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On distance functions induced by Finsler metrics
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Abstract. In this paper, we find the necessary and sufficient condition under which
a distance function is induced by a Finsler metric. Then, we study some analytical
properties of distance functions induced by Finsler metrics. Projectively flat Finsler
metrics on a convex domain in R™ are regular solutions to Hilbert’s Fourth Problem.
We find necessary and sufficient condition for a Finsler metric to be projectively flat
through its induced distance function.

1. Introduction

One of the important problems in Finsler geometry is to find interesting
properties of the distance function induced by a Finsler metric. Let of" be the
distance function induced by a Finsler metric F' on a manifold M. Then (M, o%')
is a metric space if F' is absolutely homogeneous, and it is a quasi-metric space if F’
is homogeneous. Quasi-metric spaces often occur in the investigations of metriz-
ability of topological spaces [9], [11], [12]. According to the Busemann-Mayer
relation, there is a one-one relation between Finsler spaces (M, F) and (quasi-)
metric spaces (M, of").

In [14], TAMASSY shows that an arbitrary distance function g is not necessar-
ily induced by a Finsler metric F', and then it needs not to be equal to of". This
means that the family of quasi-metric spaces {(M, g)} is wider than {(M, F)}.
Then he gives a necessary and sufficient condition for a quasi-metric ¢ to be equal
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to of', i.e., a (quasi-)metric space (M, p) to be equivalent (with respect to the
distance) with a Finsler space (M, F').

In [5], BURAGO—BURAGO—-IVANOV study the mentioned problem in the case
that one consider a Finsler metric as a length structure. Loosely speaking, their
analytical approach concludes that “a metric structure coincides with a length
structure (for example, Finsler metric) if one can travel between any two points
in the metric space in a way that two sides of triangle inequality get arbitrary
close enough. For more details, see [5, Theorem 2.4.16].

In this paper, we provide a simple criterion to derive significant properties of
the quasi-metric induced by a Finsler metric (Theorem 3.2). It is based on a simple
fact about geodesics: “a distance function increases at its highest possible rate,
along a geodesic”. First, we prove the mentioned fact (Proposition 3.1), and then
provide our criterion by means of so-called “parallelism property”, introduced
in [14, Propositions 3.1 and 3.2]. This not only gives a better understanding
on the relation between Finsler spaces and quasi-metric spaces, but also obtains
a suitable geometrical point of view about the geodesics that have been stated
before. Indeed, it provides a new presentation for a geodesic without any ODE
(though still footmark of derivation is obvious). Also, we find a kind of duality
results that can be applied if one needs to find Finsler metric associated with a
distance function (see Subsection 3.1).

A Finsler metric is said to be locally projectively flat if at any point there is
a local coordinate system in which the geodesics are straight lines as point sets.
The origin of the problem of projectively flat Finsler metrics is formulated in
Hilbert’s Fourth Problem that asked to determine the metrics on an open subset
in R™, whose geodesics are straight lines [6]. Let (M, F) be an n-dimensional
Finsler manifold, and o be the distance induced by F. Suppose that p,q € M
such that ¢ has a length minimizing geodesic to p. In Section 4, we show that
the rank of the matrix [QF(y,a;)]yW is equal to n — 1 (Lemma 4.1). Using this
fact, we find a necessary and sufficient condition for the quasi-metric induced by
a Finsler metric under which the Finsler metric is projectively flat (Theorem 4.2).

2. Preliminaries

Let p: A x A — R be a real function, where A is a nonempty set. Then
o is called quasi-metric if it satisfies the following conditions:

() oa,b) >0, Va,be A
(ii) o(a,b) =0 if and only if a = b;
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(iii) o(a,d) + o(b,c) > o(a,c), Va,b,c € A.
See [7], [11], [12] and [14].

Let M be an n-dimensional C'*® manifold. Denote by T, M the tangent space
atx € M, by TM = U,enT, M the tangent bundle of M, and by TMy = TM\{0}
the slit tangent bundle. A function F : TM — [0, +00) is called a Finsler metric
if it satisfies the following conditions: (i) F is C* on T'My, and is continuous
on TM; (ii) F(z, \y) = AF(z,y), YA > 0; (iii) ¢;; is a positive definite matrix,

where
_ 1 62F(1"07 y)2

W5 oy
9

and y = y° 5,7 is an arbitrary chart containing .

In [14], TAMASSY introduces the notion of “parallelism property” for an arbi-
trary curve. He proves the following result which simplifies parallelism property,
and we explicitly state it here for our further considerations.

Proposition 2.1. Let g : [a,b] — M be a C* curve, and p a quasi-metric
on a manifold M. Then g satisfies parallelism property if and only if

ol ol oI+
a(a,r) = E(S,T) = W(T,T) VMa<s<T<b),
where oI+ o1
I(Sat) = Q(Q(S),g(t)), W(Tv'r) = tl_lfg E(Tat)
PROOF. See the definition of parallelism property in [14, page 489]. O

In [14], it is shown that a quasi-metric induced by a Finsler metric has the
following properties:

(a) o(po, q) is continuous at py = ¢;
(b) o(po,q) is C* on a slit open domain containing po;

(¢) for every smooth curve ¢, the following limit exists:

do(po, c(t))

T a M
where ¢(0) = po. By the nature of directional derivative, it is easy to see that
the above definition is meaningful. Also F,(po, y) is continuous at y = 0, and
F,y(po,y) is C* when y # 0.

(d) The function F, defined by (1) is a Finsler metric.

If o does not satisfy one of the above conditions, then it is not obtained from

a Finsler metric. In the rest of this article, we suppose that every quasi-metric

F,(po,¢(0)) = lim

t—0t+

satisfies the above properties.
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3. Finslerian geodesics

Here, we state some results which are our special favourites because they
construct our viewpoint to the problem of the equality of Finsler metrics and
quasi-metrics. First, we give some new definitions.

Definition 3.1. Let A C R™ be a nonempty set. For an arbitrary positive
real number c, let us define

K%(A);:{A € (®")" | supAfe) < c}, ICM(A);:{A € (B")" | sup Afa) = c}.

Since R™ = (R™)*, it follows that

KM(A) = {x €R" | sup(z-a) < c}, IM(A) = {x €R" | sup(z-a) = c},
acA a€A
where “-” denotes the ordinary inner product on R".

A supporting hyperplane of a set A in Euclidean space R™ is a hyperplane
that has the following two properties: (i) A is entirely contained in one of the two
closed half-spaces bounded by the hyperplane; (ii) A has at least one boundary-
point on the hyperplane.

Let us put

Ry :=R" —{0}, (R")g:=([R")" —{0}, (R")g":= (R")™ —{0}.

Suppose that co(A) denotes the convex hull of the set of A. Then we have the
following.

Lemma 3.1. Let f : R — R be a smooth map with Vf # 0 on Rf, and

A = f71(b) C R} be a nonempty compact set. Suppose that co(A) is a strictly

convex set containing 0 and 8(CO(A)) = A. Then, for any ¢ > 0, the following

hold:

(i) For any functional A € (R™)§, there is a unique x € co(A) such that A(xg) =

SUD,eco(a) Ala) > 0 and z € A.

(ii) For each y € A, there is a unique supporting hyperplane of co(A) such as L
which crosses y, and V f(y) is a normal vector of L.

(iii) If A1, Ay € (R™)§ are not collinear, then they take their maximum on co(A)
at different points.

(iv) Let A =Y., \;A; be a convex combination of mutually different elements
of IM(co(A)) such that {\;}1<i<r # {0,1}. Then the following holds:

sup A(a) < ec.
a€co(A)
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(v) KM(co(A)) is a nonempty compact strictly convex set, and the following
holds:
OKM (co(A)) = 1M (co(A)).

(vi) Let A € (R™)* be the unique linear functional, which satisfies the following:
ker(A) = VF(y)*, Aly) =c,

for any € A. Then

sup Aa) =c.
acco(A)

(vii) Let a1,a2 € R = (R™)§* be not collinear. Then they take their maximum
on KM (co(A)) at different points of I} (co(A)).
(viii) The following hold:

KM (co(4)) = KM (4), 12 (co(A)) = 17 (A).
Also, the following map is a bijection from IM (A) to A:

max : [} (A) — A,
Av— 2z,

where A takes its maximum over co(A) at z, i.e., A(z) = c.

PROOF. (i) Let A denote the set of all non-zero elements of (R™)*. Suppose
that z € R™ is its dual (i.e., A(a) = z-a,Va € R™). Since d(co(A)) = A, it follows
that co(A) — A = int(co(A4)) contains 0. This means that there is a positively
scaled multiple of z in co(A) such that

sup A(a) > A(Az) >0, (for an A > 0).
a€co(A)

Compactness of A implies that co(A) is a compact set. This fact guarantees the
existence of xg with the following property

Alzg) = sup A(a). (2)

a€co(A)
Now, we are going to prove the uniqueness of xy. On the contrary, assume
that x; is another point in co(A) that satisfies (2). By assumption, co(4) is a
strictly convex set, and then there are elements in int (CO(A)) where A reaches its
maximum value on co(A). Let x5 be such an element. Obviously, for an € > 0,
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(1 + €)z5 remains in co(A), which is not possible. This contradiction implies the
uniqueness of xg.

(ii) The supporting hyperplane theorem states that if S is a convex set in the
topological vector space X = R"”, and zg is a point on the boundary of S, then
there exists a supporting hyperplane containing xo [4]. Since co(A) is a convex
set, the mentioned theorem implies the existence of a supporting hyperplane of
co(A) such as L which crosses y.

Let L’ be an arbitrary supporting hyperplane of co(A) that crosses y. If V'
is a normal vector of L', then we have

L'={zeR"|V'-z=aqa}

for a real number «. Since L’ is a supporting hyperplane of co(A), then, without
loss of generality (i.e., replacing V' with —V” if necessary) one can assume that
the following holds:

V' z<a, Vzéeco(d).

Let 7 : (¢,d) — A be an arbitrary smooth curve on A such that y(¢o) = y. Then,
we get
Vieyt) <a and V'-~y(t)) = a.

Let us put ¢(t) := V' - ~v(t). Then ¢'(¢p) = 0. In this case, we have
Vl ! Py(t()) = 03

where 4(to) is an arbitrary vector in TyA. By [3, Theorem 5.5], which is known
as preimage theorem, A is a regular submanifold of R” of dimension n — 1. This
means that T, A is a subspace of T,R"™ = R". It follows that

LI'=y+V*+=T,A

Since A = f~!(constant) implies that Vf(y) has the same property as V', it
follows that
L'=y+Vf(y* =T,A

This shows that V f(y) is a normal vector of every supporting hyperplane of co(A)
at y, and then T, A is the only possible supporting hyperplane of co(A) at y.

(iii) Let A1, A2 € (R™)§ be not collinear. We are going to show that they take
their maximum on co(A) at different points. On the contrary, suppose that there
is a z € co(A) where both A; and Ay take their maximum values on co(A). Let
z1 and 29 be duals of A; and As, respectively. It is easy to see that both of z; and
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z9 cannot be collinear with V f(z). Without loss of generality, suppose that z;
is not collinear with V f(z). Part (ii) shows that z + ker(A1) is not a supporting
hyperplane of co(A). Thus, co(A) has members in both sides of z + ker(A;).
This implies that there is an element in co(A) at which A; has greater value than
A1(2). This is a contradiction. Then, we get the proof.

(iv) Let A = >°7_; A\jA; be a convex combination of mutually different ele-
ments of I} (co(A)) such that {\;}1<i<, # {0,1}. We are going to show that
SUPgeco(a) Ala) < ¢ holds. On the contrary, suppose that A satisfies

sup Aa) > e
a€co(A)

Then, for a unique z € A, we get
D Aihi(z) = A(2) > ¢,
i=1

where A; € IM (CO(A))7 (1 <4 <r). Then A;(z) < c¢. This implies A;(z) = e
However, A;, 1 < i < r are different functionals in IM (co(A)), not collinear and
necessarily non-zero. These functionals take their maximums on co(A4) at the
same point, which is not possible.

(v) By the Cauchy—Schwartz inequality, the functional norms and Euclidean
norms coincide on R™. More precisely, ||A|| = ||z||, where z is the dual of A.
Let = € co(A) and Ay, Ay € (R™)*. Then, we have

[A1(z) = Aa(2)] < [[Ar = Mg x M,
where M := Sup,ccq(a) la]]. Without loss of generality, one can suppose that

Ai(z1) = sup Ai(a) > sup As(a) = Aax(z2), 21,22 € co(A).
a€co(A) a€co(A)

It follows that

| sup Ai(a) — sup As(a)| < Ai(21) — Aa(22) < Ag(21) — Aa(21)
a€co(A) a€co(A)

<A1 (21) = Aa(z1| < [[Ar — Azl x M.

It shows that
{g  (R")* — R

Av— SupaECO(A) A(a)
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is a continuous map. Now, consider A € K (co(A)) such that A ¢ I} (co(A)).
Then
sup A(a) < ec.
a€co(A)
Thus, for some sup,cqo(4) Ala) < € < ¢, we have A € (7'(0,€). This implies
that A is an interior point of K (co(A)). Therefore,

DKM (co(A)) C 1M (co(A)). 3)

Now, suppose that A is an arbitrary element of I/ (co(A)). Every neighbourhood
of A contains (1 + €)A, for an € > 0. Obviously, the following holds:

sup (14 ¢€)A(a) = (1+¢€)c. (4)
a€co(A)

By (4), we get (1+€)A ¢ KM (co(A)). Consequently, there is not any neighbour-
hood of A which lies in K (co(A)). Then

1 (co(4)) € 0K (co(4)). (5)

By (3) and (5), we get 0K (co(A)) = IM (co(A)).

KM (co(A)) = ¢7'0,d] is a closed set. Now, we are going to show that
it is a bounded set. On the contrary, suppose that KM (CO(A)) is unbounded.
By assumption, there is an €y > 0 neighbourhood of 0 such as N, (0) lies in co(A).
Let A € KM (co(A)) satisfy following:

2
] > =
€0

Obviously, there is a scaled version of the dual of A, namely z, such that ||z] =
€0/2. Clearly, z € co(A). Then we get

IAG)] = [l =] > e,

which is not possible. Thus, K (CO(A)) is a bounded set. Finally, we are going
to prove that K2 (co(A)) is a strictly convex set. Let Ay, Ay € K2 (co(A)).
If Ay, Ay € TM (CO(A)), then, by part (iv), we get the proof. Suppose that at least
one of them is not a member of I} (co(A)). By the similar method used in the
proof of (iv), one can show that the following inequality holds:

sup ()\Al +(1- A)Ag) (a) < max{ sup Ai(a), sup Ag(a)},
a€co(A) a€co(A) a€co(A)
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where 0 < A < 1. This means that

sup ()\Al +(1- )\)Ag)(a) <c,
a€co(A)

and thus
M+ (1= M)Az € int (KM (co(4))).

(vi) Let L be the unique supporting hyperplane of co(A) which crosses y, and
V f(y) be its normal vector as proved in (ii). We want to prove that the following
holds:
sup Aa) =c.
a€co(A)

On the contrary, suppose that sup,cco(4) A(a) # ¢. Then we have

sup A(a) > c.
acco(A)

This implies that for some z € co(A), A(z) > ¢ hold. Since A(0) =0, A(y) = ¢
and A(z) > ¢, it follows that y + L is not an affine supporting hyperplane. But
this is a contradiction.

(vii) With the same argument used in the proof of (i), one can show that a €
Ry = (R™)§* takes its maximum over K (co(A)) at a unique point in I (co(A)).
First, we prove that if o € A takes its maximum over K (co(A4)) at Ag, then
Ao takes its maximum over co(A) at yo. On the contrary, suppose that Ag takes
its maximum at y;. Let A denote a functional defined in (vi) considering yo, then
A(yo) = cand A € KM (co(A)). Since yo takes it maximum over K (co(A4)) at
Ao, it follows that
Ao(yo) > A(yo) = c.

Since y1 # yo, by (i) we get that Ag(yo) < Ag(y1). This contradicts with Ay €
KM (co(A)). Thus, our claim holds. Now, let us back to (vii), and suppose
that a; and as are two non-zero elements of R™ which are not collinear. Note
that every non-zero functional, with every positive rescaled multiple of itself,
over KM (CO(A)) reaches its maximum at the same point. Then, without loss of
generality, one can assume that a;,as € A. We want to show that a; and as reach
their maximum at different points of KM (CO(A)). On the contrary, suppose that
a; and ay take their maximum at A € I2(co(A)). On the other hand, A takes
its maximum over co(A) at a; and ae. This contradicts with (i), and we get the
result.
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(viil) KM (co(A)) = KM (A), and IM (co(A)) = IM(A) are simple consequences
of (i), which means that every functional takes its maximum at boundary.

(i) shows that max is a well-defined function. (iii) proves that it is an injective
one. By (vi), max is an onto function. This completes the proof. |

Now, we are going to consider some optimizing properties of geodesics with
respect to their tangent spaces.

Proposition 3.1. Let (M, F) be a Finsler manifold. Suppose that ey > 0,
and the curve ¢ : [a,b+¢eg] — M is the length minimizing geodesic from p = ¢(a)
to c(b+ ¢y) and g = c¢(b). Let V, be tangent to ¢ with the same direction at g,
ie., Vy = Aé for an XA > 0. Then, the following holds:

Ve.oF (p.x) > Vyof 0, 2), Vo €M, (6)

where o is the distance function induced by F.

PROOF. In the case of dim(M) = 1, it is easy to see that (6) holds. Then,
suppose that dim(M) > 2.

Without loss of generality, one can assume that A = 1, which means V, = ¢.
Then,

4 (1) ")

e po (), o L 0" (0, x),
and for an arbitrary 0 < € < ¢g, we have
o' (p,c(b+e€)) = 0" (p.q) + 0" (a, (b + €)).
By triangle inequality, for any p’ € M, the following holds:
o" (1, c(b+€) <o (0, q) + 0" (g, c(b+¢)).
Then,
o' (p,cb+e)) = 0" (p.a) = " (0, c(b+€)) — 0" (W', ). (7)

By dividing (7) to € and letting ¢ — 0, one can obtain

dt |, dt

t=b

Now, it is easy to see that the restriction A = 1 does not stop any progress in the
process of the proof. This completes the proof. ([l
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Proposition 3.2. Let (M, F) be a Finsler manifold. Suppose that (x,U) is
a chart of M containing ¢ € M, such that there is a unique length minimizing
geodesic that connects each two distinct elements of it. Let us put

o) ={perm| o ma=r}cy,
where r > 0, and let Ind,(F') denote the indicatrix of F' at g, which is given by
Ind,(F) := {V, € T,M | F(q,Vy) =1}.

Then, the following hold:

(i) Let V,, W, € Indy(F), p € ?T(q) and V;, be a tangent vector to the geodesic
passed from p to q. Then,

V.0 (p,x) > Wy.0" (p, x). (8)

(ii) The following holds:

L (Indg(F)) = { o™ (p,7)],_,

pe ?7'((1) } :

(iii) Let p € ?r(q), and py be an arbitrary element of U crossed by the geodesic
from p to q. Then
do” (p, )| ,_, = do" (po, )|

r=q"

90" (p,z)

In particular, =57~ is constant along the geodesic sufficiently close

|a::q
to q.
PROOF. (i) Let ¢ : [a,b] — M be a geodesic passed from p to ¢, and
parameterized by arc length. Thus ¢(b) = V. We have

do" (p, c(t))

B 1=V (pw) = " (p,0)],_, (V).

We are going to show that (8) holds. On the contrary, suppose that the following
holds:
Vy-0" (p,x) < Wy.0" (p, ).

Consider py € ?r(q) such that W, be a tangent vector to the geodesic passed
from py to q. Then, by Proposition 3.1, we get

W,.0" (po, x) > W,.o" (p/,x), Vp' € M.
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Then, we have
Wo.0" (po, ) > Wy.0" (p, x).

This means that
1 =Wy.0" (po,z) > Wy.0" (p, ) > V.0 (p.2) = 1,

which is a contradiction. Thus (8) holds.

(ii) Let V; € Indy(F). As mentioned in (i), there is a p € ?T.(q) such that
Vy is tangent to the geodesic passed from p to ¢ at point g. Then, for any other
elements of Ind, (F) such as W,, the following holds:

Voo (p,x) > W0 (p, x).
It is equal to the following:
dQF(p’ l‘) ‘x:q (‘/q> Z d‘QF(p7 .'L') |x:q (Wq) .

It shows that do® (p, x)|$:q = max~*(V,), where max is the function defined in
part (viii) of Lemma 3.1. Since max is a bijection and V; is arbitrary, we get the
proof.

(iii) Let us put

Bt (p',s) = {q’ eM| " (p.q) < s} cUu.

It is obvious that B (po,o(po,q)) € B (p,o(p.q)), and g is in boundary of
both sets. It follows that they have the same tangent hyper-plane at ¢, which
is the kernel of both do” (p, ) o
do* (po, x) ’at:q coincide on the tangent vectors of the geodesic from p to g at ¢, it
follows that dQF(p,a:)‘

. and dgF(po,:v)|I:q. Since dgF(p,:v)| and

r=q

= do" (po, x)|x:q. This completes the proof. |

r=q
It is remarkable that, by the proof of part (ii) of the previous proposition,
the following holds:

do (p,x)| _ = do" (po, )|

We will use (9) in the proof of Proposition 4.1.

=max (V). (9)

Remark 3.1. Let M := R? — D be equipped with the Euclidean metric g,
where D is the unit disc. Suppose that F' is the restriction of Riemannian metric
of R? on M. For every point p € M, there is a convex neighbourhood U, such
that p € U, C M. It is easy to see that QF|Up = 0|y, (see Part I'in the following
figure). But of" = o does not hold, generally. If we suppose that A = (—2,0)
and B = (2,0), then, obviously, 0¥ (A, B) # o(A, B) (see Part II in the following
figure).
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U,

B (2,0)

part 1 part 11

The following result (Theorem 3.2) is the most relevant result together with
[14, Theorem 3B|. Before stating it, we clarify our intention about “p is obtained
from F” (or “p induced by F”). Consider a Finsler manifold (M, F) and a
quasi-metric o on M. We say that g is obtained from (induced by) F' if every
point ¢ € M has a neighbourhood U, such that QF|Uq = Q|Uq. This point of
view has at least two major advantages. First, we do not require the existence
of a geodesic between any two points on the manifold. It is noted that this
restrictive assumption was used by Tamadssy in Theorem 3B. Second, in this case,
the important relation (1) remains valid.

Let M be a smooth manifold and g a quasi-metric on it. Suppose that p and ¢
are two distinct points in M. Define

Dy = { peM—{q} ( do(p',@)|,_, = delp,)],_, }

Then, we have the following.

Theorem 3.2. Let ¢ be a quasi-metric on a manifold M. Then g is induced
by a Finsler metric F := F, on M if and only if every element of M has a chart
(z,U) with the following property: for every distinct p,q € U there is smooth
curve ¢ : (ag,bg) — M with c(a) = p, ¢(b) = g for some ag < a < b < by such
that

Bc(to),c(tl) NnU = C((ao,tl)), YV to,t1: ag <tg <ty <b (10)

PROOF. Suppose that ¢ is induced by a Finsler metric F. Then one can
choose a collection (2 of charts of the manifold M such that, for every distinct pair
of elements in their domains, there is a unique geodesic (of F') connecting them.
Part (iii) of Proposition 3.2 shows that the above property holds for geodesics.
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Conversely, suppose that there is a collection €2 consisting of charts of M
which satisfies (10). Let (z,U) € Q and p,q € U, such that p # ¢q. Let ¢ :
(a,b) — M be a smooth curve that satisfies ¢(b) = ¢, and

Bc(to),c(tl) NnU = c((a,tl)), Vtg,t1: ag <tg <ty <b. (11)

First, we prove that c satisfies parallelism property. By Proposition 2.1, it is
sufficient to show that the following holds:

do(c(s), c(t)) do(c(to), c(t))

dt t=tq dt =ty
do(c(ty), c(t
= W gt (CLO <s<tg <t < b) (12)

Let us rewrite the first equality of (12) as follows:

a0(e(s), 7)) (e(01)) = do(elto), 2)],_ oy (¢402)).

which is completely known by (11). Also, we have

do(c(t1), c(t)) L do(e(t),c(t) _
T ‘t:t;r - tl_l)IEl— T - tl_lfg dQ(C(tl), l‘) ‘x:c(t) (C(t)) .
Then, we get

lim dQ(C(t1)73«”)|$:C(t) (C(t)) = lim dg(c(to),x”w:c(t) (c(t))

t—tf t—tf

iy Fo(etto) e() dQ(C(tO)vC(t))‘

= lim = .
ti}ti" dt dt t=t1

Thus c satisfies parallelism property. Now, we are going to show that o(p,q) =
o (p,q). By part (a) of Proposition 3 in [14], we get

o(p,q) < 0" (p,q).

Then, it is sufficient to prove that o(p,q) > of (p, ¢) holds. It is easy to see that,
as the following holds:

b cla),c
o(p.q) = o(c(a), c(b)) :/ w
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On the other hand, by the parallelism property and definition of F, we have

do(c(a), c(t)) _ do(c(s), c(t))
dt t=s dt

Therefore,
b
o(p,q) = / F(c(s),é(s))ds > oF (p,q).

This completes the proof. O

Now, we are going to find a special property of a distance function induced
by a Finsler metric.

Proposition 3.3. Let (M, F) be an n-dimensional Finsler manifold. Sup-
pose that € > 0, and the curve ¢ : (a,b+¢€] — M is a length minimizing geodesic
between c¢(t) and c(b + €), for each t € (a,b). Then, ¢(b) lies in the nullity of
82

oy, 2) , where t € (a,b). In other words, for every t € (a,b), the

8y761'z z=c(b), y=c(t)
following holds:

—0, (1<j<n) (13)

r=c(b), y=c(t)

zn: dct(t) ‘ 9?o(y, x)
p dt  li=b Oyiox’

PROOF. Let us consider arbitrary smooth curve v : (e,d) — M with p =
v(to) (e < to < d). Let V, := ¢(b). Clearly, by Proposition 3.1, the following map

{f . (e,d) — R
t— V:I.QF(’Y(t),SC)

reaches its maximum at to, which implies that f’(¢o) = 0. Then, we have

(Va) dt Oyl Ox'

z=q,y="/(t)

w—q,y—v(to)>] .

Since v is an arbitrary smooth curve on M and (V,)" = dcdgt) |t=p, we get (13). O

n ; 2 F
( i () 0% (y,x)

N ) "L 0% (y,x)
O_Zl dt ‘t:to X (ZU/ZZ) x Oyl Oz’

i=1
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As an immediate and simple consequence of Proposition 3.3, one can obtain
the following.

Corollary 3.1. Let (M, F) be an n-dimensional Finsler manifold, and c :
[a,b) — M be a length minimizing geodesic from p = c(a) to c(t), for each t €

do(y,c(t))

(a,b). Then, do(y,c(t))| _ is constant along c. More precisely, ‘ ‘ ,
y=r oy’ y=p

(1 <i < n) are constants along the geodesic c.

Proor. Let V}, € T,M be an arbitrary tangent vector. Then, we have

" Dol elt)
(el (5)) = (S o)

d 2?o(y, x de(t) ||
Cdt Z Z 8y’8m3 ’y:p,x:c(t) dt =0

=1 7j=1

Since V), is an arbitrary tangent vector, it follows that dg(y, c(t)) ’y:p is constant
along the geodesic c. O

3.1. Dual results. In the previous section, we find some relations between
length minimizing geodesics that passed from arbitrary point p in the manifold
to other point such as ¢, and consider the map p — do(p, x)|4=¢. In this section,
we are going to consider the map g — do(y, ¢)|y=p on the same geodesic and get
some similar results. Indeed, this section is devoted to the dual version of the
results obtained in the previous section. These results will be applied in the next
section.

Definition 3.2. Let A C R™ be a nonempty set. Then, for an arbitrary
negative real number ¢, let us define

K'(A):={A € (R")"| irelgA(a) >ch, IM(A):={A € R mf A(a) = c}.

By the same argument used in Lemma 3.1, and considering K™ (-A) =
Km

m(A), one can prove the following.

Lemma 3.3. Let f : R — R be a smooth map with Vf # 0 on Rj, and
A = f71(b) C R} be a nonempty compact set. Suppose that co(A) is a strictly
convex set containing 0 and 8(CO(A)) = A. Then, for any ¢ < 0, the following
hold:

(i) For any functional A € (R™)§, there is a unique x € co(A) such that A(xy) =
inf,eco(a) Ala) <0 and zp € A.
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(ii) For each y € A, there is a unique supporting hyperplane of co(A) such as L,
which crosses y, and V f(y) is a normal vector of L.

(i) If Ay, As € (R™)§ are not collinear, then they take their minimums on co(A)
at different points.

(iv) Let A = ";_, A\;A; be a convex combination of mutually different elements
of 1" (co(A)) such that {\;}1<i<r # {0,1}. Then, the following holds:

inf Aa) > c.
a€co(A)

(v) K (co(A)) is a nonempty compact strictly convex set, and the following
holds:
0K (co(A)) = I (co(A)).

(vi) Let A € (R™)* be the unique linear functional that satisfies
ker(A) = VF(y)", Aly) =c,
for ay € A. Then the following holds:
inf A(a) =c.

a€co(A)
(vii) Let that aj,as € Ry = (R™)§* are not collinear. Then, they take their
minimum on K" (co(A)) at different points of I7(co(A)).
(viii) The following holds:
K" (co(A)) = K'(A), 1 (co(A)) = 1(4),
and also the following map is a bijection from I" (A) to A:
{min : IZ”(A) — A
A— 2z,
where A takes its minimum over co(A) at z, i.e., A(z) = c.

By the same argument used in the proof of Proposition 3.1, we get the fol-
lowing.

Proposition 3.4. Let (M, F) be a Finsler manifold and ¢ > 0, also let
¢:[a—¢€b — M be the length minimizing geodesic from c(a — €) to ¢ = ¢(b)
and p = c(a). Suppose that V,, € T, My is tangent to ¢ with same direction at p
(i.e., Vp, = X¢, for an A > 0). Then, the following holds

V0" (y.9) < Vpo"' (y.q), Vdq €M,

where oF is distance function obtained from F.
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By the same method used in the proof of Proposition 3.2, one can obtain the
following.

Proposition 3.5. Let (M, F) be a Finsler manifold. Suppose that (x,U) is
a chart of M containing p € M, such that for each two distinct elements of U,
there is a unique length minimizing geodesic connecting them. Let us put

%
S,(p):={aeM | (p.g)=r}CU.
Then the following hold:

%
(i) Let V,,W, € Ind,(F) and ¢ € S,(p). Suppose that V, is tangent to the
geodesic passed from p to q. Then,

Vp.0f (y,q) < Wy.0F (v, ).

(ii) The following holds:
(_
™ (Ind, (F)) = {daF(y,q){y:p‘q € Sr(p)}-

%
(iii) Letq € S ,(p) and gy € U such that the geodesic passed from p to q crosses qq.
Then,

o™ (y,a)|,_, = o™ (y.@0)],_,, -

a
In particular, %Tfﬁf';’) |y:p is constant along a geodesic sufficiently close to p.

Note that the definition of Bp’q and Theorem 3.2 have their respective du-
als, also. But we do not need those for our further studies. To prove the dual
of Theorem 3.2, one should rewrite the whole of [14] with “reverse parallelism
property”. Here, we ignore to prove it.

Proposition 3.3 has its dual as follows.

Proposition 3.6. Let (M, F') be an n-dimensional Finsler manifold. Sup-
pose that € > 0, and the curve ¢ : [a — €,b) — M is a length minimizing
geodesic between c(a) and c(t), for each t € (a,b). Then é(a) lies in the nullity

82 P
f M , where t € (a,b). In other words, for every t € (a,b),

ﬁyﬂ&’c’ y=c(a), x=c(t)
the following holds:

" del (t)
>

j=1

5?2 F
o (v,7) =0, (1<i<n).
t=a ayJaxl y=c(a),z=c(t)
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By Proposition 3.6, one can conclude the following.

Corollary 3.2. Let (M, F) be an n-dimensional Finsler manifold. Suppose
that ¢ : (a,b] — M is a length minimizing geodesic between c(t) and q = ¢(b),
for each t € (a,b). Then, do® (c(t),x)|w:q is constant along c. In other words,
0oF (c(t),x)

oxt

Proposition 3.7. Let A := f~1(b) C R} be a nonempty compact set, where
f: R — R is asmooth map with Vf # 0 on Rj. Suppose that co(A) is a strictly
convex set containing 0 and d(co(A)) = A. Then, for every ¢ > 0, the following
hold:

(i) If y € A, then max ~*(y) = —min ~!(y) holds, where max and min are as

, (1 <14 <n), are constant along the geodesic c.
z=q

defined in part (viii) of Lemmas 3.1 and 3.3, respectively.
(i) IM(A) = —I™ (A) holds.

PRrOOF. (i) Obviously, the functional defined in part (vi) of Lemma 3.1 is
equal to max ~!(y). It is clear that the function defined in part (vi) of Proposi-
tion 3.3 is equal to — max ~*(y) and also min ~1(y).

(ii) Tt is a simple consequence of part (i). O
By Proposition 3.7, we conclude the following.

Corollary 3.3. Let (M, F) be a Finsler manifold. Suppose that ¢ : (a,b) —
M is a length minimizing geodesic from c(ty) to c¢(t1), for each a < tog < t1 < b.
Then, for each t € (a,b), the following holds:

do” (c(to), =) |Fc(t) — —do" (y,¢(tr)) yy:c(t), (a <ty <t<t; <b).

PrOOF. By Propositions 3.2 and 3.5, for a small enough r > 0, the following
hold:

pe 8. (ct)

g€ S, (c(t)

IIIVI(Indc(t)(F)) = {dQF(p7 'T)|m:q
17 (Indeo (F)) = {do" (v 0)],_,

Let p and ¢ belong to the range of ¢ such that o(p,c(t)) = o(c(t),q). Then, by
Corollaries 3.1 and 3.2, it follows that

do” (c(to), z) ‘m:c(t) = do" (p, ) |x:c(t) = max " (¢(t))
=—min " (&(t)) = —do" (v,0) | ,_ .y = —de" (v, c(t1)) | _ -

L
}.

Thus we get the proof. O
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4. Projectively flat Finsler metrics

Before mentioning our final result about the projectively flat Finsler metrics
(i.e., Theorem 4.2), we should explain that all results before Theorem 3.2 that
connect quasi-metrics and Finsler metrics involve the existence of special curves
between any two points of the manifold. In fact, these curves are nothing other
than geodesics. This situation has been changed in Theorem 3.2, from two as-
pects. First, Theorem 3.2 presents the geodesic. Second, it presents geodesics not
as the solutions of special differential equations but as preimage of some functions
which is fairly computable. For example, consider the Euclidean distance o on R™.
Then, we have

oly,x) = <Z(y7 _ xl)2> , 3@({(91,21‘) _ zt— yl.

Pt o(y, )

Now, we are going to find the length minimizing geodesic v from p € R" to
g € R" — {p}. By Theorem 3.2 and Corollary 3.1, if z be a point of 7, then the
following holds:

do(z,x)|s=q = do(p, T)|z=q-

Thus, we have

¢ -2 _ Oo(z,x) _ Odo(p, )

r=q 6931

o(z,q) Ox'

e=¢  0(p,q)

It follows that

Z=q — oz ){qipl} (1<i<n)
R V)
which obviously means that z lies on the straight line passed both of p and gq.
Here we find geodesics without solving any ODE.
Our result has some applications. For example, suppose that a distance
function is given and one needs to find the Finsler metric associated with it. One
can use the Busemann-Mayer relation

F(elto), é(to)) = Tim_ - oe(to), (1)),

+
t—td

where ¢ : (a,b) — M is an arbitrary smooth curve. But in this case, there are no
choices other than to calculate a derivation and get a limit at an obstacle point
on a curve (i.e., p is not differentiable at points of diameter of M x M unless it is
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Riemannian). It deserves that one finds that curve by itself, also. Alternatively,
one can calculate I{ (Ind,(F)) just by a derivation, and find Ind,(F) by the
same method used in the proof of part (vi) in Lemma 3.1.

We have studied IfVI(Indp(F)) and its properties so far. Now, we are going
to consider I (Ind,(F)) throughout the Finsler metric F. First, we prove the
following.

Proposition 4.1. Let (M, F) be an n-dimensional Finsler manifold, and o'
its associated distance function. Suppose that ¢ € M is in chart (z,U) and {dz*}
are duals of { 8% }. Then, the following holds

1M (Ind,(F)) = {Fi(q, y)da'ly € T,M, F(q,y) = 1}. (14)

In particular, if for some € > 0, ¢: [a,b+ €] — M is a length minimizing geodesic
parameterized by arc length from p = c(a) to ¢(b+ €), then the following holds:

_ 9" (p.2)

, (15)

z=q
where q = ¢(b).

PROOF. Since c is parameterized by arc length, we have ¢(b) € Ind,(F). We
are going to show that A := F; (q, c'(b))dxi is equal with max—! (c'(b)), where max
is the function defined in part (viii) of Lemma 3.1. Let w € T;My. Then, by
fundamental inequality (see [1, relation 1.2.3]), we have

Aw) = A (w’ 8?10’) =F (q,é(b))wi < F(q,w(b)).
If we suppose that w € Ind,(F'), then
A(w) <1,

and A(w) = 1 if and only if w = ¢(b). This shows that A = max~! (¢(b)), in
particular, A € I} (Indy(F)). Now, by the same method used in part (i) of
Proposition 3.2, we get (14).

By (9) and Corollary 3.1, we get the following:

do" (p, x)

- dzt
Oxt o

r=q

F; (q, c'(b))dxi =A= maxfl(c'(b)) =do(p, )|p=q =

which implies (15). O
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The problem of projectively flat Finsler metrics is quite old in geometry,
and its origin is formulated in Hilbert’s Fourth Problem: “determine the metrics
on an open subset in R"™, whose geodesics are straight lines” [6]. Projectively
flat Finsler metrics on a convex domain in R™ are regular solutions to Hilbert’s
Fourth Problem. Indeed, regular distance functions with straight geodesics are
projectively flat Finsler metrics. They are characterized by a system of ODE,
see [2], [8], [16].

In this section, we are going to state a result related to projectively flat
Finsler metrics. Let (M, F) be an n-dimensional Finsler manifold, and of the
distance arisen from F'. In Proposition 3.3, it is shown that rank of % is
at most n — 1. Before proving our last important result about the projectively
flat metrics (i.e., Theorem 4.2), we improve Proposition 3.3, and show that the
mentioned rank must be exactly n — 1.

Lemma 4.1. Let (M, F) be an n-dimensional Finsler manifold, and oF the
distance arisen from F'. Suppose that p,q € M such that q has a length minimizing
geodesic to every element inside a neighbourhood of p. Then the following holds:

ot ’y—p,m—ql " (16)

ProoF. Consider F, : T,M — R. Since F;(q,y)dy" # 0 holds for every
y # 0, by the preimage theorem [3, Theorem 5.5, it follows that Ind,(F') is a
regular submanifold of T, M.
Define
{1/} :T,M — T M,
y = dF(q,y) = Fi(q,y)da".

Then, we have ¥|nq, () = max ~1, where max is the function defined in part (viii)
of Lemma 3.1. Let D denote the differential map of ¥. Then, we get

9 - 9
v (50) =S o > Eulas s

where {8%1'} and {%} are basis for Ty M at y and Ty M at 1(y), respectively.
1

Since rank(Fj;) = n — 1, it follows that 1|14, (r) = max ~" is a diffeomorphism

from Ind, (M) to If”(Indq(M)).
Now, let us consider the following map:

f:M—{q} = T; M,

8 F , ’ .
P s —do" @)y = — 25| ot
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Existence of length minimizing geodesic from ¢ to p means that for a vy, € T, My,
exp(yp) == expyp(l) = p holds, where exp denotes the exponential map at q.
Then, by the inverse mapping theorem, exp is invertible on a neighbourhood
of y,. Therefore, on a neighbourhood of p, namely U, we have f|y, = 1o exp L.
Then, we get

Dyf =D, poD,exp

By the equation (5.3.6) in [1], we have rank(D exp) = n. This means that

rank (Dpf) = rank (Dp(z/J o exp ! )) =n—1.

Let (z,U;) and (z,Us) be two charts containing ¢ and p, respectively. Then
the following holds:

0\ of? o 0?0 (x,2)
=2 (azi) T oz0p Z DDz

where {%} is a basis for T; M at f(p) = —do" (,p)|s=q. This implies (16). O

9
z=p,x=q 6;1]3 ’

Now, we are ready to prove our final result on the projectively flat Finsler
metrics. More precisely, we show the following.

Theorem 4.2. Let F' be a Finsler metric on a non-empty open convex
neighbourhood U C R". Then, the length minimizing geodesic between every
two distinct points p,q € U is a straight line if and only if the following holds:

ker(Apq) = ker(A;q) ,

Y=n, w—q]

PROOF. Suppose that for every two distinct points in U the length mini-

where
0" (y,x)

Apg = dyi O

and A! denotes the transpose of A.

mizing geodesic between them is a straight line. Suppose that ¢ : (a,b) — U
is a length minimizing geodesic parameterized by arc length between two points
p = c(tp) and g = c(t1) (a < tg < t; < b). By Propositions 3.3 and 3.6, we have
¢(t1) € ker(Apg) and ¢(to) € ker(Aj,). Since c is a straight line, it follows that
¢(t1)]|é(to). On the other hand, since ¢ = c¢(s) is parameterized by arc length,
¢(t1) # 0 and é(tg) # 0. Thus, by considering rank(A4,,) =n — 1, we get

ker(Apq) = span{¢(t1)} = span{é(to) } = ker(4},).
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Conversely, suppose that for any two distinct points p,q € U, ker(A4,,) =
ker(Al ) holds. Let ¢ : (a,b) — U be a length minimizing geodesic between two
points p = ¢(tp) and ¢ = ¢(t1) (a < to < £1 < b), and that ¢ is parameterized by
arc length. By Propositions 3.3 and 3.6, we have

¢(t1) € ker(A4,q) and  ¢(to) € ker(AZq),

and since rank(A4,,) = n — 1, it follows that é(¢1)]|¢(tg). This shows that c is a
curve between two points such that its velocity vector has a unique direction at
any point. Obviously, ¢ is a straight line. This completes the proof. O
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