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Congruences for Catalan—Larcombe—French numbers

By XIAO-JUAN JI (Suzhou) and ZHI-HONG SUN (Huaian)

Abstract. Let {P,} be the Catalan-Larcombe-French numbers given by Py = 1,
Py =8and n?P, = 8(3n* —3n-+1)P,_1 —128(n—1)?P,_2 (n > 2), and let S,, = P, /2".
In this paper, we deduce congruences for Syp, Snpr1 (mod p*), Smpr—1 (mod p™) and
Smpr+1 (mod p2r), where p is an odd prime and m,n,r are positive integers.

1. Introduction
Let {P,} be the sequence given by
P() = ]., Pl =8 and
(n+1)2P,1 =8(3n*+3n+1)P, — 1280n°P,_; (n>1). (1.1)

The numbers P, are called Catalan—Larcombe—French numbers, since CATALAN
first defined P, in [C], and in [LF1] LARCOMBE and FRENCH proved that

[n/2] 2 n (2k\2 2n—2k\2

() () -2 o
where [z] is the greatest integer not exceeding z. The numbers P, occur in the
theory of elliptic integrals, and are related to the arithmetic-geometric-mean.
See [LF1], and A053175 in Sloane’s database “The On-Line Encyclopedia of In-
teger Sequences”.
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Let {S,} be defined by

S() = 1, Sl =4 and
(n+1)2Sn41 = 4(3n® + 3n +1)S,, — 32n%S,_; (n > 1). (1.3)

Comparing (1.3) with (1.1), we see that
P,
n = —. 1.4
Su= 1t (1.4

In 2009, ZAGIER [Z] noted that
[n/2] 2
_ 2k N\ _ok
- () () s

In this paper, we investigate the properties of S,, instead of P,, since S,, is an
Apéry-like sequence. As observed by V. Jovovic in 2003 (see [LF2]),

"L /n\ (2K (2n — 2k
Sn—Z(k>(k>(nk> (n=0,1,2,...). (1.6)
k=0
Recently, Z. W. Sun stated that (see A053175 in Sloane’s database OEIS)

S o1 ] e AN ISR

k=0

The first few values of \S,, are shown below:
So=1, S1=4, S,=20, S3=112, S4=676, S5=4304,

Se = 28496, Sy =194240, Ss= 1353508, SS9 = 9593104.

Let p be an odd prime. In [JLF], JARVIS, LARCOMBE and FRENCH proved
that if n = a,p" + -+ 4+ a1p + ap with ag,a1,...,a,. € {0,1,...,p— 1}, then

P,=P, - P, P, (modp). (1.8)
In [JV], JARVIS and VERRILL showed that

P,=(-1)"128"P, 1, (modp) for n=0,1,...,p—1, (1.9)
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and
Pppr = Pppr—1 (mod p") for m,r € Z7T, (1.10)

where Z7T is the set of positive integers. In [OS], OSBURN and SAHU stated that
Spnpr = Spppr—1 (mod p*")  for m,r € ZT. (1.11)

For a prime p, let Z, denote the set of those rational numbers whose de-
nominator is not divisible by p. Let p be an odd prime, n € Z, and n # 0,—-16
(mod p). In [S2], the second author proved that

N 2k S, nin+16)\ 2= 2k 2 ;;k
Z(’f)(nﬂLle)’fE( - )>Z(k,)l2£ s (mod p), (1.12)

k=0 p k=0

where (2) is the Legendre symbol.
Let {E,} be the Euler numbers given by

" /on
FEop1=0, Eg=1 d Es, =0 >1).
2n—1 0 an kzzo(%> 2k (n )

Suppose that p > 3 is a prime, n € ZT and p{n. In this paper, we show that
Spp = S+ 8n28,_1(—1)"7 p?E,_s (mod p?). (1.13)
We also determine S,,,+1 (mod p?), and show that for m,r € Z™,

Spmpr41 = 4(mp” + 1)1 (mod p*")  and

p—1

Smpr—1 = (=1)"2Z Sppr-1-1  (mod p"). (1.14)

Throughout this paper, ord,n is the unique nonnegative integer o such that
p% | n and p>t1 tn.

2. Basic lemmas

Lemma 2.1 (Lucas theorem [M]). Let p be an odd prime. Suppose a =
ap” +---+aip+ag and b =b,.p" + --- + byp+ by, where a,,...,a9,by,...,by €

{0,1,...,p—1}. Then
()= () () man
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Lucas theorem is often formulated as follows.

Lemma 2.2 ([M]). Let p be an odd prime and a,b € Z*. Suppose ag, by €
{0,1,...,p—1}. Then

()= () () oan

Lemma 2.3 (Ljunggren’s congruence [M, (22)]). Let p > 5 be a prime and

m,n € ZT. Then
(mp) = <m> (mod p?).
np n

Lemma 2.4 ([Su, Lemma 2.1]). Let p be an odd prime and k € {1,2,...,p—

1}. Then
<2k> (Q(p— k:)) |2 (modp?) ifk<?Z,
k p—k ) %’ (mod p?) ifk > %.
Let {B,} be the Bernoulli numbers defined by By = 1 and ZZ;S (\)Br =0
(n > 2). It is known that Boy 1 = 0 for k € ZT. For m,n € ZT, it is well known
that
"ikm_ 1= (m+1
— m+1 k
By the Staudt—Clausen theorem, By, € Z,, for 2k # 0 (mod p—1), and pBay, € Z,,
for 2k =0 (mod p —1). See [MOS].
Let {E,(z)} be the Euler polynomials given by

Ep(z) = 2% i (Z) 2z — 1)"* B,

k=0

)Bmﬂknk. (2.1)

Then E, = 2"E,(3). It is known that (see [MOS])

Lemma 2.5 ([S1, Lemma 2.2]). Let p be an odd prime, a € Z,, a # 0
(mod p) and k € {1,2,...,p—2}. Then

—~

a)p —k
-1 2% —1)B,—
(1" _ @ FoUB,

= Pk (~1)@r B,y y(~a) (mod p),

I
—

Il
N |

T

where (a), € {0,1,...,p — 1} is given by a = (a), (mod p).
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Lemma 2.6. Let p be an odd prime, k,m € Z" and § < k < p. Then

(1) (Z)E) i

Proor. Clearly,

Cm+1Dp(2m+1p—1)---(m+p+1)(m+1)p

(mp)!
_(@m+1mx%w) (m+1p) L+ 1) (rp+p—1)
p-(2p)-- (m ) [ rp+1) - (rp+p—1)

2

3

p(2m +1)

m 1

[[Zg p+1)---(rp+p—1)

I
=p2m+1) (2’”) p=— D™ —p(2m+1)<27::> (mod p?).

m —1)lm

> 7" m+1(rp+1) (7”]9+p7 1)

Thus,

2mp+2k\ _ 2m+ Dp(Cm+Dp—1)---((m+Dp+1(m+1)p
mp+k | (mp)!

o 2mp+2k) - Cmp+p+1)((m+1)p—1) - (m+1)p—(p—1-k))
(mp+1) - - - (mp+k)

= p@m+ 1) <27;n> (2k)2k = 1) (p+ D(p—D(p—2) - (k+1)

k!
=(2m+1) (277;1) (2:) (mod p°).

This proves the lemma. O

Lemma 2.7. For any positive integer n, we have
" (n—1\ (2K (2n — 2k
= () (005
k=1
PROOF. Since we have, replacing k by n — k for the first equality,
- 2k\ [2n — 2k - n\ (2k\ (2n — 2k
= 2 — —
pee=n(i) () (i) - e -0 = () (0) (24
=0 k=0
- n\ (2k\ (2n — 2k
>ee-n3) (5) (5 4)
k=0
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Zn:(zk —n) (Z) (2:) (22 - 2k> —0, (2.2)

we see that

and so from (1.6)

- n\ (2k\ [2n — 2k L /n =1\ [2k\ [2n — 2k
s =3 2() () (h) = (000) () )
k=0 k=1
This yields the result. O

Lemma 2.8. Let m € Z and k,n,p € Z*. Then

(mpT - 1) B (_Uk,[%] (mp’”1 - 1) ﬁ (1 B mpr)
k (k/p] ) 3 i /)
pti
and - =1 np—1 mp’”
— (—1)"r=D) (1 - )
(o) = (") IO
pti
Proor. Clearly,
mp"—1\ ﬁ mp” —i ﬁ mp” — i [ﬁ] mp" — pi
k - i e i : i
1=1 i=1 =1
pli
k R/ k r r—1
_ mp" —1 mpTT k] _mp mp" " —1
_.H i H =D H<1 i )X( [ /p] )
=1 =1 =1
pfi pfi

establishing the first identity. Taking k = np — 1 in the above, we see that

r T r r—1 r—1 np—1 T
mp"\ _mp" (mp -1 _mp mp" -1 X(fl)npflf(nfl) H <limp )
np np \ np—1 n n—1 bl i/
pli
This yields the second identity. O

Lemma 2.9 ([SD, Proof of Lemma 3.2]). Let m,n € Z*. Then

()

n

<m> (14 9mn? — 9m?n) (mod 27).



Congruences for Catalan-Larcombe-French numbers 393

Lemma 2.10. Let p be an odd prime, r,m € Z*+, and s € {0,1,...,mp"~'}.

Then .
<mp ) = <mp ) (mod p*").
sp s

PRrROOF. Clearly, the result is true for s = 0. Now, we assume s > 1. By

Lemma 2.8,
mpr mpr—l sp—1 mpr B mpr—l TSp_ll o
(o )= JILC =" ) 5) s
1= 1=
pti pti

Let ¢(n) be the Euler’s totient function. Set | = ord,s and s = p'sq. Since
B = —%7 Bosi1=0(s>1), pBy € Z, and o(p!*t1) > 1+ 2, we see that

(pl+1)
TR () 141
o(pi*1) ( (s0p" 1) Bypreny
i=1
(') /2 1+1
I+1y 1 p
. (Sopl—i_l)w(p ) lBl+ ( l+1) <§0(2] )) (80pl+1)23B (pl+1)—2;

j=1

)(SOpl“)z“ X pBypii1y_a; =0 (mod p'*1). (2.3)
j=1

Ifi>r—1,thenr+1+4+ 12> 2r, and so

()= (e ED= (1) s

pti

r—1 r—1 r—1_

If0<I<r—1,then (" ) =22 (" =) =0 (mod p"'~'), and so
r r—1 r—1\ Sp—1 re1

mp"\ _ [mp - [P 1 /mp o
= - - = d .
()= )= () 5= (") meas

Pl

This completes the proof. ([l
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Lemma 2.11. Let p be an odd prime, r,m € Z*, and s € {0,1,...,mp"~'}.

Then
() ECn=5)

(M) CUmD) (1 +9m)  (mod prt?) ifr=1andp=3,
- (mp;: 1) *%) (Z(TZZL 11_;)) (mod p"+2)  ifr >1orp> 3.

PRrROOF. Clearly, the result is true for s = 0. Now, we assume s > 1. For
r = 1, the result follows from Lemmas 2.3 and 2.9. Now, assume r > 2. If p{ s,

r—1 r—1 r—1 _ 1
then (mp ) =P (mp ] ) =0 (mod p"~'). By Lemmas 2.3 and 2.9,
s s 5—

2sp\ (2(mp"~t —s)p _ 25\ (2(mp"~t —s) (mod p?).

sp (mp—t —s)p s mp™—l —s
Thus, the result is true when p { s. Now, assume that p | s, | = ord,s and
s =p'sg. For 1 <1< r —1, using Lemma 2.10 we see that

()G 0) = ()R 0) s

Since (™7, ) = b ("P 1_1) =0 (modp ' Handr—-—1—-1+20+2 =

plso s—1

r+1+1>r+2, the result is true in this case. For [ > r — 1, we see that p" | sp
and p" | (mp"~! — s)p. Thus, applying Lemma 2.10 we deduce that

() C ) G2 e

As 2r > r + 2, the result is again true. The proof is now complete. O

Lemma 2.12. Let p be an odd prime, m,r € Z* and k € {0,1,...,mp"}.
Then N 5
mp” — . -
k(k)( mp — k >_O (mod p").
Proor. Clearly, the result is true for & = 0. Now, we suppose k > 1.

Suppose s = [%] and t =k —sp. Thent € {0,1,...,p—1}. We first assume p { k.
That is, t > 0. Let us consider the case r = 1. By Lemma 2.2, for 1 <t < £,
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() - () )

2K\ (2(m —s) =1\ (p—2t\ _
() Cn =6 =0 e
and for t > &,

(2:) (2%_—:)> _ ((23 + i;pj—tQt - p> (2(7:;__:))
DI

Thus, the result is true for r = 1.

3

Now, assume p { k and r > 2. Suppose that forn < rand k € {1,2,...,mp"—

<2:> <2m":kk)) =0 (mod p").

When p | s, by the inductive hypothesis we have

25\ /2mp" 1 — 25 — 2
<s>(mp s )(Qmpr_l—Qs—l)p

s mp'—l —s—1

1 2 2\ [2mp" ! — 25 —2
_ st (2mp™~t — 25 —1)p 5t mp) 5
2(2s+1) s+1 mpr—l —s—1

1} we have

0 (mod p").

When pt s, by the inductive hypothesis we obtain

(25) <2mp’"1 — 25— 2> @mp’t — 25— 1)p

s mpr—! —s—1

r—1 _ 2 2 r—1 2
_ mp28p( 8)( mp 8) —0 (mod p').

s mp™—1 —s
Suppose k € {1,2,...,mp" —1}. For t < &, from the above we see that
2k\ [2(mp" — k)
k mp” — k
~(2sp+2t\ (2mp"t =25 —L)p+p—2t
-\ sp+t (mpr=t —s—1)p+p—t

25\ (2mp"~1t — 25 — 2 1 o -
(s)<mp’“—1—s—1>(2mp —2s—1)pQ =0 (mod p"),
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and for t > £,

2K\ (2(mp" — k)

o)
(@2s+1)p+2t—p\ [(Cmp Tt =25 —2)p+2p— 2t
( sp+t >( (mp™=' —s—1)p+p—t )

2 2mp" 1 — 25 — 2
= —Q( S) ( mp . s )(Qmp”_1 —2s—1)p=0 (mod p"),
S mpT—!t—s—1

where
2sp+2t 2(mp"—sp—t) sp+t  mp"—sp—t
o= YR ) e,
=1 =1 i=1 =1
pti pfi pti pfi

Hence, the result is true for n = r. Summarizing the above, we have proved the
result in the case p{ k.

Now, we assume p | k. Set | = ord,k and k = p'ky. Then kg € {1,...,mp"~'—
1} and p { ko. For [ > r, obviously, we have k(zkk) (2(7:1";’::,5)) =0 (mod p"). For
1 <1 <r—1,since p1 ko, from the above we deduce that

2k\ [2(mp" — k) L2k (2mp" ! — 2k
k =W =0 dp”
(o) oy ) = () O ) =0 s
where W € Z,. The proof is now complete. (I

Lemma 2.13. Let p be an odd prime, r,m € Z*, and s € {0,1,...,mp "~ —

1}. Then
<2sp +p—1) (2(mpr_1—8—1)p +p—1> _ (25) (2(mpr_l—8—1)> (mod p).

sp+ 2t (mpr—l—s—1)p+ 25+ s mpr~l—s—1
PROOF. For n € Z' and k € {0,1,...,n — 1}, it is easily seen that

("7 @)1k +1)1(2n—2k—2)1(n—1)12  2(2k +1) _ (2k)!(2n—2—2k)!

n

@T)  aP@eD)RE(n-1-RE o KR 1-k)E
Hence,
Y (2= 1-R) 0 ()0
(k)(nlk>_2(2k+1) @Zﬁ) - (2.4)

Using Lemma 2.8 and (2.4), we see that

<2$p—|—p—1>( 2mp"t—s—Dp+p—1 )

sp+ 250 J\(mpr—t —s—1)p+(p—1)/2
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o () ) e ()

=mp ! 2mpm =1\ (mpr=t —1\? ﬁ 2mp"” — i5p+(lp—[1)/2 (mpr — i)Q
p mp" 1 s P i palen )
pfi pti
_ 2sp+p )t
2mp™ 1 — 1 2mp" — i
2(2 1 _—
X{(S‘L)( 2s+1>£[1 5 }
pti
28\ (2(mp Tt —s—1) nﬁ 2mp"—i3p+(lp—il)/2 (mpT'—z‘)2/25ﬁp 2mp” —i
s mp"—1—s—1 palen i Pl i palen i
pti pti pti
r—1
_ (28 (2mp" =5 = 1) (1) 1) (1)@ -1)
s mp™—1 —s—1
25\ [2(mp"~t —s—1) ,
proving the result. (Il

Lemma 2.14. Let p be an odd prime, r,m € Z*, and s € {0,1,...,mp"1}.
Then

mp"\ (2sp\ (2mp" — 2sp mp” 1\ [(2s\ [2mp" ! — 25 9
= ) (mod p*").
sp sp mp" — Sp S S mprt — s
ProoF. Clearly, the result is true for s = 0. Now, we assume s > 1. Set
I = ord,s and s = p'sg. By (2.3), (2.4), Lemmas 2.8 and 2.10, we have

(2;15) (225::53) e 2mp” — ipx ymp” — i\ 2 5P 2mp" — 1
(s)( mpr—1—s ) i=1 i=1 i1
mpr 1 Sp 1 25;0 1
= (com Y- po1) (o X p0) /(2 1 4)
o i i

=1 (mod pr—i-min{l—i-l,r}).

Ifil>r—1,thenr+1714 12> 2r, and so

r T r—1 r—1 _
mp 2sp\ [2mp" — 2sp _ (mw 2s\ (2mp 2s (mod p?").
sp sp mp" — sp S S mpT*1 — S
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If0<l<r-—1,then (mp;ﬂ) =0 (mod p"~'7!), and so

mp"\ (2sp\ (2mp" — 2sp mp™ N\ (2s\ [2mp"~! — 2s 9
L (mod p=").
sp sp mp" — sp s s mp'T*t —s

Now, the proof is complete. O

3. Main results
Theorem 3.1. Let p be an odd prime and n € Z*. Then
8n25n_1(—1)}72;1p2Ep_3

Snp - Sn = 9(71 - 1)Sn (HlOd pS)
0 (mod p3+ordpn)

(mod p?) ifp>3andpin,
ifp=3and31{n,
ifp|n

PROOF. Set r = ord,(np). Then

s () oY)
-SSR () O

- sp+t np—sp—t

If p > 3, orif p = 3 and 3 | n, using Lemmas 2.3, 2.10 and 2.11, we see that ("7)
() (mod p+2), and (2) (57) (=50) = () (X) (*02) (mod p+2). Thus,

S () (o)
= ()N =2 () E) (0 =0 o

(n—s)p

NE

S

I
o

n—s
s=

Hence,

Snp — Sn
p—1n—1

_ZZ (n—1)p+p—1Y\ [2sp+2t\ (2(n—1—35)p+2(p—t)
— = Osp+t sp+t—1

r4+2
sp+t (n—1—s)p+p—t >(m0dp )



Congruences for Catalan-Larcombe-French numbers 399

For t € {1,2,...,”—;1}, we have £ < p —t < p. By Lemma 2.6,

(2(n—1—8)p+2(p—t)> _ (Bn1—s) + 1)(2(71—1—5)) (2(p—t)> (mod ).

(n—1—s)p+p—t n—1-s p—t

By Lemma 2.2, (2221?) = (*)(*) (mod p). Thus, applying Lemma 2.4 we see
that

(25]7 + 2t> (Q(n —1—s)p+2p— t))

sp+t (n—1—8)p+p—t
= () (New-1-9 (1) (0

= _2n—1-s)+1) (25> (2(“ - S)> 2 (mod p?).

s n—1—s t

Forte{%,...,pfl}, we have 1 <p —t < £. By Lemma 2.6,

2sp + 2t 2s\ (2t 9
= (2 1 .
(o) =en () () s
By Lemma 2.2,
20n—1— 2(p — 2(n—1— 2p —
((n s)p+2(p t)) ((n 8))((19 t)) (mod p).
n—1—s p—t
Thus, applying Lemma 2.4 we get

(n—1—s)p+p—t
(28]) + 2t> (2(?n_11_82§)p++2]§p_t t))
()L ()

= (25 + 1)(25) (2(” - S)> 22 (1mod p?).

s n—-1-s )t

R )

. - ”z‘:l np <(n1)p+p1>(28p+2t)<2(n1S)p+2(17t)>

sp+t sp+t—1 sp+t (n—1—s)p+p—t
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-y S (0 e 4 (%) (U0 2

S n—1—s t

n n—1p+p—1 25\ [2(n—1—15)\2
* sit<( s —)i—pt—pl )(2s+1)<s><(71—1—5)>f
t=(pt1)/2 5=0 P p

=3 BT e (UL

] n—1-—s t
np(n—1\(p-1 25\ (2(n—1—8)\2p
e 925+ 1 g
* t( s )(t—l)(s+ )(3><n—1—s t
t=(p+1)/2 s=0

s en( ) () (00 ) L

S D)) 5
<

= 2np? S:O(zs +1) (” R 1) (2;)

Note that B,_5 = 0 for p > 3, and E»,, = 22"E»,(3). From Lemma 2.5, we see
that

“’il” (—1)F _ (31 Eys(}) =217 B,y (modp) ifp>3,
k=1 2 (mod p) itp=3.



Congruences for Catalan-Larcombe-French numbers 401

Thus,
(p—1)/2 k p—1 r (p—1)/2 r (p—1)/2 —k (p—1)/2 &
(=1 (=1 (=1 (=D _ (=1
Z 2 Z 2 Z k2 Z (p—k2 2 Z L2
k=1 k=(p+1)/2 k=1 k=1 k=1
B 4(—1)%Ep_3 (mod p) if p > 3,
|1 (mod p) if p=3.

p—1

Now, from the above we deduce that S, — S, = 2np* - nS,_1 - 4(-1)"z E,_3
(mod p"+2). This yields the result in this case.
Now, assume 3 { n. By Lemmas 2.9 and 2.11,

()

(Z) (1+9ns2 —9s) (mod 27),

_ (Z) (2:) <2(:__SS)> (1 +9n)(1 + 9ns® — 9s)

= (Z) (2:) (2(:__55)> (1+9n + 9ns? —9s) (mod 27).

S (E)E) @)

= (1+9n)S, + 9Zn:(n52 _p) (Z) (285> (QZ‘_S‘S)) (mod 27)

s=0

and

N\
w W
» 3
~
N\
w o
» »
N~
N
= 2
3 3
[
w »
S— —r
~_
Il

Thus,

= i ni 3531 t ( n?; i):_zal— 1) (638512;) (
+9nsn+9s§::0(m2 s)<z>< >( :—_ss )

— 9nPnS,_y(—5/4) + IS, +9Z ns? — s) @ (25) (2(:_;9))

s=0

— onS, 95,1 19 (ns® — 5) (Z) (QD (2(:__:)) (mod 27).

s=0

6(n—1—s)+2(3—-1t)
3n—1—-s)+3—1t



402 Xiao-Juan Ji and Zhi-Hong Sun
By (1.3), for n =2 (mod 3) we have

Sp+Su_1=43n(n+1)+1)S, —32n%S,, 1 = (n+1)2S,,1 =0 (mod 3),
for n =1 (mod 3) we have

Sp— Sp_1=n%S, —4(3n(n—1)+1)S,_1 = —32(n — 1)2S,,_2 =0 (mod 3).

Thus,
Sy = (%)S'n—l (mod 3) for n#0 (mod 3). (3.1)

Applying (3.1) and (2.2), we have

S3p — S =9(nS, — Sp_1) +9 i(nf —s) (:) (285) (2(:_—:))

s=0

03wt -0 (1) (%) ()
(et ) (1) () ()

0

|
©

S

9nzn: s(s — 1) (Z) (238) (2(:_:)) + WS,L (mod 27).

s=0

If s = 3k + 2 for some nonnegative integer k, using Lemma 2.2 we find that

) = (3(2:;“];:12)“) = (**M) () = 0 (mod 3). Thus, 3 | s(s — 1)(*), for any

nonnegative integer s. Hence, from the above we deduce that

-1
Szp — Sp = %Sn =9(n—-n?)8S,=9(n—1)S, (mod 27).
This completes the proof. [

Corollary 3.1. Let p > 3 be a prime. Then
Sp =4+ 8(—1)%1p2Ep,3 (mod p?),
Sop =20 4 128(—1)"> p?E,_5 (mod p?),
Ssp = 112+ 1440(—1)"7 p*E,_3 (mod p).

Remark 3.1. Let p be an odd prime and m,r € Z*. Since

r—1
g mpz: mp"\ [(2sp\ [2mp" — 2sp
" \sp J\sp )\ mpm —sp
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- —lp 1
2sp + 2t\ (2mp" — 2sp — 2t
i Z Z (sp+t)< sp+t )( mp" —sp—t )’
applying Lemmas 2.12 and 2.14, we obtain

mp” ! r—1 r—1
. mp 28\ (2mp" " —2s\ 9
Smpr = E ( s > < s> ( e > = Sppr-1 (mod p™").

s=0
This proves (1.11).

Lemma 3.1. Let n € Z". Then
Spi1=4(n+1)S, (mod n?).
ProoF. By (1.3),

(n+1)2S,41 =4(3n(n +1) +1)S, — 32n%S,,_;.

Thus,
(142n)Spi1 = (n+1)2S,41 =4(3n+1)S, (mod n?),
and so
41+ 3
Spy1 = MSR = 4(1+3n)(1 —2n)S,, =4(1 +n)S, (mod n?),
14+ 2n
as asserted. O

Theorem 3.2. Let p be an odd prime and m,r € Z*. Then
Spmpr41 = 4(mp” 4+ 1)Sppr—1 (mod p*").
PROOF. As ord,(m?p®") > 2r, from Lemma 3.1 and Remark 3.1 we see that
Snpr+1 = 4(mp” + 1)Sppr = 4(mp” +1)S,,,r-1 (mod p*").

This completes the proof. ([
Theorem 3.3. Let p be an odd prime and m,r € Z*. Then

p—1

Smpr—1 = (=1)"% Sppr-1_1  (mod p").
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PROOF. It is clear that

S B mpi% il 2sp + 2t\ (mp”—1Y\ (2(mp"—1—sp—t)
et e —~ sp+t sp+t mp"—1—sp—t
t#(p—1)/2
mp" T — _
+WZ Y2sp+p— 1\ (mpt — 1\ [2(mp" —1—sp— EF)
pors serL;l sp+p%1 mpr—lfspf%;1 .

Using Lemma 2.8, we see that

()= (e )

sp+t s

For t # prl, applying Lemma 2.12 we obtain

2sp+ 2t\ (2(mp" — 1 — sp —t)
sp+t mp" —1—sp—t

_ (2sp+2t\ (2(mp” —sp — 1) " (mp"™ — sp — t)?
 \ sp+t mp" — sp —t (2mp" — 1 — 2sp — 2t)2(mp" — sp — t)
2 2t\ (2 T —sp—1 t
= (=Pt (mp‘ 5P 1) x ——PFr 0 (mod p").
sp+t mp” — sp —t 2(2sp+2t+1)

For t = prl, using Lemma 2.13 we deduce that

mp" -1 r—1 r—1
_ p=1 28\ (fmp" 1 =1\ [2(mp"~t —1—35)
b (B

s=0
= (=1)"7 Sppr-1_1  (mod p").
So the theorem is proved. O

Corollary 3.2. Let p be an odd prime and m,r € Z*. Then

p—1

Pppr—1= (1) Pppr-1-1  (mod p").

PROOF. From Theorem 3.3, Euler’s Theorem and the fact P, = 2".5,,, we
obtain the result. Il

Theorem 3.4. Let p be an odd prime and n € Z%*. Then

g |4+ 12n—-9n2)S, (mod p?) ifp=3,
"R 4(np + 1)8, + 32028, 1 (—1) 55 (Ep_s — 1)p?  (mod p?) if p > 3.
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PrOOF. By (1.3),
(np+ 1)2S,p41 = 4(3np(np + 1) +1)S,, — 32n*p*Spp_1.
Thus, applying Theorems 3.1 and 3.3, we see that for p > 3,
(np + 1)28np+1

1

= 4(3n%p? + 3np + 1)(S, + 8n25n_1(—1)%p2Ep_3) —32n2p*(—1)"7 Sp_4
= 4(3n%p? + 3np +1)S,, + 32n2Sn,1(—1)1%1 (Ep_3 — 1)p*  (mod p?),
and for p = 3,
(3n 4+ 1)283,41 = 4(9n(3n + 1) + 1)S3,, — 32n% x 953, 1
=4(9n + 1)(1 — 9n(n — 1))S, — 9n2S, 1

=4(1 - 9n(n+1))S, —9n3S, 1 (mod 27). (3.2)

Since 1 B (n2p? — np + 1)
(np +1)2 ((np)® + 1)2
=n?p? —np+1)2=3n%p? —2np+1 (mod p?), (3.3)

from the above we deduce that for p > 3,
o _ ABe+ 3np+1)S, + 32128, _1(—1)"T (E,_3 — 1)p?
SN (np+1)?

(S, + 3npS, +n*p?(3S, +8S,_1(~1)

p—1

1 S (Bys—1)) (30752 —2np + 1)
=4(np+1)S, + 32n2Sn,1(—1)pT_1(Ep,3 —1)p* (mod p?).

Now, assume p = 3. If 3 | n, from (3.2) and (3.3) we deduce that
4S5,
Sant1 = oy
If 3 1 n, then S, 1 = (5)S, (mod 3) by (3.1). Hence, from (3.2) and (3.3) we
deduce that
48, —9In((n+1)S, + nSp—1) _ 4Sn —9(n+1+(5))S

=4(1—6n)S, = (4+ 12n —9n?)S,, (mod 27).

S3n41 = =
ntt (3n+1)2 (3n +1)2
= (4-9(2n +1))S,(1—6n) = (12n—5)S,, = (4 + 12n—9n?)S,, (mod 27).
Summarizing the above, this proves the theorem. ([

Corollary 3.3. Let p > 3 be a prime. Then
Syt =16+ 16p + 32(—1) "7 (E,_5 — 1)p> (mod p?).

PRrOOF. Taking n =1 in Theorem 3.4, we obtain the result. O
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