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Some remarks on the Cassinian metric

By PARISA HARIRI (Turku), RIKU KLEN (Turku),
MATTI VUORINEN (Turku) and XIAOHUI ZHANG (Joensuu)

Abstract. Some sharp inequalities between the triangular ratio metric and the
Cassinian metric are proved in the unit ball.

1. Introduction

Geometric function theory makes use of metrics in many ways. In the distor-
tion theory, which is a significant part of function theory, one seeks to estimate
the distance between f(z) and f(w) for a given analytic function f of the unit
disk B2, in terms of the distance between z and w, and their position in B?
[B1], [KL]. Distances are often measured in terms of hyperbolic or, in the case of
multidimensional theory, hyperbolic type metrics, see [GP], [HIMPS], [K]. Some
examples of recurrent metrics are the quasihyperbolic, distance ratio, and Apol-
lonian metrics, see [GP], [B2], [HIMPS]. In this paper, we shall study a metric
recently introduced by Z. IBRAGIMOV [I], the Cassinian metric, and relate it to
some of these other metrics. For this purpose, we first recall the definitions of
the hyperbolic metric of the unit ball B® in R™, and the distance ratio metric of
a proper open subset of R™.

1.1. Hyperbolic metric. Recall the definition of the hyperbolic distance
pen (x,y) between two points x,y € B™ [B1]:

2 e yPr AP - yP)
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Here th stands for the hyperbolic tangent function.

1.2. Distance ratio metric. Let G C R" be a proper open subset of R”, and
for x € G let d(z,0G) = inf{|x —y| : y € OG}. Then, for all z,y € G, the distance
ratio metric jg is defined as

_ - |z — y

This metric was introduced in [GP], [GO] in a slightly different form, and in
the above form in [Vul]. It is a standard tool in the study of metrics, see, e.g.,
[CHKV], HIMPS], [IMSZ], [K]. If confusion seems unlikely, then we also write
d(z) = d(x, 0G).

Lemma 1.1 ([Vu2, Lemma 2.41(2)], [AVV, Lemma 7.56]). Let G € {B",H"},
and let pg stand for the respective hyperbolic metric. Then, for all x,y € G,

ja(z,y) < pa(z,y) < 2jq(z,y).

In his paper [H]|, P. HASTO studied a general family of metrics. A particular
case is the Cassinian metric, defined as follows for a domain G C R™ and =,y € G:

r—y
co(z,y) = sup — 24!

S — (1.2)
zeaG |z — z||z — |

The term “Cassinian metric” was introduced by Z. IBRAGIMOV in [I], and the
geometry of the Cassinian metric including geodesics, isometries, and complete-
ness was first studied there. Another similar metric is the triangular ratio metric,
which we studied in [CHKV]. It is defined as follows, for a domain G C R™ and
z,y € G:

sg(z,y) = sup ] € [0,1]. (1.3)

z€0G x—z|+|z—y|
The triangular ratio metric is also a particular case of the metrics considered
in [H]. For the case G = B", this metric is closely related to the hyperbolic
metric as the following theorem shows.

Theorem 1.1 ([HVZ, 2.17)]). For z,y € B",

th PBn (4337 y) ) < th PBr (.T, y) )

S SBn (.Z',y 2
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We have been unable to find an explicit formula for sg2(x,y). In the special
case |z| = |y|, we will give such a formula in Theorem 3.1.

Very recently, the Cassinian metric and its relation to other metrics, in par-
ticular, to the hyperbolic metric, were discussed by IBRAGIMOV, MOHAPATRA,
SAHOO and ZHANG in [IMSZ]. Also geometric properties of the Cassinian metric
have been studied in [KMS]. One of the main results of [IMSZ] is the following
theorem.

Theorem 1.2 ([IMSZ, 3.1]). For z,y € B",

20D < (2.

Moreover, here equality holds for x = —y.

The equality statement was not pointed out in [IMSZ, 3.1], but it follows

from o]
x
o (@ —0) = T
because by (1.1), for z,y € B",
e (@y) [z —yl

2 VA= [z)(1 -~ [yP?)

Hence Theorem 1.2 is sharp. However, we will refine it in Section 2, see
Remark 2.1.

Our goal here is to continue this study. A part of this process is to compare
the Cassinian metric to several other widely known metrics such as the triangle
ratio metric and the distance ratio metric of the unit ball B”. The main result is
the following sharp theorem.

Theorem 1.3. Suppose that D is a subdomain of B"”. Then, for z,y € D,
we have

2sp(x,y) < cp(x,y).
In the case D = B", the constant 2 on the left-hand side is best possible.
Let us next compare this result to Theorem 1.2. The identity
t
V-t

together with Theorem 1.1, implies for z,y € B"

sh(artht) = t>0,

_ @Y arthsge () < shZ2E ) (1.4)
T— 55 (2,52 2
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In combination with (1.4), Theorem 1.2 yields for =,y € B"

Cgn (1’.7 y)

\V 1+ Cpn (Qj7y)2 .

We see that Theorem 1.3 gives a better bound than (1.5) for eg- (2,7y) < V/3.
Finally, we study the growth of the Cassinian metric under quasiregular
mappings of the unit disk onto itself.

spn(z,y) < (1.5)

Theorem 1.4. If f : B2 — R? is a non-constant K-quasiregular map with
/B2 C B2 and f(0) = 0, then

g2 (0, f(z)) < e™ B E) max{egs (0, 2)VE  ep2(0,2)},

for all = € B2.

2. Preliminary results

In this section, we will prove some sharp inequalities between the Cassinian
metric and the distance ratio metric. For this purpose, we need the following
technical lemma.

Lemma 2.1.
(1) The function f(x) = x~'log(1 + x) is decreasing on (0, 0).
(2) Let a > 0. The function

log ax

g(z) = I

a—z

is increasing on (0, 00).
(3) The function

log 1££
h(z) = 1
l1—x 1+x

is decreasing on (0,1).
(4) Let z € (0,1). The function

log (1+ %)

:log(lﬁ-WzHﬂ,))’

f(b)

is increasing on (0,2).
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PROOF.

(1) By [AS, 4.1.33], we easily obtain that for all > 0,

= —log(l+=x
fla) = T2 xf( ) <o

(2) Now, for all a,x > 0 by [AS, 4.1.33]

ax — (1 + log(ax))

/ —
g'(z) = (1= az)2 > 0.
(3) Recall first that log(1 + z) > 2%5’ for z > 0. Using this inequality, we see
that ( 2) -
2z — (1 + z¢)log £
/ _ 11—z
R (z) = 572 < 0.
(4) We have
o =a)log (145 ) + @ =2) = (2= 1AC 4
7 = bz—2)—(z—1)2)(1+b—2)C2 T B
where

C = log <1+ e —b1)2—bx))'

Because z € (0,1), we see that B < 0, and therefore it is enough to show
that A < 0. Now,

A/(b) _ (g; — 2) log (1 + (b-|— (m _b1)2 — bx)) ,

and
(x —2)(z—1)

(b(x —2) — (x —1)2)(1 +b—x)
which is negative, therefore A’(b) is decreasing and A’(b) < A’(0) = 0. Hence,
A(D) is decreasing and A(b) < A(0) = 0. O

A (b) _

For a domain G C R", we define the quantity

) _ =y
CG(‘xay) - |£L'—Z||Z—y|7

where z,y € G C R", and
z € OGN S™ (z,d(z)) such that |z — y| is minimal, if d(z) < d(y),
z € OGN S"(y,d(y)) such that |z — x| is minimal,if d(y) < d(z).

Clearly, for all domains G and for all points z,y € G, we have ég(z,y) < ca(z,y).
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Theorem 2.1. For all x,y € B", we have

jB"’ (l',y) < a‘log(l + cn ((,C,y)),

where

log (13
0= X 13152,
log (7{1_%;;; )

and a € (0,1) is the solution of the equation

1+t 142t —¢2

PROOF. By the definition of ég~(z,y), it is enough to show that

Jen(z,y) < alog(l + égn(z,y)).

Assume |y| < |z|, and denote ' = || — | — y|. Then by geometry,
log (1 + |1;1::|Z|\) log (1 + Qx_ﬁg“) log (1 + ‘f:z‘l)
| = o—y| - oy '
T—y T—y T—y
log (1 + <1—\z|>|y—e1\) log (1 + (1—\w\>|y'—e1|) log (1 + (1—|w|><|w—y|+1—|w|>)
If we denote b = |z — y|, then by Lemma 2.1 (4),

) = log (1 + ﬁ)

o b
log (1 + (1—\w\>(b+1—|w\>)

is increasing.
Thus,

) < f(2lz]) = ﬁ = m(|z)
- N log (1+2|x|—\x\2) o ’

-]z
The function m(t) attains its maximum when

1+t 142t —t?

and by numerical computation we see that m(|x|) has its maximal value m(«)
1.3152 = a when |z| = « ~ 0.6564.

O
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Remark 2.1. If we combine the results Lemma 1.1, Theorems 1.1 and 1.3, we
get that for all z,y € B", we have

Jen (x,y) < darth(cgn(x,y)/2).
Let a be as in Theorem 2.1. It is easy to check that for all £ > 0,
alog(l+1t) < 4arth(t/2),

which implies that Theorem 2.1 gives a better estimate than what we can get
from the results in Section 1.

The next two results refine [IMSZ, Corollary 3.5] and give a sharp constant.
Theorem 2.2. For all z,y € B", we have

jIB” (LU, y) < Cpn ($7 y)

Moreover, the right-hand side cannot be replaced with Aégn(z,y), for any A €
(0,1).

PROOF. We denote G = B", and may assume d(z) < d(y) and  # y. We
first fix |z|. Now, by writing ¢t = |z — y|/(1 — |z|) > 0, we obtain

) lz—y|
ja(z,y) 108 (1 +

1—|x\) _log(1+1) ‘ x
ealz,y) el T t 2|
a(z,y) Rl =] ||

Next, we fix |y—z/|z||, and by Lemma 2.1 (1) and the triangle inequality it is clear
that |z —y| > |y —z/|z|| — (1 — |z|). We denote s = |y —z/|z|| € (1 —|z|,1+ |z|],
and obtain

_ s—(1-le])
jale,y) _log(l+1) 18 (1 i )

1—[z] 6 log 1j‘z|
: (1D s
CG((E,y) t T (2] 1—[z] s

Since s < 1+ |z|, we have by Lemma 2.1 (2)

. 1+]a]
joley) _ loeRm _ g1
—_— 1 .
=l ~ T[]

Using these results, we find an upper bound for this quantity in terms of |z|, and

0 =
[

1—|af

obtain by Lemma 2.1 (3)

14|z 14|z
je(z,y) _ log i - log
- < — < lim ————— =1,
CG(£7 y) 1—|z] - T+ [z [z|—0

1—|z] ~ 1+|z]
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and the assertion follows.
Finally, suppose that A € (0,1) and jgn (z,y) < Aépn(z,y), for all z,y € B".
This yields

]
1— 2|

j]Bn(.’I},O) = log (1 + 1 |x| |> S )\é[ﬂgn(fﬂ,O) =A
—|T

Letting |z| — 0 yields a contradiction. (]

Corollary 2.1. For all x,y € B", we have

jIB" (Jf, y) < cgn (Z‘,y)

Moreover, the right-hand side cannot be replaced with Acgn(z,y) for any A €
(0,1).

3. A formula for triangular ratio metric

Tt seems to be a challenging problem to find an explicit formula for sg- (x, y)
for given x,y € B™. We shall give in this section a simple formula for sgz(a,b) in
the case when |a| = |b] < 1.

Theorem 3.1. Let a = o+ i3, o, > 0, be a point in the unit disk.
If |a — 1/2| > 1/2, then sgz(a,a) = |a|, and otherwise

_ s
sp2(a,d) = —————— <a| = Va2 + 2. 3.1
2(0,0) = s <ol = Va? £ (3.1)
PRrROOF. From the definition of the triangular ratio metric it follows that

(a, ) la — a| 2Im(a)
sp2(a,a) = = ,
B2 la—z|+|a—2z| |a—z|+|a— 2|

for some point z = u + iv. In order to find z, we consider the ellipse
E(c)={w:|a—w|+|a —w|=c},
and require that (1) E(c) C EZ, (2) E(c) N OB? # (), and the z- coordinate of

the point of contact of E(c) and the unit circle is unique. Both requirements (1)
and (2) can be met for a suitable choice of ¢. The major and minor semiaxes of
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the ellipse are ¢/2 and \/(c/2)? — 52, respectively. The point of contact can be
obtained by solving the system

{332 +y2 =1,

e i = 1

Solving this system yields a quadratic equation for # with the discriminant
D = 64(c® — 45%)(a®c® + B2(c* — 4)).

If the discriminant is positive, there are at least two points of intersection of the
unit circle and the ellipse. Because we are interested only in the case when there
are at most two points of tangency, we must require that D = 0. Because the
length of the smaller semiaxis 1/(¢/2)? — 2 > 0, we see that D = 0 only if

_ 2
%) +52'
In this case,
1 «

= —8ac’ = ——.

32820 T a2+ 2
The points {w = z + iy : © = 22 + y?} define the circle |w — 1/2| = 1/2, and we
have ;7977 > 1if and only if [a — 1/2] < 1/2,a = o+ iB. In the case 375 > 1,
the contact point is z = (1,0), whereas in the case < 1, the point is

T

o
a?+p?

a2+ﬁ27 O[2+ﬁ2

2 22 _ 2
z=(x,\/1—x2)=< < (o2 + 57) a>.
We now compute the focal sum ¢ in both cases:
2Im(z .
c= \/;fiﬁz = 2, ifla —1/2| > 1/2,

c=2la—(1,0)] =282+ (1 — )2, ifla—1/2|<1/2.

Finally, we see that

la —al

sp2(a,a) = =la|, ifla—1/2]>1/2,

otherwise

sp2(a,a) = lo—al _ p = fm(a) . O

¢ VB+(A-0a2 /(1-Re())?+ (Im(a))?
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Theorem 3.2. Let z,y € B2, with |x| = |y| and z € OB?, such that |y —z| <
|x — 2| and

£(y,2,0) = £(0,z,2) =~.

Then, cosy = (|z — z| + |y — 2])/2, and hence |y — z| < 1. Moreover, 0,z,y, z are
concyclic.

Figure 1. The ellipse with foci z and y, internally tangent to the unit
circle at z, |z| = |y|. The points 0, z, z, y are concyclic by Theorem 3.2.

PRrROOF. By the Law of Cosines,

|z|? = |z — 2|? + 1 — 2|z — 2| cos,

and
yl> = ly — 2> + 1 = 2|y — z[ cos.

Because |z| = |y|, these equalities yield

[z — 2| +y - 2|

cosy = 5

By Ptolemy’s Theorem, 0, x, z,y are concyclic if and only if

ly = zlle] + lylle — z[ =1 [z —y],
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which is equivalent to

r—=y
|yfz|+|xfz|:| | (3.3)

]

By Theorem 3.1, we see that

_ [z —y| _
532(xay) - |x—z\+|z—y| - |1‘|,

which proves (3.3). O
Corollary 3.1. Let D C B? be a domain, and let x,—x € D. Then

sp(x,—x) > |x|.
PROOF. It follows from Theorem 3.1 that
SD(177 —{E) > SBQ(:E7 _I) = |l‘| U

Theorem 3.3. Let x € (0,1), y € B2\ {0}, Im(y) > 0, with |y| = |z|, and
denote w = £(x,0,y). Then, the supremum in (1.3) is attained at z = e’ for

VIS

, if sin 5% > |z,

0= { w sin T2 w
o . - e
£5% Farcsin —A—, if sin 75 < |].

PRrROOF. By (1.3) and geometry, it is clear that the supremum is attained at
a point z = € with £(x,2,0) = £(y,z,0). We denote this angle by 7. Since
v =4(x,2,0) = £L(y,z,0) and |z| = |y|, we obtain by the Law of Sines

1 ozl 1

= = 4
sin(fm —0 —«v) siny sin(r—w-+60—7) 34)

which is equivalent to
sin(m — 0 — ) =sin(r —w + 0 — 7).

This has two solutions: ¢ = bor a+b =, wherea = 1—0—vyand b = 1—w+6—7.
The solution a = b gives

0= (3.5)

The solution a + b = 7 gives w = m — 2. In this case, by (3.4) we obtain

1 _ |z
(e ) ()
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which gives

sin 5
Trw arcsin ——2—. (3.7)

= E

We have two solutions: (3.5) and (3.7). Next, we find out which solution gives
the supremum in (1.3). First, we note that (3.7) is valid only for sin 75 < |z].

mT—w

Thus, for sin 5% > |z| we choose (3.5). In the case sin = |z|, both solutions

2
give § = ¢. Thus, in the case sin 75 > |z|, the supremum in (1.3) is attained at
y = eiw/?
Finally, we consider the case sin 5% < |z|. Let us denote 61 = %, 21 = €1,
. sin T=% .
0, = % — arcsin |$|2 and zo = €92, Moreover, let wy = £(0,z,21), w1 =

£(0,x,29), we = £(0,y, 22). Again by the Law of Sines, we obtain

|z — 2 1 1 22 —
g = frd = k 3.8
sin 6 sinw;  sinwy  sin(w — 6) b (3:8)
and 1
a1, (3.9)
sin & sin wo

By (3.6), we see that
ki = ———0~ m, -
sin (#5)
By (3.8) and (3.9), the inequality |z — 22|+ |22 —y| < |z — 21|+ |21 —y| is equivalent
to w

k1 (sin Oy + sin(w — 63)) < 2k sin 3

By substituting k1 and ks, it is enough to show that

]

( p w) < 1
—————~ o8 - = _—
sin (%) ) sin wo
which is, by substitution of 85, equivalent to the inequality

1

1< — .
Sin wo

Thus, in the case sin 75 < |z|, the supremum in (1.3) is attained at zo. [

Remark 3.1. By the assumptions of Lemma 3.3, if sin 75 > |z[, we attain

|z —y| -~ || sin §
T — ew/2| 4 |y — eiw/2| \/1+|x‘2—2|x\cosw/2.

SBQ(I7y) = |
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This formula is equivalent to (3.1), if y = Z, and thus, by Theorem 3.1 we collect
|z, cos(w/2) < |z,
spz(z,y) = || sin(w/2)
V1 22 = 2]z cos(w/2)’

where x,y € B?, |y| = |z| and w = £(z,0,y).
Note that the following inequalities are equivalent:

cos(w/2) > ||,

la— 3| < %, where a is as in Theorem 3.1, cos & > |z|, “L;yl <|z|\/1 - |z|?.

4. The proof of the main result

ProOOF OoF THEOREM 1.3. By a simple geometric observation, we see that

inf |z — —yl <1 4.1
Gof lr—wljw —y| < (4.1)

In fact, for given z,y € B™, let ’,3’ € B™ be the points such that y/ —2' =y —=x
and y' = —a’. Then the size of the maximal Cassinian oval C(x,y) with foci z, y,
which is contained in the closed unit ball, is not greater than that of the maximal
Cassinian oval C'(z’,y") with foci «’,y’, see Figure 2.

Figure 2. The maximal Cassinian oval C(z,y) is not larger than the
maximal Cassinian oval C'(z',y").
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This implies that

2
inf |z — —y| < inf |2 — =1 (el o
bz —wljw—yl < inf o’ —wllw—y| ( 5

Therefore, for x,y € D C B", we have that

inf — —y| < inf — —y| < 1. 4.2
Jof e —wllw -yl < inf |z —wllw -y < (4.2)
For z = y € D, the desired inequality is trivial. For z,y € D with x # vy, it follows
from the inequality of arithmetic and geometric means and the inequality (4.2)
that
i B B i — —

en(zy) T wl e —yl) . wip Vi —wllw —y|

2 2 inf (jz— —yl) = inf (jz— -

sp(e,y) ~ 2 inf (o—wllw—yl) = inf (o—ullo—y)

o e =l =D

e ——
nf (o —wllw —y))

> 1.

For the sharpness of the constant in the case of the unit ball, let y = —x — 0. It
is easy to see that both the inequality of arithmetic and geometric means, as well
as the inequality (4.1) will asymptotically become equalities. This completes the
proof. O

Corollary 4.1. Let D C R™ be a bounded domain. Then, for x,y € D,

2
CD(xay) > \/mdlam(D)sD(xvy)

PROOF. By the well-known Jung’s theorem [Be, Theorem 11.5.8], there exists
a ball B with radius y/n/(2n + 2)diam(D) which contains the bounded domain D.
Let f be a similarity which maps the ball B onto the unit ball B". Then, it is
easy to see that for all z,y € B,

. _ |z -yl _
|f(z) = f(y)] 1/ 2n + 2)diam(D)

By the definitions of the Cassinian metric and the triangle ratio metric, we have
that for z,y € D,

c¢rp(f(@), f(y)) = V/n/(2n + 2)diam(D)cp (2, y), (4.3)
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and
stp(f(x), f(y)) = sp(z,y). (4.4)
Since fD C B™, by Theorem 1.3 we have
cip(f(@), f(y)) = 2550 (f(2), f(y))- (4.5)
Combining (4.3), (4.4) and (4.5), we get the desired inequality. O

For some basic information about the Schwarz lemma, the reader is referred
to [Vu2]. In [BV], an explicit form of the Schwarz lemma for quasiregular map-
pings was given. In this Theorem, we use the well-known distortion function ¢ (r)
of the Schwarz lemma, see [Vu2], [WV]. We also need the distortion function for
K>1and 0<t< o0,

2
() = e (Vt/(1+1)) < K=K o (11K 1KY,

-k (V1) T
See [AVV, 10.24, 10.35].

Theorem 4.1 ([Vu2, Theorem 11.2,11.3], [BV, Theorem 1.10], [WV, Theo-
rem 3.7]). If f : B2 — R? is a non-constant K-quasiregular map with fB? C B2,
and p is the hyperbolic metric of B2, then

pr2(f(x), () < c(K) max{pze(z,y), psz (z,y)"/ X},

for all z,y € B2, where ¢(K) = 2arth (ng (th%)) < 1.3507(K — 1)+ K, and, in
particular, ¢(1) = 1. Moreover, if f(0) = 0, then for x € B?,

(@) < pre(la]) < 417K |2|VE.

Combining Theorem 4.1 with Theorems 1.1-1.3, we obtain distortion results
for quasiregular mappings of the unit disk into itself with respect to the Cassinian
metric.

Theorem 4.2. If f : B> — R? is a non-constant K-quasiregular map with
/B% C B? and f(0) = 0, then

Cp2 (07 f(l')) < ’17]((6]]32 (07 55)),

for all = € B2.
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PrOOF. By [I, Example 3.9B] and Theorem 4.1, we have
@ exlla)

cp2 (0, f(x)) = < . 4.6
=0T = T 761 = T gl o)
It follows from [AVV, Theorem 10.15] that
oK (|z]) vk (V1))
< =Nk \|T 1—| = Nk (CB2 Oux )
T S T s = e/ (1 ) = s 0.2)
which, combined with (4.6), gives the desired result. O

The proof of Theorem 1.4 follows easily from the above results.
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