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Hilbert matrix operator on Besov spaces

By MIROLJUB JEVTIC (Belgrade) and BOBAN KARAPETROVIC (Belgrade)

Abstract. We show that if 0 < p < 0o, 1 < ¢ < 00, then the Besov spaces Hffl’}p
are not mapped by the Hilbert matrix operator H into the Bloch space B. As a corollary,

we have that the space VMOA is also not mapped by H into the Bloch space B. In [7],
it is shown that if a function f(z) = >, f(k)zk, holomorphic in the unit disc, belongs
k=0

to the logarithmically weighted Bergman space Afoga, a > 2, then ) Ii(fl) | < 00. We
k=0

show that this implication holds only when a > 1. In [7], it is also shown that if o > 3,
then H maps A%Oga into the Bergman space A%. We improve this result by proving that
H maps A?Oga into A2 when a > 2.

1. Introduction

The Hilbert matrix is an infinite matrix H whose entries are a,, ; = ﬁ
It can be viewed as an operator on spaces of holomorphic functions by its action

on their Taylor coeflicients. If

fz) =" fn)"
n=0
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is a holomorphic function in the unit disc D = {z € C: |z| < 1}, then we define
a transformation H by

=23

Let H(D) be the algebra of holomorphic functions in D. For 0 < p < oo
Hardy space HP is the space of all holomorphic functions f € H(D) for which

f 1z = [ fllp = sup My(r, f) < oo,
o<r<1

where

2w
Muo(r, f) = sup |f(re')|.

o<t<2m

2m %
My(r, f) = (1/ ‘f(reit)’pdt) , 0<p<oo;
0

The subspace of H* consisting of the functions which are also continuous
on D, equipped with the same supremum norm, is called the disc algebra. We de-
note it by A.

Recall that the space BMOA consists of the functions f € H' whose bound-
ary values f(e®) are of bounded mean oscillation on T = 9D, that is,

1 .
sup—/|f(e”)ff1|dt<oo7
r U Jr

where supremum is taken over all intervals I C T and

1 it
i =17 [ ety

1 .
lim — B — fldt=0
L \H/;'f(e ) — fi] :

then we say that f € VMOA. Here, as usual, |I| is arc length measure of the
interval I C T.

A function f € H(D) is said to belong to the mixed norm space HP'%%
0<pg<oo,0<a<oo,if

If

1
||f||Hm||f||pqa—(/ MG (1 — 7)o w) <o, 0<g<oo

| fllzpoee = || fllpoc,a = sup (L—7)*Mp(r, f) < oo
og<r<1
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The Lebesgue measure on D will be denoted by A, and will be normalized so
as to have A(D) = 1, that is,

1 1 .
dA(z) = —dxdy = —rdrdt, z=x+iy = re’.
v T

The Bergman space A? is the space of holomorphic functions in L?(ID,dA),
that is,

42— {f e HD): 111 = [ IF)PdAG) < oo}.

For ¢t € R we write D' for the sequence {(n+ 1)}, for all n > 0. If A =
{An}52, is a sequence and X is a sequence space (by identifying the holomorphic

~ ~

function f(z) = Y f(n)z"™ with the sequence {f(n)}52, we may consider the
n=0

spaces of holomorphic functions as sequence spaces), we write
AX ={{\axn}: {zn} € X}

For example, {a,} € D' if and only if ) lanl - . The space D*HP:%2, for
n=0

et
t # 0, will also be denoted by H”"“.

Among the spaces HP'9% 0 < s < 00, the spaces Hff;l are of independent
interest, and are known as Besov spaces for 0 < ¢ < oo, and as Lipschitz spaces
when ¢ = oo.

We note that in [8] the spaces of functions f € H(D) such that D"f €
HP4"=a (equivalently, f(™ € HP9"~®) for some (any) nonnegative integer n
such that n — a > 0, and where a € R, are called Besov spaces and they are
denoted by B24. Comparing with the notations given above, B2¢ = HP9~¢ for
a <0, and B2 = HVA! for a > 0.

The spaces Hffl’}p, 1 < p < o0, can be described as spaces of functions

f € H(D) such that
1
—2
/0 ME(r, f')(1 —7)P~2dr < oo,
or, equivalently,

/le’(z)Ip(l — |2|2)P2dA(z) < oco.

Obviously, H**" = B3> is the Bloch space B.



362 Miroljub Jevti¢ and Boban Karapetrovic¢
2. Hilbert matrix operator on VMOA

Hilbert matrix operator is not bounded on H®°, but it maps H*> into B
(more precisely, into BMOA). On the other hand, H does not map BMOA
1+1/p’ that is a
subspace of BMOA, except for p = 00, 2 < ¢ < 00, is not mapped into the Bloch

into B. We improve this. We show that the Besov space H?

space B by the Hilbert matrix operator H if 1 < g < co. As a corollary, we have
that the space VMOA is also not mapped by H into the Bloch space B.

The following well-known duality result will be needed (see [2]).
Theorem 2.1. If g € B, then

= lim Zf gy, fe Hll’l’l,

r—1

defines a bounded linear functional on H)'"" such that ||¢,|| < C||D"g||so c0.1-

Conversely, if p € (Hl L 1) then there exists a unique g € BB such that

for all f € H'"" and || D g||oo.001 < C|lgl].

Now we are ready to state our first result.

Theorem 2.2.
(a) If 0 < g < 1, then H maps Hffi/p, 0 < p < oo, into BMOA.
(b) If 1 < ¢ < oo, then H does not map Hf_fi/p, 0 < p < oo, into B.

PrROOF. (a) In [3], the following formula for H acting on H?, 1 < p, was
noticed:
Hf = P (MyCf),

where C'f(e™) = f(e™), Myu = bu, u € L>°(T), b(e®*) = ie=%(r—1t),0 < t < 2,
and P, is Szegd projection given by

1 [* u(e)
Pru(z) = 27r/0 1—ze~#

Since the space BMOA is the Szegd projection of L>°(T), we have that the
Hilbert matrix operator H acts as a bounded operator from H> into BMOA
(see also Theorem 1.2 in [7]).
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If0 < ¢ <1, then H?%' C H®"'. Now we prove that H*"" C A. Let

1+1/p
1
= [ Dso2)dp
0

f e H®"'. Then we have
To show that f € A, it is enough to show that the integral on the right hand side
converges uniformly with respect to z € D. But this follows from the estimate

1 1
/ le(pz)d,o’ < / My (p, D' f)dp, 0<r<1,zeD,

and the fact that fo ~(p, D f)dp < oo, see [5, Theorem 4, p. 754]. Thus
HP'%L C A, for 0 < ¢ < 1. Therefore, if 0 < ¢ < 1, then H : HW»1 — BMOA.

1+1/p = 1+1/p
(b) Tt is known that if 0 < p; < ps < oo, then Hﬁ_’f}p C Hﬁf}p We use

this fact below.
Case 1. ¢ = oo. In [7], it is proved that if f € B, then

(HPY (1~ |2) =0 (log 1_2||) . zeD.

This estimate cannot be improved as the function g(z) = log 17— shows. Let us
;00,1 s
prove that g € Hf_ff/p. Since
C
‘g(n)(z)’ <o b
we deduce for % <p< ﬁ, n>=2,
21 1/p
Cdt
g™ < sup (L—r)" 77 (/ 1= reitlme ) <C
0<r<1 o [L—ret|m
Since Hfff/; C H™ ! = B, we see that H does not map H1+1}p into B, and
that the estimate
,00,1
@I =0 (s 2 ) . s, fems,

cannot be improved.

1 1
Case 2. 1 < q < co. We may assume that -~ < p < —5, where n > 2 is a

y—1
positive integer. Let h(z) = <1og 132) , where 1 <y < 2and ¢(2—7v) > 1. We
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show that h € Hffi/ and Hh ¢ B. First, if f € H(D), then ||[D'TYPf|[, .1 < 00

if and only if || f™)||,, 4.n—1/p < 00. So it suffices to show that ||h(")||p,q,n_1/p < 00.
It is easy to see that

C
‘h(n)(z)’ < =, z€D.
1 - 2| (log 25)
Therefore,
1 2m dt L .
Hh(ﬂ)”g,q,n—l/p < O/ / ‘ e a/p(] — pyan=1/P)=1 gy
0 0 |1 — reit|np (log 13)
C/O @ <
(1—-r) log = T)

Here and above, we used the estimate

27
dt 1
_ = D 1.
| i O(uﬂ%*)’“>

Let f(z) = ——1——=. An argument similar to that given above shows
(172)(10g lfzz)

that f € H "' (see also [8] and [9]). On the other hand,

I Hh(n)r" = 1 t
Jlim nZ:Of(n) (n)r im / f(r
1 2 \"!
= lim 5 (log ) dt = oo.
=17 Jo (1 —rt) (log 1_2Tt> 1-t¢
Hence, Hh ¢ B by Theorem 2.1. O

Corollary 2.3. H does not map VMOA into B.
PROOF. By [8 Theorem 6.8, p. 186, we find that H;>*' C VMOA. On the

other hand, Hffl’/p C HX?*!' for 0 < q < 2. By applying Theorem 2.2, we
conclude that H does not map VMOA into B. O

Remark 2.4. In [7], it is proved that if f € Hffl’/p, 1 < p < oo, then

L

KHﬁwml|w—o<0%1jZY>,zeDm+ﬂ—mﬂ
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We do not know whether this estimate is optimal. We note that it follows from
Theorem 2.2 that it cannot be replaced with

((Hf)(2)] (1= 2]) =0(1), z€eD,

for every f € Hffl’}p, where 1 < p < 0.

3. Hilbert matrix operator on H! (resp. Hll’l’l)

Hilbert matrix operator H is not bounded on H'. We show that operator H
maps continuously H' into the space Hp"x”l/p/7 1<p<oo,p+p =pp, but
not into H?%Y?' for any 0 < ¢ < oo (note that H' ¢ HP@Y/e' < Hpool/p
1 < p,qg < 00). In fact, a little more is true.

Theorem 3.1. Let 1 < p < co and % + i = 1. Then
(a) H : H* — HPoo1/v'
(b) H does not map Hll’l’1 into HP%Y/?" | for any q € (0, 00).

In the proof we will use Theorem 2.1, Theorem 2.2 and the following duality
result ([8]).
Theorem 3.2. Let 1 < p,q < oo and a € R. Then the dual of space BE? is

isomorphic to the space B’i,,’f/, p+p =pp, q+ ¢ = q¢, under the pairing

<f.g>=> fn)an), feByt geB’y

n=0

where the series converges in the ordinary sense.
f(r) dr,

PROOF OF THEOREM 3.1. (a) Let f € H!'. Then Hf(z) = 01 p—
z € D. By using Minkowski’s inequality in the continuous form and Fejér—Riesz
inequality, we find that

L 1 [ dt Y/ C
M,(p, Hf) < — —] < TRy
(o, H) /0 If(r)ldr(%/0 |1Tpen|p) Hflll(l_p)l/p

(b) Since Hravl/v' C gral/v' if 0 < q1 < g2 < 00, We may assume

that 1 < ¢ < co. As usual, ¢+ ¢ = q¢’. Let f € Hf;r"{/’;, and assume that

Hg e HP%YP for any g € Hll’l’l. Then, for any g € Hll’l’1 the series

o0
=

> Hy(k)f(k)

k=0
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converges by Theorem 3.2, and therefore

NI T NN (k) -
(R)r* = 19(n),

for any r € (0,1). Thus

oo
Hg(k)f(k) = 1
2 Hy(k)7 (k) J{tZZHkH n)
k=0 =0 k=0
I L o
n=0k=0"" + k + ¢ n=0
Hence, by Theorem 2.1, Hf € B. This contradicts to Theorem 2.2 (b). |

Remark 3.53. (1) It follows from [7, Corollary 2.2] that
H:H' — HPo/v'+e

where 1 < p,q < oo and € > 0. Since HP¢1/P'+e > Fra1/p" Theorem 3.1 (b)
shows that conclusion
H: H' - gpraol/p'+e

does not hold for e = 0.

(2) Since H}'"' ¢ H' ¢ H}'*' ¢ HP21Y/?" where 1 < p < 00, as a corollary
of Theorem 3.1 we have that H does not map HLI’1 into Hl1 2 ', The same
conclusion could also be derived by using the fact that the dual of H;’ 121 g

isomorphic to Hy**", see [1] and Theorem 2.2.

4. Hilbert matrix operator on logarithmically weighted
Bergman spaces

It follows from Theorem 3.1 that H does not map H', a subspace of D'I' by
Hardy’s inequality, into H221/2 = A2, In this section, we provide some subspaces
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of D', the so-called logarithmically weighted Bergman spaces, that are mapped
into A% by H. We improve the results given in [7, Section 4].

For a > 0, we define the logarithmically weighted Bergman space Alzoga C A?

as follows:

2 (0%
M = {1 € MO, = [ 17 (lon 15 ) a4() < oc .

The norm ||f]| Az may be expressed in a different way, as the following
og
lemma shows.

Lemma 4.1. Let o > 0 and f(z) = 3. f(n)z" be a holomorphic function
n=0

o~
inD. Then f € Alzoga if and only if nz::O % log®(n+1) < oo.

PROOF. By using Parseval’s formula, we find that

o0

1
~ 2
2 _ 2 n (o4
11, = S 1T [ r10g" 2.

n=0

Now the lemma follows from the estimate

_ log™(n+1)

1

2

/ r" log® dr = , (4.1)
0 1—7r n+1

that we prove below.
A function ¢(t) = tlog® 2, 0 < t < 1, is normal. An argument used in the
proof of [8, Theorem 5.19, p. 163], shows that

e 1
/0 i drﬁ(b(nJrl).

Thus fol r"log® 2-dr < %. O

Remark 4.2. We are grateful to the referee who pointed out to us that a
similar argument based on the paper [10] leads to the same conclusion.

Remark 4.3. To keep the paper as self-contained as possible, we give a direct
proof of (4.1). First, we find that

1

1 1
2 1
/ 7™ log® dr > / ™ log® dr > log™(n + 1)/ rdr =
0 1—r . 1—r )

1
T nt1 T nt1
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:logo‘(n—H) (1 1\ < 1_1 log®(n+1)
n+1 n+1 - e n+1

On the other hand,

1
2
/ r" log® dr = S1 + Ss, (4.2)
0 1—r

where

and

Ifo<r< 1_7#1’ then 1~ < n+1, and therefore log® 12 < 2*log®(n+1)
for n > 1. Hence,

1- 4y 9 L=
S = / r" log® dr < 2%log®(n + 1)/ r"dr
0 L—r 0

o n+1 a a
:2alog (n+1) (1 1 ) <27log (n—&-l).

n+1 _n+1 e n+1

It is easy to see that

1 00
2
So < / log® dr = 2/ te~tdt.
1- L—r log 2(n+1)

1
n+1

For n > 2, partial integration gives

o) log® 1 1 a—1 1 e}
/ e tdr = 28 (n+1) ta2® (n+1) +ala— 1)/ t*2e7tdt.
1 1

og(n+1) n+1 n+1 og(n+1)
Continuing on this way, we find that
e log® 1
/ t%etdt < C’aw.
log(n+1) n+1
Hence,
log®(n+1)
Sy £ Cp————. 44
: o (14)
From (4.2), (4.3) and (4.4), we find that [, 1" log® ;2 dr < Cy 25t O
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In [7], it is shown that A7 o C D'I' for a > 2. Now we improve this.

Proposition 4.4. If « > 1, then Alog C DY'. For a =1, Alogl is not a

subset of D'I'.
PROOF. Let fe AZ ., where a>1. By Lemma 4.1, Z ‘f ”)l log“(n+1)< oo

Thus, by using Cauchy—Schwarz inequality, we find that

log®»

Z =f |+Z|,{
= |7n) (s : :
<If(0 |+<n§_:1 n+ “log (nH) (; (n+1)log“(”+1)> -

Now, let f(Z) = nzl log(n+1) lgg(log(n—&-l)) - Then

f log (n+1)

2
17152, <

1

5 < 00.
(n+1)log(n + 1) log”(log(n + 1))

i

On the other hand,

In [7], it is shown that if f € A} ., where a > 3, then Hf € A*. We also

improve this result.

= 1
g (n+1)log(n + 1) log(log(n + 1))

O

Theorem 4.5. If f € Aloga, where o > 2, then Hf € A2.

PROOF. Since
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By using Proposition 4.4 and Lemma 4.1, we find that

~ 2
— 1 | fk
H 22:
[H £l ;::Orwl kzzln+k+1
L k)P — 1
< log®(k + 1)
;n+1;n+k+1°g + ,;n+k+ 1) log™(k + 1)

< ClIfI%
||f\|Afoga7;n+1;(n+k+1)log (k+1)

00 1 oo 1 1

J— 2 —_— -
_O”f|Afogakz_:1kloga(k+l);<n+1 n+k+1>
. 2 - — —
=ClIfll%z,, kz::l P (1 1) (1+ gt k)

oo

1
< ClIfI1A ——a— < 00,
1%z .. ; klog® ! (k + 1)

because a« — 1 > 1, or equivalently a > 2. O

H maps continuously A?

(1]
2]
(3]
(4]
(5]

[6]

[7]

(8]

Remark 4.6. We do not know whether there exists o € (1,2] such that

fog® into A2,
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