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On the oscillation of certain integral equations

By JOHN R. GRAEF (Chattanooga), SAID R. GRACE (Giza) and ERCAN TUNC (Tokat)

Abstract. The authors present conditions under which every nonoscillatory solu-
tion x of the integral equation

z(t) =e(t) — / (t—8) " k(t,s)f(s,z(s))ds, ¢>1, 0<a<l,

. c
satisfies

|z(t)] =O(t) as t— oo, ie., limsup

t—o0

< o0

l=®]
t

They also establish some sufficient conditions to ensure the oscillation of all solutions
of this equation. The results obtained extend previous results in the literature, and the
technique employed can be applied to some related integral equations that are equivalent
to certain fractional differential equations.

1. Introduction

Consider the nonlinear integral equation
t

(1) = e(t) —/(t— O k() f(s,2(s))ds, e¢>1, O<a<l, (L1)

C

where we assume that:

(i) e:[c,00) — R is a continuous function;
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(ii) k:[e,00) X [¢,00) — R is continuous, and there exists a continuous function
a: [c,00) = (0,00) such that

|k(t,s)| <a(t) forall t>s>¢

(iii) f : [e,00) X R — R is a continuous function, and there exists a continuous
function A : [¢,00) — (0, 00), and numbers A and v with 0 < A < 1 such that

0 < zf(t,z) <tV )|z for #0 and t>c.

We only consider those solutions of equation (1.1) that are continuable and
nontrivial in any neighborhood of co. Such a solution is said to be oscillatory if
there exists {t,,} C [¢,00) with ¢, — oo as n — oo such that z(t,) = 0, and it is
nonoscillatory otherwise.

Integral and fractional differential equations have gained considerably more
attention in the last several years due to their applications in many areas in
engineering and the sciences, such as in modeling systems and processes in physics,
mechanics, chemistry, aerodynamics, and the electrodynamics of complex media.
For more details, we refer the reader to the monographs of PODLUBNY [8] and
PRUDNIKOV et al. [9].

Oscillation and asymptotic behavior results for integral, as well as, integro-
differential equations and fractional differential equations are not very prevalent
in the literature; some results can be found in BOHNER et al. [1] and GRACE et al.
[3], [4], [5], [6]. There do not appear to be any such results for integral equations
of type (1.1). The main objective of this paper is to establish some new criteria
for the oscillation and asymptotic behavior of solutions of (1.1).

2. Main results

To obtain our results in this paper, we need the following two lemmas.
Lemma 2.1 ([9]). Let «, v, and p be positive constants such that
pla—1)4+1>0 and p(y—1)+1>0.
Then

¢
/(t — 5Pl DO Dgs =Bt >0,
0
1
where B := Blp(y—1)+1,p(a—1)+1], Bl(,n] = [s*~1(1—s)""ds, (€ > 0,7 > 0)
0
and 0 = pla+v—2)+ 1.
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Lemma 2.2 ([7]). If X and Y are nonnegative and 0 < A < 1, then
X~ (1-MY* - axy*1 <o, (2.1)

where equality holds if and only if X =Y.

In what follows, for any ¢; > ¢ and continuous function w : [¢,00) — (0, 00),
we let

gt t,w) = e(t) + ((1 — A)W(H)) a(t)

x / (t — )1 (sv—lw”“’” (s)h”“’”(s)) ds, (2.2)

ty1
for t > ¢;.

In our first theorem, we give sufficient conditions for any nonoscillatory so-
lution z of equation (1.1) to satisfy |x(t)] = O(t) as t — oo.

Theorem 2.1. In addition to (i)—(iii), assume that the following conditions
hold:

(Hy) There exists p > 1 such that
pla—1)+1>0 and p(y—1)+1>0;
(Hz) Let 6 = p(a+~v—2)+1, set

t9/Pa(t), if 6 >0,
m(t):{ a(t), 1 -

a(t), if <0,

and assume that m(t) is bounded on [c, 00);

(H3) Let b: [c,00) — (0,00) be continuous, ¢ = £5, and assume that

J b(s)ds < oo, if >0,
- (2.3)
[ %9/ (s)ds < oo, if 6 < 0;
(&
t;c,b
(Hy) \g(,7t6,)| is bounded on [c, 00).
If 2(t) is a nonoscillatory solution of equation (1.1), then
t
lim sup lz®)] < 00. (2.4)
t—o0 t
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PROOF. Let z(t) be an eventually positive solution of equation (1.1), say
x(t) > 0 for t > t; for some ¢t; > c. Let F(t) = f(t,x(t)). In view of (i)—(iii),
from equation (1.1) we have

t t1

£(t) < elt) + aft) / (t— )7 (s, 2(5))|ds < e(t) + alt) / (t - 5)° |F(s)|ds

c c
t

+ a(t) / (t — )" 5771 [A(s)2? () — b(s)a(s)] ds

+ a(t) / (t—s)* 17 b(s)x(s)ds. (2.5)

Letting

1/(A-1)
X = (h(s))" x(s) and Y = <ib(s)(h1/’\(s))>

in Lemma 2.2, we see that
h(s)z(s) — b(s)z(s) < (1 — M)A AN A=D () pt/A=N) (g),

So from (2.5), we obtain
ty

(1) < e(t) +a(t)/(t—s)a_1 F(s)|ds

c
t

+ (=MD () / (t=9)" " [N O ()N (s) | ds

t1
t

+ a(t) / (t —s)* "7 b(s)x(s)ds. (2.6)
ty
Using the fact that (t —s)*7! < (t; — )7L, (2.6) yields
ty

£(t) < alt) / (ty — 5)° 7 |F(s)| ds

c
t

+ |g(t;t1, )| + a(t) / (t— )" 7 b(s)ax(s)ds. (2.7

ty
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Thus, in view of conditions (Hs) and (Hy),
¢
2(t) =z(t) < C+Hal(t) / (t—5)*"" 7 b(s)2(s)ds,

t1
t

< 14+ C+Haf(t) / (t— )" 7 b(s)2(s)ds, (2.8)

t1

for some positive constant C'. Applying Holder’s inequality and Lemma 2.1, we

obtain
t t p /4 1/q
/(t—s)oy_1 77 (s)2(s)ds < /(t—s)p(a_l) PO~V /bq(s)zq(s)ds
t1 t1 t1
¢ 1/p /4 1/q
< /(t—s)p(afl) sPO=D s /bq(s)zq(s)ds
0 i
t 1/q
<@y | [as)
t1

where B := Blp(y — 1)+ 1,p(a — 1) + 1] and 0 = p(ae + v — 2) + 1. Hence,

t t 1/q

a(t) / (t —$)* 77 b(s)z(s)ds < BYPt0/Paft) / b9(s)29(s)ds

t1 t1
Clearly,
' 1/q
¢ B'/?B, (f bq(s)zq(s)ds> ,if 60 >0,
t1
a(t) / (t—5)1 1 1b(s)(5)ds < 5
¢
h B'/?B; (f se‘Z/pbq(s)zq(s)dS> ,if 6 <0,
ty

where B; and B} are upper bounds for t*/Pa(t) and a(t), respectively. Using this
inequality and the fact that

(x4+1)7 <277 (@ +y7) for 2y >0 and ¢> 1,
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(2.8) implies
21~ ((1 + C)9 + (B, B/P)1 qu s> , if6>0,
2(t) < (2.9)
t
2071 ((1 +CO) + (BiBYP) | s‘)q/PbQ(s)zq(s)ds> , it6<0.
ty
If we set u(t) = 29(t), P, =297 1(1 4+ C)4, and

201 (B, BYPYa, if § >0,

Q1(t) =
2¢-1(B:BY/P)1, if § <0,
then z(t) = ul/fI(t) and
t
P+ Q1 [ b(s)u(s)ds, it >0,
t1
u(t) < (2.10)

t
Pi+Qy [ 5997709 (s)u(s)ds, if & <0,
ty

for t > ¢;. By Gronwall’s inequality and condition (2.3), we see that u(t) is

t
lim sup & < 00
t—o0

bounded, and so

A similar proof holds if z(¢) is an eventually negative solution of the equation.
This completes the proof of the theorem. O

The following example illustrates the above theorem.

Ezample 2.1. Consider the equation

t

a(t) = tsint—/(t— s) %

(&

1
ts 2»
t2+1

h(s)s™ 7 |z(s)|* 2 (s)ds (2.11)

with ¢ > 1, p > 1, and 0 < A < 1. Here we have k(t,s) = ﬁsiﬁ,a(t): %’
g= Ly, a=1-g =y, pla-1)+1=5=p(y—1)+1and § =p(1— 4 +1—
ﬁ —2)+ 1 =0. Note that m(t) = a(t). We take b(t) = h(t), and assume that

¢
/hq )ds < oo and hmsup e /t—s % 5 2Ph( )ds | < oo.

t—o00
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Then all conditions of Theorem 2.1 are satisfied, so every nonoscillatory solution x
of equation (2.11) satisfies

t
lim sup & < 00.
t—o0

Next, we establish an oscillation result for equation (1.1).

Theorem 2.2. In addition to conditions (i)—(iii), (Hy)—(Hs) and (Hy), as-
sume that

J s1%(s)ds < oo, if6 >0,
‘ (2.12)
[ s99/Psab9(s)ds < oo, if § < 0.
If
li?i)inf g(t;c,b) = —oco and limsup g(t; ¢, b) = oo, (2.13)

t—o0
then all solutions of equation (1.1) are oscillatory.
PROOF. Since condition (2.12) implies (Hj3), the conclusion of Theorem 2.1

holds. Without any loss of generality, assume that t; > c¢ is sufficiently large so
that x(t) > 0 for ¢ > ;. From equation (1.1), we have

() = e(t)—/ (t— )%V k(t, ) (s, x(s))ds—/ (t— )"V k(t, ) (s, 2(5))ds
< e(t)—/ (t—s)* " k(t,s) f (s, 2(s))ds + a(t) / (t— ) 7 h(s)a N (s)ds.

Proceeding as in the proof of Theorem 2.1, we obtain (see (2.6))

£(t) < e(t) + aft) / (t — )7 |F(s)|ds

C

+ ((1 — )\))\’\/(1_’\)) a(t) /t (t— s)ail [s”‘lb’\/(’\_l)(s)hl/(l_’\)(s)} ds

+ a(t) /t (t—s)* 17 b(s)s (ds)) ds. (2.14)

S
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Applying Holder’s inequality and Lemma 2.1 gives

t1

2(8) < g(t:t1,b) + a(t) / (t1 — )L [F(s)|ds+

[

1/q
t
Bl/rpB, (f 57b7(s) (@)q ds) , if6>0,
t
+ ' (2.15)

1/q
BYPB; (f 599/ 50p4 (s) (r(j))qu> ., if0<0.
t1

Now, by Theorem 2.1, (z(t)/t) is bounded, so from condition (2.12), the last
two integrals on the right hand side of (2.15) are finite. Taking the liminf of
both sides of this inequality as t — oo, in view of condition (2.13), we obtain
a contradiction to the fact that x(t) is eventually positive. The proof, if = is
eventually negative, is similar. (I

The following corollary is an immediate consequence of the above theorem.

Corollary 2.1. Let condition (2.13) in Theorem 2.2 be replaced by

t
lim a(t) / (t—s)" (s'y_lb’\/()‘_l)(s)hl/(l_h)(s)) ds < 00, (2.16)
t—o0
and
liminf e(t) = —oco and limsup e(t) = co.
t—o0 t—o0

Then all solutions of equation (1.1) are oscillatory.
We conclude this paper with the following example.
Ezample 2.2. Consider the equation

t

et

2(t) :tcost—/(t—s)*i Lt%fﬂ)} sTEa3(s)ds. (2.17)

Here we have p = 2, A = 1/3, k(t,s) = ﬁiﬂ), a(t) = 1/t2, f(t,x) = t~3a3,
h(t)zl,qu,az%:'yandt?:O. If we take b(t) =t=2

/ 52b7(s)ds 2/ s7%ds < o0,
2 2
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and (2.16) becomes

1 [ I
lim — (t—s)_%s%dsg lim — (t—s)_ids<oo.
t—oo 12 2 t—oo t1 Jo

We see that the hypotheses of Corollary 2.1 are satisfied, and so all solutions of
equation (1.1) are oscillatory.

3. Concluding remarks

To see that the approach and results obtained here can be applied to frac-
tional differential equations, consider the initial value problem for fractional dif-
ferential equations of the form

D¢x = f(t,x), )

limy_, .+ Icl_o‘x(t) = Xy,

where D¢ is the differential operator of order o, 0 < a < 1, and I? is the
Riemann—Liouville fractional integral opeator given by

Px(t) = @/C (t —s)PLa(s)ds.

It is known that this fractional initial value problem is equivalent to the integral
equation
zo(t —c)* ! 1

) = e+ T / (t — 8)2"L f(s, 2(s))ds. (3.2)

Clearly, (3.2) has the form of our equation (1.1). Similar remarks can be made
for fractional initial value problems involving the Caputo derivative.

It should also be clear that it would be possible to obtain similar results for
equations withn — 1 < a < n.

Finally, it would be of interest to obtain results analogous to those in this
paper even in the case where A > 1 in condition (iii).
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