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Contact structures on Lie algebroids

By CRISTIAN IDA () (Bragov) and PAUL POPESCU (Craiova)

Abstract. In this paper, we generalize the main notions from the geometry of
(almost) contact manifolds in the category of Lie algebroids. Also, using the framework
of generalized geometry, we obtain an (almost) contact Riemannian Lie algebroid struc-
ture on a vertical Liouville distribution over the big-tangent manifold of a Riemannian
manifold.

1. Introduction

The importance of contact and symplectic geometry is without question.
Contact manifolds can be viewed as an odd-dimensional counterpart of sym-
plectic manifolds. Both contact and symplectic geometry are motivated by the
mathematical formalism of classical mechanics, where one can consider either
the even-dimensional phase space of a mechanical system or the odd-dimensional
extended phase space that includes the time variable. For more about contact
geometry, the reader can consult the outstanding works [5], [6], [8].

On the other hand, in the last decades, the Lie algebroids have occupied
an important place in the context of some different categories in differential ge-
ometry and mathematical physics and represent an active domain of research.
The Lie algebroids ([29]) are generalizations of Lie algebras and integrable distri-
butions. In fact, a Lie algebroid is an anchored vector bundle with a Lie bracket
on module of sections and many geometrical notions which involve the tangent
bundle have been generalized to the context of Lie algebroids. In the category
of almost complex geometry, the notion of almost complex Lie algebroids over
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almost complex manifolds was introduced in [11] as a natural extension of the
notion of an almost complex manifold to that of an almost complex Lie algebroid.
More generally, in [2], [14], [24], [38], the notion of almost complex Lie algebroids
over a smooth manifold is considered, as well as some problems concerning the
geometry of almost complex Lie algebroids over smooth manifolds are studied in
relation with corresponding notions from the geometry of almost complex man-
ifolds. Taking into account the major role of (almost) complex geometry in the
study of (almost) contact geometry, a natural generalization of (almost) contact
geometry of manifolds to that of (almost) contact Lie algebroids can be of some
interest. We notice that for the particular class of Lie algebroids defined by the
tangent bundle along the leaves of a foliation of odd dimension, the contact struc-
tures are introduced and studied in some recent papers [12], [36], under the name
of foliated contact structures. In general, the notion of contact Lie algebroids
appears in some very recent talks (see [32], [33], [34]), where this notion is used
in order to obtain Jacobi manifolds on spheres of linear Poisson manifolds with a
bundle metric. Also, the Albert cosymplectic and contact reduction theorems are
extended in the Lie algebroid framework, and this reduction theory can represent
a rich source in obtaining some new examples of cosymplectic or contact Lie al-
gebroids (see [32]). The study of symplectic Lie algebroids and their reductions
can be found, for instance, in [25].

Our aim in this paper is to generalize some basic facts from the (almost)
contact geometry on odd-dimensional manifolds (see [5], [6], [8], [35]), in the
framework of Lie algebroids of odd rank, and to present new examples of contact
Lie algebroids. This generalization is possible mainly using the differential calcu-
lus on Lie algebroids: exterior derivative, interior product, Lie derivative (see, for
instance, [30]), but also using the connections theory on Lie algebroids (see [15]),
and the technique of Riemannian geometry on Lie algebroids (see [7]).

The paper is organized as follows. In the second section, we present the
almost contact and the almost contact Riemannian structures on Lie algebroids
of odd rank, and we give the main properties of these structures in relation with
similar properties from the case of almost contact manifolds. In the third section,
we present the normal almost contact structures on Lie algebroids, we study these
structures, and using the definition of the direct product of two Lie algebroids
(see [29]), we characterize the direct product of two Lie algebroids endowed with
some additional (almost Hermitian and almost contact Riemannian) structures.
In the fourth section, we give the basic definitions and results about contact struc-
tures on Lie algebroids in relation with similar notions from contact manifolds
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theory, we present some examples (see [33], [34]) and a bijective corespondence be-
tween contact Riemannian structures and almost contact Riemannian structures
on Lie algebroids, as well as give some characterizations of contact Riemannian
Lie algebroids. Also, the notions of K-contact, Sasakian and Kenmotsu Lie alge-
broids are introduced, and some of their properties are studied as in the manifolds
case. In the last section, using the framework of generalized geometry and start-
ing from the geometry of big-tangent manifold introduced and intensively studied
in [45], we obtain an (almost) contact Riemannian structure on the vertical Li-
ouville distribution over the big-tangent manifold of a paracompact manifold M
which admits a Riemannian metric g. More exactly, we construct a vertical framed
Riemannian f(3, 1)-structure on the vertical bundle over the big-tangent manifold
of a Riemannian manifold (M, g), and when we restrict this structure to a vertical
Liouville distribution which is integrable (so it is a Lie algebroid), we obtain an
(almost) contact Riemannian structure on this Lie algebroid.

Other problems and some future works can be addressed as, for instance:
the study of deformations of Sasakian structures on Lie algebroids, the study
of curvature problems on contact Riemannian Lie algebroids, K-contact, Sasaki
and Kenmotsu Lie algebroids, as well as the study of Fg-sectional curvature
and a Schur type theorem on Sasakian Lie algebroids. Also, taking into account
the recent harmonic theory on Riemannian Lie algebroids (see [3]), a harmonic
and C-harmonic theory for differential forms on Sasakian Lie algebroids can be
investigated, since every almost contact Lie algebroid will be invariantly oriented
(see Corollary 2.1). Another important problem is that of the integrability of
Jacobi structures, being closely related to that of Poisson structures and giving
rise to contact groupoids. The progress in this direction is described at large in the
recent paper [13], but we do not consider here relations with contact groupoids,
which would involve some more problems, beyond the scope of our work.

The main notions introduced here are natural generalizations from the cate-
gory of manifolds to that of Lie algebroids, and most of the proofs are similar to
the ones given for the case of (almost) contact manifolds (see, for instance, [5],
[6], [35]). For this reason, they are omitted here.

2. Almost contact Lie algebroids

In this section, we define the almost contact and the almost contact Rie-
mannian structures on Lie algebroids, and some properties of these structures are
analyzed by analogy with the almost contact manifolds case (see [5], [6], [35]).
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Let p: E — M be a vector bundle of rank m over a smooth n-dimensional
manifold M, and T'(E) the C*°(M)-module of sections of E. A Lie algebroid
structure on E is given by a triplet (E, pg, [-,]g), where [-,-]g is a Lie bracket
on I'(E) and pg : E — TM is called the anchor map, such that if we also denote
by pg : T'(E) — X(M) the homomorphism of C*°(M)-modules induced by the
anchor map, then we have

[s1, fs2]E = fls1,82]E + pr(s1)(f)s2, Vs1,82 € T'(E), Vf € C*(M). (2.1)

Remark 2.1. It (E, pg, |-, |r) is a Lie algebroid over M, then the anchor map
pE : T(E) = X(M) is a homomorphism between the Lie algebras (I'(E), [, ]g)
and (X(M),][-,-]).

The exterior derivative on Lie algebroids is defined by

(drpw)(s0,...,8p) = Z(—l)ipE(si)(w(so, 80, 8p))

=0

p
+ Z (—1)z+jw([8i, Sj]E, S0y -y é\h ey §\j, ey Sp), (2.2)
i<j=1

for w € QP(E) and sg,...,s, € I'(E), where QP(E) is the set of p-forms on E.
For more details about Lie algebroids and all calculus on Lie algebroids (interior
product, Lie derivative, etc.), we refer, for instance, to [15], [21], [27], [29], [30]
and [37].

Let (E, pg,[,|r) be a Lie algebroid of rank E = 2m + 1 over a smooth n-
dimensional manifold M. If there are a section £ € T'(FE), 1-form 7 € I'(E*) and
a (1,1)-tensor Fp € I'(E ® E*) such that

Fip=—-Ip+n®¢& nE) =1, (2.3)

where Ip denotes the Kronecker tensor on FE, then we say that (Fg,&,n) is
an almost contact structure on the Lie algebroid (E, pg, [, |r), or (E, pg, [, &,
Fg,&,n) is an almost contact Lie algebroid. The 1-section & is called Reeb section
or fundamental section. Obviously, the set I'¢(E) = {f¢|f € F(M)} has a module
structure over F(M) and a Lie algebra structure, called the Lie algebra of Reeb
sections.

Let D, = {sy € Ezlts,n: = 0} C E, for x € M. Then, the distribution
D = Ugep D, is a vector subbundle of E of rank 2m called the contact subbundle
of (E,pg,[ g, Fr,&,n). We notice that D = kern = im Fg.
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Remark 2.2. The above definition of the almost contact structure from (2.3)
does not depend on the anchor pg and the bracket [-, -]z, hence it can be consid-
ered for a general vector bundle £ — M of odd rank which will be referred to as
an almost contact bundle.

Now, let us briefly present some basic properties of almost contact structures
on Lie algebroids (or general vector bundles, when the notions do not depend on
the anchor or bracket).

Proposition 2.1. If (Fg,£,n) is an almost contact structure on the vector
bundle E, then:

(i) Fr(&) =0; (i) Fp=—Fg; (iii)noFg=0; (iv) rank Fg = 2m.

PROOF. Follows in a similar manner as for almost contact manifolds (see [5]
and [6]). O

Also, the following theorem holds.

Theorem 2.1. Let E be a vector bundle with an almost contact structure
(Fg,&,m). There exists on E a fiber-wise Riemannian metric (or simply Riemann-
ian metric) gy with the property

gE (FE(s1), FE(s2)) = gr(s1, s2) —n(s1)n(sz), (2.4)

for any s1, s, € I'(E).

PRrROOF. We recall that a Riemannian metric in the vector bundle p : E — M
is a mapping gp that assigns to every © € M a scalar product gg(z) in the
local fiber E, such that, for every local sections si,s2 € T'(F), the function
x +— gp(z)(s1,s2) is smooth. Since E is paracompact, there exists a Riemannian
metric g5 on F, and then, we define g by

—_

9e(s1,52) = 5 l9p(FE(s1), Fr(s2)) + gp(s1,82) +n(s)n(s2)],  (2:5)
where g}, has the expression g}, (s1,52) = g3 (Fa(s1), F2(s2))+n(s1)n(s2). Then,
it is easy to check that gg given by (2.5) is a Riemannian metric on F and satisfies
the condition (2.4). O

The vector bundle E with the almost contact structure (Fg,&,n) and the
Riemannian metric gg satisfying the condition (2.4) is called an almost contact
Riemannian vector bundle or an almost contact Riemannian Lie algebroid (when
this is the case), and (Fg,&,n,gr) is an almost contact Riemannian structure
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on F. Sometimes, we say that gg is a metric compatible with the almost contact
structure (Fg,§&,n).

In a similar manner as in the case of almost contact manifolds (see [5], [6]),
some elementary but useful properties of such metrics are specified in the follow-
ing:

Proposition 2.2. If gg is a metric compatible with the almost contact
structure (Fg,&,m) on the vector bundle E of rank 2m + 1, then:

(i) n(s) = ggr(s,&) for all s € T'(E);
(ii) on the domain U of each local chart from M there exists an orthonormal
basis of local sections of E over U, {s1,...,8n, Fr(s1),...,Fg(sn),&};

(iii) FE+n®¢§ and —Fg + n® ¢ are orthogonal transformations with respect to
metric gg;

(iv) ge(Fg(s1),s2) = —gr(s1, Fr(s2)) for every s1,s2 € T'(E).

The local basis {s1,...,8m, 81+ = FE(51),.-.,8m = Fr(sm),&} of sections
of E, obtained above and denoted sometimes by {s4, $q+,&}, a = 1,...,m, is called
a Fg-basis for the almost contact Riemaniann vector bundle (F, Fg,&,n,9r)
(or Lie algebroid, when this is the case). The existence of metrics compatible
with an almost contact structure (Fg,&,n) on E allows us to state the following
characterization of almost contact bundles (or Lie algebroids) by means of the
structure group of the vector bundle F.

Theorem 2.2. The structure group of the almost contact vector bundle (or
Lie algebroid) E of rank 2m + 1 reduces to U(m) x 1. Conversely, if the structure
group of the vector bundle E reduces to U(m) x 1, then E has an almost contact
structure.

PROOF. The proof follows in the same manner as for the almost contact
manifolds case (see, for instance, [5], [35]). However, we briefly present here its
generalization to the general vector bundles case. Let gp be a metric on F,
compatible with the almost contact structure (Fg,&,n), and consider two open
neighborhoods U,V on M trivializing E with U NV # @. Also, we denote by
By = {Sa4, 8ax,&} and By = {s),, s\, &} the corresponding Fg-bases from Propo-
sition 2.2 (ii). The matrix (Fg) of Fr with respect to these bases is

(Fg)=|In. 0 0
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For x € UNV and s, € E,, we denote by (s¥), (s¥) the column matrices of
components of the section s, with respect to By and By, respectively. Then

(s¥)=P-(sY), where

A
P=1|C
0

o oW

0
01,
1

and A, B,C,D € M,xm(R). But P is orthogonal and commutes with the ma-
trix (Fg) (see Proposition 2.2 (ii)), thus we have D = A, C' = —B, and this proves
that P € U(m) x 1.

Conversely, if the structure group of the vector bundle E reduces to U(m) x 1,
then there exists a covering {Uas}aer of M, for which we can choose the or-
thonormal local bases of sections of E with the property that on the intersection
U, NUg # () these are transformed by the action of the group U(m) x 1. With re-
spect to such bases, we can define the endomorphism Fgl, : T'(E|y,) = T'(Fl|v,)
by the matrix (Fg). But (Fg) commutes with U(m) x 1, hence {Fg|q }acr deter-
mine a global endomorphism Fg : I'(E) — I'(E). In a similar way, the sections
¢ eT(E) and n € Q(E) are globally defined by the matrices of their components
with respect to each open set U,, namely,

€:(0,...,0,1)", 7:(0,...,0,1).

Finally, the fact that (Fg,&,n) is an almost contact structure on F is straightfor-
ward. (]

Also, we notice that the determinants of the matrices from the proof of
Theorem 2.2 are positive, which yields

Corollary 2.1. Any almost contact bundle (or Lie algebroid) is orientable.

Let us define Qg(s1,82) = gp(s1, Fr(s2)) for all s1,s5 € T'(E). Then, from
Proposition 2.2 (iv) it follows that Qg is a 2-form on E. It is called the fun-
damental 2-form or the Sasaki 2-form of the almost contact Riemannian vector
bundle (or Lie algebroid) (E, Fg,&,n,gr). Moreover, it is easy to see that Qg
has the following obvious properties:

QE(Sl,FE(SQ)):—QE(FE(Sl),82) and QE(FE(81)7FE(82)):QE(81782). (26)

If {6“76‘1*,77} is the dual basis of the Fg-basis from Proposition 2.2, then the
fundamental 2-form Qp is locally given by

m
Op = —QZea/\ea*.
a=1
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We remark that rank Qg = 2m, and then n A Q% (where QF is the exterior
product of m copies of Q) vanish nowhere on M. The converse of this result is
also true, namely, we have

Theorem 2.3. Let E be a vector bundle over M of rank F = 2m + 1 and
n € QY(E). If there exists Qi € Q*(E) such that n A Q% # 0 at each point of M,
then E has an almost contact structure.

PrOOF. Follows as in the case of almost contact manifolds (see [5], [35]). O

Moreover, in the case of Lie algebroids, we have

Theorem 2.4. Let (E, pg, |-, |r) be a Lie algebroid of rank E = 2m+1 and
n € QYE). If n A (dgn)™ # 0 on M, then the Lie algebroid (E, pg,|[-,-|g) has
an almost contact Riemannian structure (Fg, &, n, gg) whose fundamental form is
dgn, and the Reeb section £ is completely determined by the conditions n(§) =1
and 1¢(dgn) = 0.

3. Normal almost contact structures on Lie algebroids

In this section, we define normal almost contact structures on Lie algebroids
and characterize these structures. Also, the direct product between an almost
Hermitian Lie algebroid and an almost contact Riemannian Lie algebroid or the
direct product of two almost contact Riemannian Lie algebroids are investigated.

We recall that for a general tensor A € I'(E ® E*) of type (1,1) on E, the
Nijenhuis tensor of A is a tensor N4 € I'(®?E* ® E) given by

Na(s1,82) = [A(s1), A(s2)] 2 — A([A(s1), 52] &) — A[51, A(s2)] ) + A*([51, 52) 2)-

As usual, we say that an almost contact structure (Fg,&,n) on a Lie algebroid
(E,pg, [, |r) of rank 2m + 1 is normal if

N = Np, +2dpn @ € =0. (3.1)
Other useful tensors on E are the following;:

N( 51’82 (‘C‘FE(Sl ) (‘CFE(Sz)n) (81)’

NE(s) = 3 (£eFi) (5), NSE‘“(s) = (Len) (9)- (32)
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Using the differential calculus on Lie algebroids (exterior differential and Lie
derivative), we can easily prove that if the almost contact structure (Fg,§,n) is
normal, then Ng) = NS) = N](;) = 0.

Replacing in the definition of the Nijenhuis tensor Np, the brackets by their
expressions (since the Levi-Civita connection V on Riemannian Lie algebroids
is torsionless, see [7]), similarly to the almost contact Riemannian manifolds
(see [39]), we obtain

Proposition 3.1. An almost contact Riemannian structure (Fg,&,n,9g)
on a Lie algebroid (E,pg,[ ,-|r) is normal if and only if one of the following
conditions is satisfied:

Fg (Vs,Fg) sy — (Vrgs) Fr) s2 — [(Va,n) 52] € = 0, (3.3)
(Vi Fg) s2 = (Vg FE) Fe(s2) + 1(s2) Vi€ =0, (3.4)

for every s1, 89 € I'(E).

Since the eigenvalues of Fg|p are i and —i, we deduce that the complexified
D¢ = D ®g C of D has the decomposition

D¢ = DY@ D%, (3.5)

where D9 and D%! are the eigensubbundles corresponding to i and —i, respec-
tively. A simple argument shows that

D' ={s—iFg(s)|s € T(D)}, D"'={s+iFp(s)|sc (D)},
and extending to E¢ the metric gg by
9p(s1+isz, s) = gu(s1,s) +ign(s2,s), gp(s,s1+is2) = gu(s,s1) —ign(s, s2),
we obtain a Hermitian metric ¢§ on Ec. From Proposition 2.2 (iv), we deduce
that with respect to this metric, the decomposition (3.5) is orthogonal, and,

consequently, the following orthogonal decomposition of the complexified vector
bundle E¢ is associated:

Ec =Dc & (€)c = D"’ @ D' & (€)c, (3.6)

where (§)c = (£) ®@r C.
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On the other hand, (Eg, ¢%) is a Hermitian vector bundle over M, and the
natural extension V¢ of the Levi-Civita connection V from E is a Hermitian
connection in this bundle (see [24]). Moreover, (D¢, ¢%|p.) is a Hermitian sub-
bundle of (Eg, ¢%), with the Hermitian connection V¢ induced by the following
decomposition

Ves = VPes 4 APes (3.7)

where s € I'(D¢), VP¢s € L(Ec, Dc) and APes € L(Eg, (€)c). A simple calcula-
tion shows that
A?CS/ = —Qgp(s,s)E, VD(CFE|D‘C =0,

hence V¢ is an almost complex connection ([24]), in the complex bundle Dc.
Let gp° be the restriction of the metric g |p, to D'. Then, following the
same argument as above, we deduce that (D0, 9113,0) is a Hermitian subbundle
of (D¢, ¢%|p.), with Hermitian connection V*? induced by the following decom-
position
VPes = vh0s 4 AN (3.8)

where s € ['(DY?), V1% € L(D¢, DY'%) and A*%s € L(D¢, D°1).

The direct product of two given Lie algebroids (E1, pg,, [, ]&, ) over M7 and
(B2, pEy, [, ]E,) over My is defined in [29, p. 155] as a Lie algebroid structure
on Fy x Es — My x M,. The general sections of F; x FEs are of the form

=2 (fi®s))®Y_(g;©s3), where fi, g; € C%(MixMy), s} € T(Ey), s7 € T(E),
the anchor map is defined by

g (M(eshod (g @) =S (i@ pm(sD)) @ Y (05 @ pra(sD),

and the Lie bracket on F = E; x Es is:

(Zfsz SZ,Sk Ey +Zfsz1 ®Sk ka}pEl f1)®8 )
o (Y g9t @ [, s1 E2+ngE2 o) @ s = gipm(s1)(95)@,5)

for every s = Y (fi®s]) @Y (9, ®@57) and s’ = Y (f;. @5} ) @Y. (9, @ s7?) in T(E).
Now, by direct verification and using a simple calculation, we can prove the
following two results concerning the direct product of Lie algebroids.

Proposition 3.2. Let us consider two Lie algebroids, (E1, pg,,|-,|E,) over
M; of rank 2m; equipped with an almost Hermitian structure (Jg,,gg,), [24],
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and (Ez2, pg,, [, | E,) over My of rank 2mq + 1 equipped with an almost contact
Riemannian structure (Fg,,&2,m2,9g,). Then, the tensors Fg, £, 1, g, given by

Fe (3 (fiosh oD (9@s3) =D (i@ Jp,(sD) @9, @ Fra(s),
n(Yheshod (g es)) =Y (gemns), =006,

and

E((Z(fi(@szl)@Z(gj@Sz))aZ Los) ey (gos) )

= fili®@ge ()5 @ 9,91 ® gE,(s],57%),

define an almost contact Riemannian structure on the direct product Lie algebroid
E = E1 X Eg.

Proposition 3.3. Let us consider two Lie algebroids, (E1, pg,, |-, |E,) over
My of rank 2m; + 1 equipped with an almost contact Riemannian structure
(Fg,,&1,m, 98, ), and (Es, pg,, [, |E,) over My of rank 2mg + 1 equipped with
an almost contact Riemannian structure (Fg,,&2,72,9E,). Then, the tensor Fg
given by

Fe (M (fiwsh @Y (g@5)

= (fi® Fi,(s) — 9, @ma(s3)€1) © D (95 ® Fi, (5) + fi @ m(s])a),

defines an almost Hermitian structure on the direct product Lie algebroid E =
E;1 X E5, with the metric gg from Proposition 3.2. This structure is Hermitian
(that is Np, = 0) if and only if both almost contact Riemannian structures are

normal.

Remark 3.1. Let (E,Fg,&,n) be an almost contact Lie algebroid of rank
2m + 1 over a smooth manifold M, and L be a line Lie algebroid over M such
that T'(L) = span{sz}. Then, if we consider the Lie algebroid E given by direct
product E=FEx L, we remark that the map

Jg:D(E) 5 D(E), Jp(s@ fsr) = (Fu(s) = f&) @nls)sc
for every f € C*°(M), s € T'(E) is linear, and J% = —Ig, that is (E, Jz) is an

almost complex Lie algebroid of rank 2m + 2. Also, as usual, we can prove that
the almost contact structure (Fg,&,n) on E is normal if Jz is integrable.
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The following formula is useful for the calculation of the covariant derivative
of Fr depending on the tensors N ,E;” and NV, Sj), in the case of arbitrary almost
contact Riemannian structures on Lie algebroids.

Proposition 3.4. Let (Fg,&,n,gr) be an almost contact Riemannian struc-
ture on the Lie algebroid (E, pg, [-,]g) of rank 2m+1 over a smooth manifold M.
If V is the Levi—Civita connection of the metric gg, then

295 ((Vs, Fg)sa, s3) = 3dgQg(s1, Fr(s2), Fr(ss)) — 3dpQg(s1, s2, 83)
+gn(NY (s2,53), F(s1)) + NS (52, 53)(s1)
+ 2dpn(Fr(s2),s1)n(ss) — 2dpn(FE(ss), s1)n(sz2)

for every s1, 82,83 € T'(E).

PrOOF. Follows by direct calculus. (I

4. Contact structures on Lie algebroids

In this section, we give the basic definitions and results about contact struc-
tures on Lie algebroids in relation with similar notions from contact manifolds
theory, we present some examples from [33], [34] and a bijective corespondence be-
tween contact Riemannian structures and almost contact Riemannian structures
on Lie algebroids, as well as give some characterizations of contact Riemann-
ian Lie algebroids. Also, the notions of K-contact, Sasakian and Kenmotsu Lie
algebroids are introduced, and some of their properties are analyzed.

4.1. Contact Lie algebroids. Firstly, we recall that a contact structure on an
odd-dimensional manifold M?"*! is defined by a maximally non-integrable dis-
tribution of rank 2n, D?" C TM, called contact distribution. Equivalently, we
have that the curvature form of the distribution D?" is non-degenerate. More-
over, if there exists a 1-form n € Q!(M) such that kern = D", then the contact
structure is called cooriented. Also, we notice that the contact structure on fo-
liated manifolds was recently introduced (see, for instance, [12], [36]) as a triple
(M2rHltm Fintl D2y wwhere M is a smooth manifold of dimension 2n+1+m,
F is a foliation of codimension m (dim F = 2n + 1), and D C TF is a distribu-
tion of dimension 2n (of the tangent bundle along the leaves) that is contact on
each leaf of F. This generalizes the contact fiber bundles construction from [28].
A standard example of foliated contact structure is the space of foliated oriented
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contact elements on the cotangent spheric bundle S(T*F) of the leafwise cotan-
gent bundle of F (see [36]), which can be also obtained directly by pullback of the
natural foliated contact structure on the projectivised cotangent bundle P(T*F)
of F via the double-cover S(T*F) — T*F — P(T*F) (see [12]).

These notions concerning foliated contact structures can serve as elementary
examples of our next general considerations, because it is well known that for
a given regular foliated manifold (M, F), the tangent bundle along the leaves
TF has a natural structure of a Lie algebroid, where the anchor is the inclusion
i : TF — TM and the bracket is the usual Lie bracket of vectors fields tangent
to the leaves. Hence, the study of contact structures in the context of general Lie
algebroids is natural and it can be of some interest.

Let us continue with some basic definitions and results about contact Lie al-
gebroids in relation with similar notions from contact manifolds/foliations theory.

Let (E,pg,[ ,]E) be a Lie algebroid of rank 2m + 1 over a smooth mani-
fold M. If a 1-form n on E, satisfying the condition from Theorem 2.4 is given,
namely, if n A (dgn)™ # 0 everywhere on M, then we say that n defines a con-
tact structure on E, or that (F,n) is a contact Lie algebroid, and 7 is called the
contact form of E. We remark that if f € C°°(M) nowhere vanishes on M, then
fn also is a contact form on E. Moreover, n and fn determine the same contact
subbundle D, hence the authentic invariant of this change of contact forms is
the contact subbundle. For this reason, it is more natural to define a contact
structure by a subbundle D of rank 2m of F with the property that there exists
a l1-form n € QY(E) so that D = Ugepr D,., where kern, = D, and n A (dgn)™
nowhere vanishes on M. Alternatively, a contact structure on E is given by a pair
(0, QE), where 0 € QY(E) is a 1-form on E and Qg € Q?(E) is a 2-form on E
such that Qg = dgbg and (O AQg A---m - AQE)(z) £ 0, for every x € M.
The Reeb section R € T'(E) is defined by 1rfg = 1 and 1xzQg = 0.

Ezample 4.1 ([33]). For a Lie algebroid (E, [, |, pr) of rank m over M, we
can consider the prolongation of E over its dual bundle p* : E* — M (see [21],
[27]), which is a vector bundle (TZ E*, pt, E*), where TP E* = Uy« c g« T.E E* with

uL’?E* = {(ug, Vur) € Ex x Ty E¥|pp(uz) = (p")«(Var), p*(u") =2 € M},

and the projection pj : TP E* — E* given by pj(uy, Vi) = u*. A section 3 €
['(TFE*) is called projectable if and only if there exist s € I'(E) and V € X (E*)
such that (p*).(V) = pr(s) and 5 = ((s(p*(u*)), V(u*)). We notice that 7FE*
has a Lie algebroid structure of rank 2m over E* with anchor pyrg. : TPE* —

TE* given by preg-(u,V) =1V and the Lie bracket uniquely determined by
[(317 Vrl)a (827 ‘/2)]TEE* = ([817 52]E7 [V17 ‘/2])7 51,82 € F(E)7 Vl) ‘/2 S X(E*)
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The Liouville section Az € T'((T¥E*)*) is given by Ag(u*)(u, V) = u*(u), u* €
E*, (u,V) € TEPE*, and the canonical symplectic section wp € Q*(TFE*) is
given by wg = —dreg-Ag, thus (TPE* wg) is a symplectic Lie algebroid.

Now, we suppose that we have a bundle metric gp on F and consider the
associated spherical bundle pg(g-y : S(E*) — M of rank m — 1, where S(E*) =
{u* € E*|gp(u*,u*) = 1}.

Similarly as above, we can consider the prolongation 7 S(E*) of E over the
spherical bundle S(E*), and for the following diagram

TES(E*) 2% TPE®
rrrsen | [p—

S(E*) —— FE*

we have dregp ((Tei)*@) = (Tei)* (drep-¢), ¢ € QTFE*), ie. TES(E*) —
S(E*) is a Lie subalgebroid of TEE* — E*. Now, for ng = —(Tri)*(Ag) €
QYTES(E*)) we have np A (dregp-yne)™ " # 0, that is, (TFS(E*),ng) is a
contact Lie algebroid.

Remark 4.1. More generally, if (E, [, |g, pr) is an exact symplectic Lie alge-
broid over M of rank 2m with exact symplectic section ) = —dgA and F' — N is
a Lie subalgebroid of rank 2m—1 of E, then, according to [33], [34], (F,n =i} (\))
is a contact Lie algebroid, where ip : F' — E is the natural inclusion.

The above definition is that of the so-called cooriented contact stucture and
n such that kern = D is called a coorientation of the contact structure (E, D).
However, as in the case of smooth manifolds (see, for instance, [13]), we can talk
about general contact structures on Lie algebroids (not necessarily cooriented)
and their brackets as follows.

Definition 4.1. A contact structure on a Lie algebroid (E, [, ]g, pg) of rank
2m 4+ 1 is a subbundle D of rank 2m of E which is maximally non-integrable,
that is, the curvature Curv(D) : D x D — L is non-degenerate, where L is the
quotient line bundle L := E/D and Curv(D) is given at the level of sections
by Curv(D)(s1,82) = [s1,82]gmod D. The pair (E, D) is called a contact Lie
algebroid.

Definition 4.2. A Reeb section of the contact Lie algebroid (E, D) is every
section § € I'(E) such that [§,T'(D)]g C T'(D), and we denote by I'geeh (E, D) the
set of Reeb sections.
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Proposition 4.1. The set of Reeb sections of a contact Lie algebroid (E, D)
is a Lie subalgebra of the Lie algebra I'(E) of all sections of E and I'(E) =
FReeb(E7 D) (&) F(D)

PRrROOF. Follows as in the contact manifolds case (see [13]). O

Also, it is useful to consider the dual point of view on contact structures on
Lie algebroids, that is, to view D as the kernel of a 1-form on E with values in L
(0 € QY(E, L) and viewed as the canonical projection from E to L). Now, the
curvature of D can be rewritten as Curv(D)(s1, s2) = 0g ([s1, s2]E), and we say
that 6 is of contact type. The case when L is the trivial line bundle gives rise to
the above cooriented case. The previous proposition yields

Corollary 4.1. The 1-form 0 with values in L restricts to a vector space
isomorphism
0B|rne (£,0) * TReen(E, D) = I'(L). (4.1)

Thus, the Lie algebra structure of I'reep(F, D) (from Proposition 4.1) can
be transferred to a Lie algebra structure on I'(L) and denote the corresponding
bracket by {-,-}r.

Definition 4.8. The bracket {-,-}r on I'(L) is called the Reeb bracket asso-
ciated to the contact Lie algebroid (E, D) (which is a Kirillov-type bracket [26]).

Also, we notice that similarly as in the contact manifolds case (see [13,
Lemma 2.5]), Proposition 4.1 can be reformulated in the form:

Proposition 4.2. The map I'(E) = I'(L) @ I'(Hom(D, L)), given by s +—
(0r(s), 0% ([, s]g)), is an isomorphism of vector spaces, and the induced C*°(M)-
module structure on the right hand side is given by f - (s,¢) = (fs, ¢ +dpf ® s),
for every s € T'(L) and ¢ € I'(Hom(D, L)).

The surjectivity of (4.1) implies that for every section s € T'(L), there exists
a unique section & € I'(F) such that 0g(&) = s and 0g ([¢s,t]) = 0 for every
section ¢ € I'(D). In this case, & is called the Reeb section associated to s, and
the Reeb bracket {-,-}; has the following characteristic property: [{s,,&s,]E =
{s1,s2}1> fOr every si1,s2 € I'(L). Moreover, applying 6, we get the explicit
formula for the Reeb bracket in terms of the 1-form g, namely,

{81’82}L :gE ([gSlagsz]E)vslst GF(L) (42)
Proposition 4.2 implies that, for f € C*°(M) and s € T'(L), we have

§rs = [&s + B(dpf ®s), (4.3)
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where 8 : Hom(D, L) — D is the isomorphism induced by Curv(D), that is
Hom(D, L) 5 Curv(D)(t, ) — t € T'(D).

Also, we notice that the inverse of the isomorphism defined in Proposition 4.2

sends (s, ¢) to & — B(¢).

Ezample 4.2. When L is the trivial line bundle, the Reeb section associated
to the constant function 1 is the standard Reeb section £ associated to the contact
form 7, and it is uniquely determined by 1 = 1 and 2(dgn) = 0. The other
Reeb section corresponding to an arbitrary smooth function f € C>*(M) is £ =
f&+ B(def). In this case, 8 : D* — D is the isomorphism induced by dgn.
Finally, we notice that the Reeb bracket becomes a Jacobi bracket on C*°(M) as
follows:

{f.9} = Adef,drg) + pe(€)(flg — fre(€)(9), (4.4)
where the bisection A € I‘(/\2 E) is defined by using 3, that is A(dgf,dgg) =
den(B(def), B(deg)).

Remark 4.2. In some recent papers (see [10], [18]) are introduced contact
structures on principal R* := R — {0}-bundles (using a new language about
contact structures). More exactly, for a given R*-action h : R* x P — P on
a vector bundle P — M, a contact structure is referred to as a triple (P, h,w),
where w is a 1-homogeneous symplectic form on P, that is (h)*w = tw(t # 0).
Using a similar language, the construction from [33] (recalled in Example 4.1)
can be formulated in the non-coorientable case as follows. Let (E, [, g, pr) be
a Lie algebroid of rank m over M, p* : E* — M the dual vector bundle of F, and
h: R* x E* — E* be the multiplicative R*-action on E* (then the projective
bundle of E* is P(E*) := E*/R* — M, rank P(E*) = m — 1). As usual (for
tangent and cotangent lifts of a R*-action on manifolds or supermanifolds [18]),
there is a natural lift of h to a R*-action on T¥E* denoted by T¥h : R* x
TEE* — TPE* given by (T¥h), = T¥(h;), which is a compatible action, that
is, (TEh); are Lie algebroid automorphisms (see [31]). Then, there is a natural Lie
algebroid (over quotient spaces) P(T¥E*) — P(E*) which is isomorphic with the
prolongation 7¥ P(E*) of E over the projective bundle P(E*) — M. Now, since
the canonical symplectic section wr € Q2(TFE*) is linear, thus homogeneous,
the triple (TEE*, T¥h,wg) is a contact structure. In a traditional language, it
corresponds to a contact structure on the Lie algebroid T¥ P(E*) — P(E*), let us
say a maximally non-integrable subbundle DE P(E*) C TE P(E*) of rank 2m — 2,
and then, the contact structure D P(E*) is pulled back to a contact structure
on the Lie algebroid 7#S(E*) through the double-cover S(E*) — E* — P(E*).
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4.2. Contact Riemannian Lie algebroids. In what follows, we consider only
the coorientable case. When an almost contact Riemannian structure defined
in Theorem 2.4 is fixed on the contact Lie algebroid (E,7), then we say that
(E,Fg,&,n,9r) is a contact Riemannian Lie algebroid.

Remark 4.3. From the definition of the fundamental form and from Theo-
rem 2.4, it results that for a given contact Riemannian structure, the endomor-
phism Fg is uniquely determined by the 1-form 7 and by the metric gg.

For the contact Riemannian Lie algebroid (E, Fg,&,n,gr), we consider the
contact subbundle D. Taking into account Theorem 2.4, the restriction to D of
the 2-form dgn is non-degenerate, and then we can state the following;:

Proposition 4.3. The contact subbundle D of a contact Riemannian Lie
algebroid has a symplectic vector bundle structure with the symplectic 2-form
denlp.

Denote by J (D) the set of almost complex structures on D, compatible with
dgm, that is, the structures J : D — D with the properties

J?=—Ip, dgn(J(s1),T(s2)) = den(s1,s2), den(T(s),s) >0  (4.5)

for every s, s1,s2 € I'(D). This means that we consider on D only almost complex
structures compatible with its symplectic bundle structure. We remark that if
(Fg,&,m, gr) is the almost contact Riemannian structure associated to the contact
Riemannian structure defined in Theorem 2.4 on the Lie algebroid E, then Fg|p €
J (D).

For each J € J(D), the map g7, defined by

97(s1,82) =degn(J(s1),s2), 81,82 € I'(D), (4.6)

is a Hermitian metric on D, that is, it satisfies the condition

gj(j(sl)vj(SQ)) = gj(81,32), 81,82 € F(D) (47)

Moreover, if we denote by G(D) the set of all Riemannian metrics on D, satisfying
the equality (4.7), it is easy to see that the map J € J(D) — g7 € G(D) is
bijective. Since 1 nowhere vanishes on M, we denote by £ a section of E such that
n(€) = 1 and extend J to an endomorphism Fg of T'(E) by setting Fg|p = J,
Fg(€) = 0. Consider the decompositions 51 = s¥ + a&, so = sP + b¢, where
sP sD are the D components of the sections s; and sq, respectively. Similarly,

we extend g7 to a metric on E by

9e(s1,82) = g7 (s, s5) + ab (4.8)
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for every s1, 82 € I'(E). Taking into account (4.6), we can prove that dgn(s1, $2) =
9 (s1, Fr(s2)), hence the contact structure on E is a Riemannian one. Moreover,
(Fg,&,m,9r) is an almost contact Riemannian structure on E, and then the set
of almost contact Riemannian structures on F is in bijective correspondence with
the set of almost complex structures of Hermitian type (J,g7) defined on the
contact subbundle D.

Using the notion of a Killing section on Riemannian Lie algebroids (intro-
duced recently in [9]) and the classical calculus on Lie algebroids, similar argu-
ments used in the study of contact Riemannian manifolds (see [5], [35]) yield

Proposition 4.4. Let E be a contact Riemannian Lie algebroid, and let
(Fg,&,m,9E) be the associated almost contact Riemannian structure. Then

. 2 4
(i) N](E) =0, Né) =0;
(ii) N](ES) = 0 if and only if ¢ is a Killing section, i.e. Legp = 0;
(iii) VeFg =0.
A more suitable form of the results from Proposition 4.4 is the following:

Proposition 4.5. Let E be a contact Riemannian Lie algebroid, and let
(Fr,&,m,9r) be the associated almost contact Riemannian structure. Then,

Len=0, Le(dpn) =0, (Lrysnn) (s2) = (Lry(snn) (51)

for every s1,s2 € T'(E).

Another useful result in relation with corresponding notions from contact
Riemannian manifolds is

Proposition 4.6. On a contact Riemannian Lie algebroid the following for-

mulas hold:

: N® _ N® .

(i) (N5~ (s1),52) = gp(s1, N5~ (s2));
Vi€ = —Fi(s) ~ Fe(Ng (s)):
FE ON%B) = —Ng))) OFE7
trace N](Sg) =0, trace(N(Eg) oFg)=0, N(Eg) &) =0, n(NS)(S)) =0;
(Vs Fp)(s2) + (Vg (s) FE)FE(s2)
= 2gg(s1,52)& —n(s2) (sl 4 N(E3)(31) + 77(31)5).
Now, by putting into other words Theorem 2.4, we can assert that if n defines

a contact structure on the Lie algebroid E, then there exists an almost contact
Riemannian structure (Fg,&,n, gg) with Qg = dgn as fundamental form. Then,
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it is natural to ask what kind of relation can exist between the form nA(dgn)™ and
the volume form dV,, = \/detgge' A--- A €™t of the Riemannian metric gg
on E. More exactly, following step by step the proof from the case of contact
Riemannian manifolds (see [5], [6], [35]), we have the following:

Theorem 4.1. Let E be a contact Riemannian Lie algebroid of rank 2m + 1
with contact 1-form 1. The volume form with respect to the metric gg of E
is given by

aVy, = nA (dgn)™. (4.9)

2mm]
A morphism p : (E7,1m1) — (E2,12) between two contact Lie algebroids over

the same manifold M is called a contact morphism if there is f € C°° (M) nowhere
zero on M and such that

W = f. (4.10)

If f = 1, the morphism p is called a strict contact morphism. Also, we easily
obtain

Proposition 4.7. The morphism p : (E1,1m) — (E2,m2) between two con-
tact Lie algebroids over the same manifold M is a contact morphism if and only
if u(Dy1) € Do.

4.3. K-contact, Sasakian and Kenmotsu Lie algebroids. A contact Rie-
mannian Lie algebroid with the property that its Reeb section £ is a Killing section
is called a K-contact Lie algebroid. From Propositions 4.4 (ii) and 4.6 (ii) easily
follows

Proposition 4.8. A contact Riemannian Lie algebroid F is K-contact if
and only if

ng = —FE(S) (4.11)
for every s € I'(E).
From the formula (4.11), it results the following

Proposition 4.9. On a K-contact Lie algebroid E the following equalities
hold:

(Vain)s2 = ge(Vs, €, 82) = Qp(s1,52), (VeFgp)§ = —s+n(s)§ (4.12)

for every s, s1,s2 € T'(E).
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The contact Riemannian Lie algebroid F is called a Sasakian Lie algebroid
if the associated almost contact Riemannian structure (Fg,&,n,gg) is normal.
Otherwise, the almost contact Riemannian structure (Fg,&,7n,9g) is a Sasakian
structure if dgm = Qg and Ng) =0.

From (3.1) and Proposition 4.4 (ii) easily follows

Theorem 4.2. Every Sasakian Lie algebroid is K-contact.

A characterization of Sasakian Lie algebroids by the Levi-Civita connec-
tion V of gg can be obtained as in the manifolds case (see [5], [35]), that is

Theorem 4.3. The almost contact Riemannian structure (Fg,&,n,9g) on E
is Sasakian if and only if

(Vs Fp)se = gu(s1,52)§ — n(s2)s1 (4.13)
for every sections s1, s € T'(E).

Choosing an Fg-basis {e,} = {sq4, $a+, £} on I'(E), from (4.11) it follows that

(Ve.n)ey = ge(Ve, & 1) = —gr(Fe(ea), e) = 0. (4.14)
Now, using the x-Hodge operator on invariantly oriented Lie algebroids (see [3]),
the exterior coderivative on Lie algebroids can be expressed as

2m—+1
e ==Y 1,(Ve,p), ©€Q(E). (4.15)

a=1
Thus, from (4.14) and (4.15) we deduce d;n = 0, hence we can state the following:

Proposition 4.10. The contact form of a K-contact Lie algebroid is co-
closed.

Remark 4.4. Assuming that the elements of the basis {e,} are eigensections
of the operator NV ](;), by a similar argument, it follows that Proposition 4.10 is
valid for every contact Riemannian Lie algebroid.

Proposition 4.11. Every K-contact Lie algebroid of rank 3 is Sasakian.
PRrROOF. Denote by {e, Fg(e), £} a Fg-basis of T'(E). Then we have

gE((VSFE)e7e) =0, gE((vsFE)evFE(e)) =0, gE((vsFE)evg) :gE(S’e)'

We deduce (VsFg)e = gp(s,e) for every s € T'(E), and then (4.13) is satisfied
for so = e. Similarly, one can verify (4.13) for so = Fg(e) and so = &, hence, by
Theorem 4.3, the K-contact Lie algebroid of rank 3 is Sasakian. O
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A Lie algebroid (E, pg, [, ]g) of rank E = 2m + 1 endowed with an almost
contact Riemannian structure (Fg,&,n,¢gg) is called an almost Kenmotsu Lie
algebroid if the following conditions are satisfied:

dpn =0, dgQg=2nANQg. (416)

With the name Kenmotsu Lie algebroid we refer to every normal almost Kenmotsu
Lie algebroid.

Theorem 4.4. A Lie algebroid (E, pg,[-,]g) of rank E' = 2m + 1 endowed
with an almost contact Riemannian structure (Fg,&,n,9g) is a Kenmotsu Lie
algebroid if and only if

(Vs Fe)s2 = —n(s2)Fe(s1) — gu(s1, Fe(s2))S. (4.17)
PrOOF. Follows as in the case of Kenmotsu manifolds (see [35]). O
Also, by straightforward calculation it follows

Proposition 4.12. On a Kenmotsu Lie algebroid the following equalities
hold:

(Vam)(s2) = gr(s1,52) — n(s1)n(s2),
Legp =2(9gr —n®n), LeFrp=0, Len=0.

From Proposition 4.12, it follows that the Reeb section £ of a Kenmotsu Lie
algebroid cannot be Killing, hence such a Lie algebroid cannot be Sasakian, and,
more generally, it cannot be K-contact.

5. An almost contact Lie algebroid structure on the vertical
Liouville distribution on the big-tangent manifold

The following definition generalizes the notion of framed f(3,1)-structure
from manifolds to Lie algebroids, and it will be important for our next consider-
ations.

Definition 5.1. A framed f(3,1)-structure of corank s on a Lie algebroid
(E,pg, [, ]E) of rank (2n + s) is a natural generalization of an almost contact
structure on E, and it is a triplet (f, (&), (w%)),a =1,...,s, where f € T(EQ E*)
is a tensor of type (1,1), (&) are sections of E, and (w®) are 1-forms on E such
that

W'(&) =0, f€) =0, w'of=0, fP=—Ip+) w'@&  (51)
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The name of f(3,1)-structure was suggested by the identity f2 + f = 0.
For an account of such kind of structures on manifolds, we refer, for instance,
to [17], [48].

In this section, we introduce a natural framed f(3,1)-structure of corank 2
on the Lie algebroid defined by the vertical bundle over the big-tangent manifold
of a Riemannian manifold (M, g). When we restrict it to an integrable vertical
Liouville distribution over the big-tangent manifold, which has a natural structure
of Lie algebroid, we obtain an almost contact structure.

5.1. Vertical framed f-structures on the big-tangent manifold. The aim
of this subsection is to construct some framed f(3,1)-structures on the vertical
bundle V. = V; & V5, over the big-tangent manifold 7M when (M, g) is a Rie-
mannian manifold.

Let M be an n-dimensional smooth manifold, and let us consider 7 : TM —
M its tangent bundle, 7* : T*M — M its cotangent bundle and 7 = 7 & 7* :
TM & T*M — M its big-tangent bundle defined as the Whitney sum of the
tangent and the cotangent bundles of M. The total space of the big-tangent
bundle, called big-tangent manifold, is a 3n-dimensional smooth manifold denoted
here by T M. Let us briefly recall some elementary notions about the big-tangent
manifold 7M. For a detalied discussion about its geometry, we refer to [45].

Let (U, (2%)) be a local chart on M. If {% «}, © € U is a local frame
of sections of the tangent bundle over U and {dz*|,}, x € U is a local frame

of sections of the cotangent bundle over U, then, by definition of the Whitney
sum, {% 2 dzt|,}, 2 € U is a local frame of sections of the big-tangent bundle
TM & T*M over U. Every section (y,p) of 7 over U takes the form (y,p) =

y a?ﬂ + pidx®, and the local coordinates on 7=1(U) will be defined as the triples

(2%, 9%, p;), where i = 1,...,n = dim M, (2%) are local coordinates on M, (y) are
vector coordinates, and (p;) are covector coordinates. The local expressions of
a vector field X and of a 1-form ¢ on TM are

o, .0 0 , 4 ,
X=¢ oz +n' oy + Ci@Tn and ¢ = azdz’ + Bidy* + ~'dp;. (5.2)

For the big-tangent manifold 7 M we have the following projections:

T:TM—M, 7:TM—TM, 1:TM—T*M

on M and on the total spaces of tangent and cotangent bundle, respectively. As
usual, we denote by V' = V(T M) the vertical bundle of the big-tangent mani-
fold 7 M with respect to projection 7, and it has the decomposition

V=Vo, (5.3)
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where Vi = 7, X(V(TM)), Vs = 73 "(V(T*M)), with the local frames {%}

dp;
by fibers of 71, 72, respectively, and 7 M has a multi-foliate structure [42]. The

{ 0 }, respectively. The subbundles V7, V5 are the vertical foliations of T M
Liouville vector fields are given by

0
& S F(Vl), E = pi87p‘ € F(Vz), E=&E+& € F(V) (54)

[ S

In the following, we consider a Riemannian metric ¢ = (g;;(z))nxn on the
paracompact manifold M, and we put

vi = giy’, p'=g"p;, (5.5)

where (¢%7),x», denotes the inverse matrix of (gij)nxn. It is well known that
gi; determines in a natural way a Finsler metric on TM by putting F x,y) =
gij(z)y'y?, and similarly, g% determines a Cartan metric on 7*M by putting
K?(z,p) = g (z)p;p;. Then the relations (5.5) imply

vyt = F2%, pip' = K> (5.6)

Also, the Riemannian metric g on M determines a metric structure G on V by
setting

G(Xv Y) = 9Gij (LE)X% (LU, yvp)Ylj (xv yvp) + gij(x)Xiz('T7 y,p)Yj2(x, yvp)a (57)

for every

4 ) )
X =Xi(®9,p) 55 +X3($7y,p)ap_,

and 5 5
Y =Y/ — 4Y? — eI (V).
1 (xayap) ayﬂ + J (x,y,p) apj € (V)

Let us define the linear operator ¢ : V. — V given in the local vertical frames

9
{aa} by
0 0 0 0
= —Q;; — = g —

It is easy to see that ¢ defines an almost complex structure on V' and

Go(X),o(Y)) =G(X,Y), VX,Y eI(V). (5.9)



24 Cristian Ida and Paul Popescu

As V is an integrable distribution on 7 M, it follows that (V, ¢, G) is a Hermitian
Lie algebroid (foliation) over 7 M since Ny = 0, where N, denotes the Nijenhuis
vertical tensor field associated to ¢.

Let us put
1 0 B
= Jrrere (Vo P )
1 0 9
&1 =d(&2) = Nl (p oy y’c‘)pz) ; (5.10)

where as before, y; = gijyj and p' = gijpj.
Also, we consider the corresponding dual vertical 1-forms of & and &, re-
spectively, which are locally given by

1 i 1 i i
w = \/ﬁ(m@ —y'k;), w?= ﬁ(ﬁ ki +v:0°), (5.11)

where 6°(9/9y’) = 0%, 0°(0/0p;) = 0, ki(9/0y’) = 0 and k;(0/dp;) = &l

i
By direct calculations, we have

Lemma 5.1. The following assertions hold:
(1) ¢(&1) = =&, (&2) = &ui;
(i) wlo¢p =w?, w?o¢=—wl;
(iil) w*(X) = G(X &), a=1,2.
Now, we define a tensor field f of type (1,1) on V by
FX) = ¢(X) - (X)& + ' (X)&2, VX €T(V). (5.12)
Theorem 5.1. The triplet (f, (&), (w?®)),a = 1,2 provides a framed f(3,1)-
structure on V, namely,
(i) w™&) =0y, f(&a) =0, w0 f=0;
(i) f2(X) = -X +w'(X)& + w?(X)&, for any X € T(V);
(iii) f is of rank 2n — 2 and f3 + f = 0.
PRrROOF. Using (5.12) and Lemma 5.1 (i) and (ii), by direct calculations we
get (i) and (ii). Applying f to the equality (ii) and taking into account the
equality (i), one obtains f2 + f = 0. Now, from the second equations in (i), we

see that span{{y,&2} C ker f. We prove now that ker f C span{{;,&2}. Indeed,

let be X € ker f written locally in the form X = X° 821- + Yia%v' By a direct

calculation, the condition f(X) = 0 gives

piX' —y'Y; y: X + p'Y;
X = &mfﬁ \Z/WK;& € span{éy, &}

and rank f = 2n — 2. O
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Theorem 5.2. The Riemannian metric G verifies
G(f(X), f(YV)) = G(X,Y) — ' (X)w' (V) — w?(X)w?(Y) (5.13)
for any X, Y € I'(V).

PROOF. Since G(fl,fg) =0 and G(fl,fl) = G(fg,fg) =1, by using (5.12)
and Lemma 5.1 (ii) and (iii), we get (5.13). O

Remark 5.1. The above theorem follows in a different way if we use the local

expression of the vertical tensor field f in the local vertical frame {8%7;, 8‘;’; }
Indeed, from (5.12) we have

0 piy’ —yip? O yiy; +pipj \ O

N L S SR (PR R ) W 5.14

/ (ayz) F2+ K2 oy \99 7 P21 K2 ) oy, (5.14)
9 g PP Yy 9 vy —y'p; 9

— (g P TYI N 9 PY YD O 5.15

f (8}71-) (g Pk )ag TR o O

and using (5.14) and (5.15) one finds
9 9 _ Y%y tpipj
(1 (o) 4 (a) ) =00 i
0 O\ _ piy! —yip?
¢ (f (C’W‘) o (f%‘)) - PP+ R?

d d i Yy '
o(s (@) * (@) = -

ij
9T TR
Now, from (5.16) easily follows (5.13).

(5.16)

Theorem 5.2 says that (f, G) is a Riemannian framed f(3, 1)-structure on V.

Let us put ®(X,Y) = G(f(X),Y) for any X,Y € I'(V). We have that ® is
bilinear since G is so, and using Lemma 5.1 (iii) and Theorems 5.1 and 5.2, by
direct calculations we have ®(Y, X) = —®(X,Y), which says that ® is a 2-form
onV.

The Theorem shows that the annihilator of ® is span{&;,&2}. Also, a direct
calculation gives [£1,&] = ﬁ&, which says that the distribution {£1, &2} is
integrable even if ® is not dy-closed, where dy is the (leafwise) vertical differential
on 7M. We notice that the annihilator of a dy-closed vertical 2-form is always
integrable.

A direct calculus in local coordinates, using (5.14) and (5.15), leads to

o2 9\ _ Py —yip
Oyt OyJ 2+ K2’
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9 0 Yy iy
o L, 2o g Yy TP
(3@/”317;-) ‘TR R
9 9 Py —y'p’
Oy | = 22 1
<8pi’8pj> F2+K2 (5 7)

On the other hand, we have

dyo! (3 5) _ PiYj — YiP;
Oy’ OyJ 2(F2 4+ K2) /F2 £ K2’

dyw'! (5 5) _ Py —y'p
Opi’ Op;)  2F?+ K2)VFZ+ K2

0 9 1 oy +pap?
E (R S — ) ¥ ) Yiy” T PP~
v (W’ 8pj) - 2@( 200+ Tk ) (5.18)

and comparing ® with dyw?, it follows that

O =2V F? + K2dyw' + ¢, (5.19)

where ¢ = §J 0" A k;. We have that W is dy-closed if and only if ﬁ
is dy-closed, and it defines an almost presymplectic structure on the vertical Lie
algebroid V.

5.2. An almost contact structure on the vertical Liouville distribution.
Let us begin by considering a vertical Liouville distribution on 7 M as the com-
plementary orthogonal distribution in V' to the line distribution spanned by the
unitary Liouville vector field & = \/ﬁg . In [23], this distribution is con-
sidered in a more general case, when the manifold M is endowed with a Finsler
structure, and for this reason, certain proofs are omitted here.

Let us denote by {&2} the line vector bundle over TM spanned by &, and
define the vertical Liouville distribution as the complementary orthogonal distri-
bution Vg, to {£»} in V' with respect to G, that is, V' = Vg, @ {{2}. Thus, Vg, is
defined by w?, that is

['(Ve,) ={X e(V) =0}. (5.20)

We get that every vertical vector field X = X} (z, vy, p) -+ X2(z,y, p) can be
expressed as
X = PX + w?(X)&, (5.21)

where P is the projection morphism of V on V¢,. Also, by direct calculus, we get

G(X,PY)=G(PX,PY) =G(X,Y) —*(X)W?(Y), VX,Y cT(V). (522
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With respect to the basis {Gj ® a";i,eﬂ’ ® a%i,kj ® 8%“ k; ® 3%1_} of (V& V*),

the vertical tensor field P is locally given by

1 b 2
__pi J
P=Pi#/® 55+ Pl k; &

0 3 0 4. 0
Sy Y Pk @ 5.23
5Pi+ A Op; * i oy ( )

where the local components are expressed by

2

1 i i
i si Yy i si DDy
Pj_5j7F2+K2’ j_5j7F2+K2’
3 - 4 J ot
YiPi Py
P=— — N 5.24
J 2+ K2 F2 1+ K2 ( )

Theorem 5.3. The vertical Liouville distribution Vg is integrable, and it
defines a Lie algebroid structure on T M, called a vertical Liouville Lie algebroid,
over the big-tangent manifold T M.

PROOF. Follows using an argument similar to that used in [4], [22]. It can
be found in [23] for a more general case when the manifold M is endowed with a
Finsler structure. 0

Now, let us restrict to Vg, all the geometrical structures introduced in Sec-
tion 2 for V| and indicate this by overlines. Hence, we have

1 = &1 since &y lies in V,;
2 =0 since w?(X) = G(X, &) = 0 for every vertical vector field X € V,;
* é = G‘Viz;

o f(X)=0¢(X)+wl(X)® & is an endomorphism of V¢, since

228

%l

G (F(X),&) = G(d(X), &) + W (X)G(&, &) = w?(9(X)) +w!(X) = 0.

We denote now & = & and 77 = w!. By Theorem 5.1, we obtain

Theorem 5.4. The triple (f,£,7) provides an almost contact structure
on Vg,, that is
(i) ?34-?:0, rank f =2n—2=(2n—1) — 1;
(i) 7() =1, f(§) =0,70 f=0;
(iii) F*(X) = =X +7(X)E, for X € Vg,.

Also, by Theorem 5.2, we obtain
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Theorem 5.5. The Riemannian metric G verifies
G(f(X), f(Y)) =G(X,Y) —=(X)7(Y), (5.25)

for every vertical vector fields X,Y € V¢,.

Concluding, as V¢, is an integrable distribution, the ensemble (f &7, G) is
an almost contact Riemannian structure on the Lie algebroid Vg,.

Let us consider now ®(X,Y) = G(f(X),Y), for X,V € T'(Vg,), the verti-
cal 2-form usually associated to the almost contact Riemannian structure from
Theorem 5.5.

The vertical Liouville distribution V, is spanned by {P( a?/i ), P(a%i) }, where

by using (5.23), we have

9 g 3 9 ) ) 49
P ) =pP! 4+ P, —, P|—)=P —4 P _—_. 5.26
(31/’) oy T op’ (3pj> k Opy, y* (5.26)

Now, using the abbreviation dy = dV|V§2, by direct calculations in the basis
(P (&) ()} vese
.3
] T Re

Remark 5.2. The relation (5.27) can be obtained directly from (5.19), since
a straightforward computation shows that @ = <p|V£2 =0.

(5.27)

. (G =l 3 \"! : _ 3
Finally, 7A (dvn)n =7A (\/%) = 0, which says that (n, \/%)
is a contact structure on the vertical Liouville Lie algebroid V,.

Remark 5.8. If A is a Lie algebroid, then it is well known that A @ A* has
a natural structure of a Courant algebroid, and contact structures on Courant
Lie algebroids are recently considered in [18]. On the other hand, if we con-
sider a Riemannian vector bundle (A, g4), and A is the total space of the vec-
tor bundle A ® A* — M, then, similarly to our study, we can construct an
almost contact Riemannian structure on an integrable vertical Liouville distribu-
tion over A. However, the most techniques used in the study of the geometry
of the total space of a vector bundle A (or its dual A*) have some analogies
(for the case of Lie algebroids) when investigating the geometry of the pro-
longations 74A and TAA*, respectively, and then, we can formulate the fol-
lowing problem: T4A is a Lie algebroid over A, and T4A* is a Lie algebroid
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over A*, and thus, in place of a direct sum, we can consider the direct product
TAA X TAA* — A x A* (viewed as the direct sum of pri*(T4A) — A x A* and
of pry H(TAA*) — Ax A*, where pry : Ax A* — Aand pry : AxA* — A*). In this
way, we can consider a vertical subbundle of TAAXx TAA* as V (TAA X TAA*) =
priH(VAA) @ pry ' (VAA*), where VAA is the vertical subbundle of T4A, and
VAA* is the vertical subbundle of T4 A*. Moreover, we can consider the Liou-
ville (Euler) section of V' (TAA x TAA*) as the direct sum of the canonical Li-
ouville sections of pri ' (VAA) and pry '(VAA*), and a Liouville-type subbundle
of V (TAA X TAA*) defined as the orthogonal subbundle of V' (TAA X TAA*)
to the line bundle generated by the Liouville section. Then, another problem
to solve is the construction of an almost contact Riemannian structure on the
vertical Liouville subbundle using the above procedure.
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