are defined by a Riemannian metric o = y/a;;y'y/ and a 1-form 3 = by’
as the sum F = a + (. To state our main results, let us introduce some common
notations for Randers metrics. Let F' = « + 8 be a Randers metric on an n-
dimensional manifold M. Put

1
5 (biy; — bjii),

1
rij = 5 (big +bya),  sij = g

“

where “ ;7 denotes the covariant derivative with respect to the Levi-Civita con-

nection of a. Further, put

r'i=a" g, 8 = a" smy, 1= 0"y, 55 = 0" sy,

qij ‘= TimS g tij = SimS I q; ‘= b qij = TmS I tj =D tij = SmS 4

where (a') := (aij)fl and b' := a¥b;. We will denote 7,0 := 1547, si0 := 8i;9’
and roo := r;y'y7, 1o 1= iy’ so = s;y’, etc. Let b:=||By]la, p:=Inv1—b? and

In [1], BAO—ROBLES derive the formula for the Ricci curvature of a Randers
metric and find two equations on « and [ that characterize Einstein Randers
metrics. Later, Z. Shen and G. C. Yildirim characterize weak Einstein Randers
metrics and prove the following theorem: a Randers metric F = o+ 8 on an
n-dimensional manifold M is a weak Einstein metric satisfying (1) if and only if
a and B satisfy

“Ric = (n—1)[(0—3c*)a?+(o+¢c*) % +(30—co) B— 0.0 — 5] +2to0 + ™, (5)

30 +
8" = (n—1) |(0+ B+ 2csg + to + 5 €0 , (6)

<
o
)

I

—25083 + 2c(a® — ?), (7)

where c is a scalar function on M and co = c,i(x)y*. See Theorem 7.1.1 in [4].

In this paper, we first derive a formula for the projective Ricci curvature of
a Randers metric in Section 3. Based on this, we can prove the following main
theorem.
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Theorem 1.1. Let F' = o + 8 be a Randers metric on a manifold M of
dimension n. Then F is a projective Ricci flat metric if and only if o and f3
satisfy the following equations:

(i) “Ric = ", a® + 2too + (n — 1)(poo — p5);
(iii) sg =0 or rop + 2859 = 0,

where “Ric denotes the Ricci curvature of a and we have put po := p;y’.

By the definition of p, we have

o + 85
Pt =T
Then L
To T So
= — 8
Po 1_1p2 (8)
and 1
Pms"y = — 72 (%0 + o). (9)
Further,
To:0 + S0:0  2(ro + S0)? 70:0 + S0.0 2
N = — 3 Mo I 3 Mo 2 . 1
P00 1— b2 (1 _ b2)2 1— b2 Po ( 0)

Hence, we can restate Theorem 1.1 as follows.

Theorem 1.2. Let F = a + [ be a Randers metric on a manifold M of
dimension n. Then F' is a projective Ricci flat metric if and only if « and (3
satisfy the following equations:

2
(i) “Ric = 7,02 + 2tgo — (n — 1) | e 4+ 2ot

(i) 8"8.m = 155 (0 + to);
(iii) so =0 or rog + 28s¢ = 0.

2. Preliminaries

Let F' be a Finsler metric on an n-dimensional manifold M. The geodesics
of F are characterized locally by the following system of second-order ordinary
differential equations

(z')" +2G7 (z,i) =0, ie{l,--,n},



On a class of projective Ricci flat Finsler metrics 173

where
1

G — Zgil {[Fz]mkyzyk -~ [thl}7 (11)

gij(x,y) = %[Fﬂy,y] (z,y) and (¢¥) := (g;;)~*. The functions G? are called
the geodesic coefficients of F. Let 0 = o(t)(a < t < b) be a geodesic on a
Finsler manifold (M, F'). Let H(t,s) be a variation of ¢ such that each curve

os(t) := H(t,s)(a <t <b)is a geodesic. Let

oH

J(t) = g(

t,0).
Then the vector field J is a Jacobi field along o, satisfying the Jacobi equation
DDy J(t) + Rs (J(t)) =0,

where R denotes the Riemann curvature of F'. Locally, for any x € M and
y € T, M\{0}, the Riemann curvature R, = Rik% ® da* of F is given by

; oG" 0%Gt 0%Gt oG OG™
R, =2— — ——y™ +2G™ — . 12
k Oxk  Qxmoyk yvo Ooymoyk  Oym Oyk (12)
The Ricci curvature is the trace of the Riemann curvature, i.e.,
Ric=R",. (13)

For a Finsler metric F on M, let (b;)"_, be a basis for T, M, and (wi):;l be
the basis for T* M dual to (b;)?" ;. Define the Busemann—Hausdorff volume form
by

dVpyg = OBH((E)UJl Ao Aw™,
where
_ Vol (B (1))
~ Vol {(y") € R*|F(z,y'b;) < 1}
Here Vol{-} denotes the Euclidean volume function on R™.
If F = /gi;y'y? is a Riemannian metric, then

opu(z) =/ det(gij).

However, in general, for a Finsler metric F, opp(x) # /det(gi;). Define

O'BH(J?) :

| Y detlgii(2,))
T(z,y) =1 [ e ] .
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Then 7 is well-defined and it is called the distortion of F. The distortion 7
characterizes the geometry of tangent space (T, M, F,). It is well-known that a
Finsler metric F' is Riemannian if and only if its distortion vanishes.

It is natural to study the rate of change of the distortion along geodesics.
For a vector y € T, M \ {0}, let o be the geodesic with ¢(0) =z and 6 = y. Put

S(x,y) := a [T (o(t),5(¢))] |t=0-

dt
Equivalently,
S(z,y) := Tjm (2, y)y™, (14)
where “|” denotes the horizontal covariant derivative with respect to the Berwald

connection (or the Chern connection) of (M, F'). The function S is called the S-
curvature of Finsler metric F.

By the definition, the S-curvature measures the rate of change of (T,,M, F,)
in the direction y € T, M. It is easy to see that for any Berwald metric, S = 0.
In particular, S = 0 for Riemannian metrics ([5]). Hence, S-curvature is a non-
Rimannian quantity. For a Finsler metric F', the S-curvature is given by

oGm0

5= By Y g

[IHO'BH] . (15)

We say that F' is of isotropic S-curvature if there exists a scalar function c
on M such that S = (n + 1)cF, equivalently,

m
Tm¥y

T = (n+ 1De(x). (16)

Equation (16) means that the rate of change of the tangent space (T, M, F)
along the direction y € T, M at each z € M is independent of the direction y
(but dependent on the point ). If ¢ is constant, we say that F' has constant
S-curvature.

We recall that a Randers metric is a Finsler metric of the form F' = o + £,
where a = y/a;;y'y’ is a Riemannian metric and § = by’ is a 1-form on M. It
is positive definite if and only if b := ||Bz]la < 1,2 € M (see, e.g., [5]).

For a Randers metric F = a + 8 on M, let G and *G* denote the geodesic
coefficients of F and «, respectively. Then G* and ®*G" are related by

G'=°G"'+as'y+ ﬁ{—Qaso + 700}y’ (17)
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Furher, the Ricci curvature of F' = a + [ is given by
Ric = “Ric + (20}, — 2too — ")) + (n— 1), (18)

where

(1]

3 1
4F2 (7“00 20[80)2 + ﬁ [4a(q00 — Ozto) — (7“00;0 — 20&80;0)] . (19)

By (15) and (17), we obtain

S=(n+1) |58~ (s0+p)] (20)

where egg = rgp + 28sp. For more details about Randers metrics, see [4].

3. Projective Ricci flat Randers metrics

In this section, we first derive a formula for the projective Ricci curvature
of a Randers metric. Next, we characterize projective Ricci flat Randers metrics.
By (4), the projective Ricci curvature is given by

-1
P = — 82 21
Ric = R1c+ S‘my + (n+1) S°. (21)

y (17), we have

2F2
1 co1 :
+ F(—aymso — aSm + Tmo)y" + ﬁ(72aso +700)0",,
Thus
m m 05 m 0S m m 1 m| O0S
Simy™ =y B Gl y 9 =Sy — |2as + F(—2aso + 700)Y ] oy
S
=8.y" — 2a8"5Sym — f(72a50 + 700)- (22)

From (20) we obtain

1 1 1 1
Sny™ = (n+1) {2F7“00 0+ 70050 + fﬁso;o 52 €00700 — S0:0 — Po;o} =
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1 1 1
=(n+1) {QFTOO 0+ 57 (2asg — 700) 700 — 7500 — Po;o} ; (23)
2(n+1 2(n+1 2(n+1
QQS%Sym:(T)OZQOO"' (F )CYS(QJ— (F )O‘2t0_2(n+1)0‘(pm3%)7 (24)
n+1 2 2 1
F(,2a50+r00): N {Farooso+Fa25(2)+2FT§0+(2a$o7’00)/30} ; (25)

where we have used s, = to. Plugging (23), (24) and (25) into (22) yields

n— 1S m( 1) 1 L3 3 1 5 1 2
m n— — argnSo— —=T50— — QS0:0 — P0:0 — —
nt1 ImY oF 00;0 I 0050 — F2lo0T 0;0 — P0;0 Ia qoo
4 2 2 2 1
~ 7 a253 2a,35%+f042t0 +206(,0m5n8)F0450,00+FP07"00} . (26)

Further, we have

n—1
(n+1)2

1 1 1 1 2
=(n— 1){7"(2)0 + —a?si — Z2 70050 +pg — FPoroo + Faposo} (27)

Substituting (18), (26) and (27) into (21), we obtain the following formula for the
projective Ricci curvature of F = o+ :

PRic = “Ric + 2as"5.m — 2tgo — @™,

F2 370050 + Po} (28)

F2
Now we are in the position to prove Theorem 1.1.

PrROOF OF THEOREM 1.1. The proof of the sufficiency of the condition in
Theorem 1.1 is immediate. To prove the necessity, let us assume that PRic = 0,
or, equivalently, F?PRic = 0. By (28), we obtain

F?“Ric + 2F%as",,,, — 2F%tg — o> F*t"),
+ (n = D){=2aBs5 + 2F*a(pms"s) — Fpo,o — argoso + F2pg} = 0. (29)

Equation (29) is equivalent to

Esat +Z30° + E30% + E1a + Ep = 0, (30)
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where
Zy=—t", (31)
5 = 2[5, — Bt + (0= D)pmsTy) (32)
Ey = “Ric + 485", — 2too — ,Bthm +4(n —1)B(pms"y)
— (n = Dpoyo + (n— 1)pp, (33)
Z1 = 2B8°Ric + 285"}, — 4Btoo — 2(n — 1)Bsg + 2(n — 1)3%(pims")
—2(n = 1)Bpo + 2(n — 1)Bp; — (n — 1)rooso, (34)
o = [O‘Ric — 2tgo — (n — 1)po,o + (n — l)pg] 52 (35)

From (30) we obtain the following fundamental equations:

20t + 2502 + 5y =0, (36)
B3’ +E; =0. (37)

Rewrite (36) as
(2402 + E2)a? + Z = 0. (38)

Because o and 32 are relatively prime polynomials in y, by (38) and the definition
of =y it follows that there exists a scalar function A on M such that

“Ric — 2tgo — (n — 1)po0 + (n — 1)pZ = M(x)a?. (39)
Substituting (39) into (38) yields

g + 5 + Mx)B2 = 0. (40)
Besides, by (33), we have
Ey = AM@)a® + 485", — B2t +4(n — 1)B(pms"y).- (41)
Rewrite (39) as
“Ric = A(z)a? + 2tgo + (n — 1)[po.0 — pg]. (42)

Substituting (41) into (40) and by (31), we get

(A =t (@® + %) = —4B[s"5,, + (0 — 1) (pms")],

which implies the following:
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A=1t" (43)
8"0m = —(n = 1)(pms"0)- (44)

Further, by (42), (43) and (44) we obtain

Z1 =2t",0°B — (n — 1)so(roo + 2Bs0), (45)

Then, from (37), we get
80(’/"00 + QﬂSQ) =0.

From this we conclude that sg = 0 or rgg + 28sg = 0. This completes the proof
of Theorem 1.1. [l

4. Application: projective Ricci flat Randers metrics
with isotropic S-curvature

Let F' be a Finsler metric on an n-dimensional manifold M. Assume that
F is of isotropic S-curvature, i.e., S = (n + 1)cF. Then

S|m = (n + 1)CmF,
PRic = Ric+ (n — 1)coF + (n — 1)c*F?,

where ¢, := ¢,m and ¢y := ¢, y"". In this case, F' is a projective Ricci flat metric
if and only if F' is a weak Einstein metric satisfying

30
Ric = (n—1) (F + a> F? (47)
with 0 = —cg/3,0 = —c?.
Now, suppose that F' = « + 3 is a Randers metric of isotropic S-curvature,
S = (n+ 1)cF. Then, by Lemma 3.1 in [2], o and § satisfy
o0 + 2ﬂ80 = 20(0[2 - ﬁ2)7 (48)

that is,
Tij = —biSj — bjSi + QC(ai]‘ — blb])
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We have
r = —bQSZ‘ + 26(1 — b2)bi, (49)
g = —b%t; + 2c(1 — b%)s; (50)
and
qo +to = (1 — b%)(to + 2¢s0). (51)

From Theorem 1.1 and Theorem 1.2, we obtain the following result.

Theorem 4.1. Let F' = o + 8 be a Randers metric on a manifold M of
dimension n. Assume that F is of isotropic S-curvature, S = (n + 1)cF. Then
F' is a projective Ricci flat metric if and only if one of the following cases occurs:

(i) « and B satisfy the equations

O[:R,iC = tmmOl2 + 2t()() — (TL — 1)[8();() + S%], (52)
Sng;m = (n - l)to, (53)
o0 + 2580 =0. (54)

In this case F' is a Ricci flat metric.

(ii) o and 8 satisfy the equations

“Ric = t" a? + 2tgg — 2(n — 1)(2c¢2a? + ¢ B), (55)
s”&m =0, (56)
s0 =0. (57)
PRrROOF. Case 1: rog + 2850 = 0. Then, by (48), we know that ¢ = 0 and
ri = —b%s;, 1o = —b’s0.
Further, we have
0.0 = —2(7r0 + S0)s0 — b%s0.0 = —2(1 — b*)s3 — b?s0.0,
qo = —bQSms"é = —b%ty.

By Theorem 1.2, we get (52) and (53).
Case 2: so = 0. Now, by (48), we know that rog = 2¢(a? — 42) and

ri = 2c¢(1 —b%)b;, 1o = 2¢c(1 —b*)B.
Further, we have
ro0 = 2(1 = b*)(cof 4 2¢°a® — 62 57),
Go = "5y = 2¢(1 — bH)bps™ = 2¢(1 — b*)sg =0, to = 5,57 = 0.

By Theorem 1.2, we get (55) and (56). O
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As we mentioned in the first paragraph of this section, a Finsler metric F of
isotropic S-curvature with S = (n+ 1)cF is projective Ricci flat if and only if F is
a weak Einstein metric satisfying (47) with 30 + co = 0,0 + ¢ = 0. It is easy to
see that Theorem 4.1 is consistent with Theorem 7.1.1 in [4], which characterizes
weak Einstein Randers metrics. That is, we can also deduce Theorem 4.1 from
(5), (6) and (7) with 30 + co = 0,0 + ¢ = 0.
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