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Spectrum of a nonautonomous dynamics for growth rates

By LUIS BARREIRA (Lisboa) and CLAUDIA VALLS (Lisboa)

Abstract. For a nonautonomous dynamics defined by a sequence of matrices,
we consider the notion of nonuniform spectrum defined in terms of nonuniform expo-
nential dichotomies with an arbitrarily small nonuniform part. The exponential behavior
may be given by an arbitrary growth rate, thus including dynamics for which the Lya-
punov exponents are all zero or all infinite. We describe all possible nonuniform spectra
and the asymptotic behavior of the dynamics on certain invariant subspaces. In addi-
tion, we obtain results for one-sided and two-sided dynamics. Finally, we describe all
possible nonuniform spectra for a nonautonomous dynamics with continuous time.

1. Introduction

Our main aim is to describe all possible nonuniform spectra for a nonau-
tonomous dynamics, both for discrete and continuous time, and both for a one-
sided and a two-sided dynamics. More generally, we consider an exponential be-
havior given by an arbitrary growth rate e”(™) and not only by the usual exponen-
tial rate e“™. The latter includes dynamics for which the Lyapunov exponents are
all zero or are all infinite. Arbitrary growth rates were considered in [3], although
for strong exponential dichotomies (and so none of the results in the two papers
implies results in the other). In addition, we describe the asymptotic behavior of
the dynamics on the associated invariant subspaces. This amounts to show that
the lower and upper Lyapunov exponents of a vector in a given invariant sub-
space belong to the connected component of the nonuniform spectrum associated
to that subspace.
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The notion of nonuniform spectrum is inspired on the original notion intro-
duced by SACKER and SELL in [13] for cocycles over a compact base, replacing
the uniform exponential dichotomies in their work by the nonuniform exponen-
tial dichotomies with an arbitrarily small nonuniform part, now for a single linear
nonautonomous dynamics (and not for an entire cocycle). The Sacker—Sell spec-
trum can be seen as a generalization of the spectrum of a matrix (the set of its
eigenvalues), or, equivalently, of the autonomous dynamics z,, = A™z( defined
by a matrix A, for an arbitrary nonautonomous dynamics

T = AmAm—_1 - A1

defined by a sequence of matrices (A, )men. Indeed, for a constant sequence, that
is, for a sequence of matrices A,, = A for m € N, a constant A € R is of the form
—log || for some eigenvalue p of A if and only if the dynamics defined by the
matrix e *A admits a uniform exponential dichotomy. The construction of the
associated invariant subspaces corresponding to each connected component of the
spectrum follows a simple yet powerful idea apparently used first by OSELEDETS
in [10], in his proof of the multiplicative ergodic theorem (see [4]).

There are many other works in the literature related with the study of various
notions of spectra for a nonautonomous dynamics (note that for an autonomous
dynamics all these spectra reduce essentially to the eigenvalues), both for discrete
and continuous time, finite and infinite-dimensional systems, as well as invertible
and noninvertible dynamics. In the case of the Sacker—Sell spectrum and its gen-
eralizations, for the study of uniform exponential dichotomies and its variations
we refer the reader to [1], [2], [5], [6], [9], [14], [15] (in particular, [9] describes the
relation to ergodic theory, [15] considers nonautonomous linear equations, [1], [2]
consider systems of difference equations and [6], [14] study infinite-dimensional
systems). For references related to other notions of spectra, which are out of
the scope of our work, see [4] for the Lyapunov spectrum (which plays a role in
smooth ergodic theory), and see [7], [8], [12] for the Morse spectrum (as well as
for a discussion of the relation between the Sacker—Sell spectrum and the Morse
spectrum).

Analogously to the construction for the Sacker—Sell spectrum, the nonuni-
form spectrum of a sequence of matrices (A, )men is the set of all A € R such
that the dynamics defined by the sequence e=*A,,, does not admit a nonuniform
exponential dichotomy with an arbitrarily small nonuniform part (see Section 2
for the definition, and see Section 3 for examples). In particular, we describe
completely the structure of the nonuniform spectrum and how the lower and up-
per Lyapunov exponents relate to the associated invariant subspaces. Namely,
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for a vector in a given invariant subspace, the Lyapunov exponents belong to the
connected component of the nonuniform spectrum associated to that subspace.

The nonuniform exponential dichotomies with an arbitrarily small nonuni-
form part are ubiquitous in the context of ergodic theory and are present in
much more dynamics than their uniform counterpart. For example, the dynam-
ics of a diffeomorphism on a Smale horseshoe with a parabolic fixed point may
have nonzero Lyapunov exponents but is not uniformly hyperbolic. In fact, al-
most all trajectories with nonzero Lyapunov exponents of a measure-preserving
flow give rise to a linear variational equation admitting a nonuniform exponen-
tial dichotomy with an arbitrarily small nonuniform part. More precisely, let
f: R4 — R? be a diffeomorphism preserving a probability measure 1 on R
This means that

u(f7HA) = p(4)

for every measurable set A C R?. For example, any time-1 map of a Hamilton-
ian flow preserves the Liouville measure on each energy level, and so there are
many examples already in the somewhat classical context of mechanical systems.
Consider the Lyapunov exponents

1
Az, v) = limsup — log||d, f™v]]
m—oo M

for z,v € R? with v # 0. If log™||df|| = max{0,log||df||} is p-integrable (for
example, if the measure p has compact support, such as the Liouville measure
on any compact energy level), then for p-almost every x with A(z,v) # 0 for all
v # 0 the sequence of matrices

Ap = df‘m.(m)f, meZ

admits a nonuniform exponential dichotomy with an arbitrarily small nonuniform
part. Our results can also be considered a contribution to the theory of nonuni-
form hyperbolicity, which is an important tool in the study of stochastic behavior.
We refer the reader to the book [4] for a comprehensive exposition of the theory,
which goes back to seminal works of OSELEDETS [10], and particularly, PESIN [11].

2. Dichotomies on the whole line

2.1. Preliminaries. Let (A,,)mez be a two-sided sequence of d x d matrices.
We define
Ap_1-- A, ifm>n,

1
Id if m=n. M)
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Moreover, let p: Z — R be an increasing function such that

lim p(n)=—-o0c and lim p(n) = +oo.

n——oo n—-+oo

We say that (A,,)mez admits a p-nonuniform exponential dichotomy with an
arbitrarily small nonuniform part or simply a p-dichotomy if:

(1) there exist projections Py, : R? — R? for m € Z satisfying
APy = Pyii A (2)
for m € Z such that each map
A Ker P, : Ker P, — Ker P, 41 (3)

is invertible;
(2) there exist a constant A > 0 and for each € > 0 a constant D = D(e) > 0
such that

[ A(m, n)Py| < De~Metm)=pm)+elp(m)l - for >, (4)

and
[A(m, n)Qn ]| < De M) —p(m))+elo(m) for m <n, (5)

where @, = Id — P,,, and where
A(m,n) = (A(n,m)|Ker P,,)"" : Ker P, — Ker P,,

for m < n.

We first show that the images of the projections P, and @,, are uniquely deter-
mined. We make the convention that log0 = —o0.

Proposition 1. For each n € Z, we have

1
ImP, = {v e R? : limsup
m—+oo p(M)

log||A(m,n)v| < 0}, (6)

and Im Q,, consists of all vectors v € R< for which there is a sequence (T )m<n
in R such that x, = v, Ty = Am—1Tm—1 for m < n, and

1
lim sup ——— log||z || < 0. (7)
p(m

m——oo |p(m)|
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PRrROOF. It follows from (4) that

lim sup log||A(m, n)v| <0 (8)

m—+4o00 p(m)

for v € Im P,,. Conversely, if v € R? satisfies (8), then it follows from (4) that

1
lim sup —— log||A(m, n)Q,v|| < 0. (9)

m—s+oo P(M)

By (5), for m > n we have
|Qnv] < De*A(P(m)*P(n)HE\p(M)IHﬂ(m7n)anH’

that is,

%ek(p(m)—p(n))—slp(m)\||an|| < lA(m, n)Quol|.

Whenever @, v # 0, we obtain

1
0 < A—e <limsup
m— 400 pm)

log||A(m, n)Qno||

for any sufficiently small £ > 0, which contradicts to (9). Therefore, @, v = 0 and
v € Im P,. This establishes identity (6).

Now, take v € Im Q,, and define a sequence (7, )m<n in R by z,, = A(m, n)v
for m < n. Clearly,

T, =v and x,, = Apm_1Zm—1 for m < n.
Moreover, it follows from (5) that (7) holds. For the converse, it is sufficient to
show that there exists no v € Im P, \ {0} for which there is a sequence (2., )m<n
in R? as in the proposition. It follows from (2) and (4) that

HU|| _ ||A(n,m)Pmmm|| < De—/\(p(n)—p(m))ﬁlp(m)\||wm||

for m < n. Therefore,

1
0 < A — e < limsup —— log||zm]|
m——oo |p(m)]

for any sufficiently small ¢ > 0, which contradicts to (7). O
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The nonuniform spectrum of a sequence (Ap,)mez of d X d matrices is the
set 3 of all numbers a € R such that the sequence (B, )mez, where

B, = e~ p(mt)=p(m)) 4
does not admit a p-dichotomy. For each a € R and n € Z, let

Sa(n) = {v cR?: limsupL

limsup 20 log||A(m,n)v| < a}, (10)

and let U,(n) be the set of all vectors v € R? for which there is a sequence
(@) m<n in R? such that z,, = v, T = Ap—1Zm—1 for m < n and

lim sup

log||zm || < —a.
m——oco |p(m)]

It follows from Proposition 1 that if a € R\ X, then
R? = S,(n) ® U,(n) forn € Z, (11)

with the projections P, and @, associated to the sequence (B,,)mecz satisfying
Im P, = S,(n) and Ker P, = Uy (n) for n € Z. With the convention that

S (1) = Upoo(n) = {0} and  Syoe(n) = Uoo(n) =B,
for each a € [—00,4+00] and n € Z, we have
ApSa(n) C Sa(n+1) and A,U,(n) C Us(n+1). (12)
Moreover, if a < b, then
Se(n) C Sp(n) and Uy(n) C Uy(n) (13)

for n € Z. Finally, for each a ¢ ¥, the numbers dim S,(n) and dimU,(n) are
independent of n (and thus, we shall simply denote them by dim S, and dim U,).
Indeed, it follows from the invertibility assumption in the notion of a p-dichotomy
that dim U, (n) = dim U, (n+1), and so also dim S, (n) = dim S, (n+1), for n € Z.

Proposition 2. Theset ¥ C R is closed. For each a € R\X, we have S, (n) =
Sp(n) and U, (n) = Up(n) for all n € Z and all b in some open neighborhood of a.
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PROOF. For each a € R\, there exist projections P, for n € Z satisfying (2),
a constant A > 0, and for each € > 0 a constant D = D(eg) > 0 such that
||€—a(p(m)—p(n))A(m’ n)P,| < DeMelm)—p(n))+ele(m)l for m >n,
and
||e_“(”(m)_p(")).ﬁl(m,n)QnH < De~Me(m)=p(m)telp(m)l for < .
Therefore, given b € R,
||€7b(p(m)7p(n))./4(m,Tl)PnH < De*()\*aer)(P(m)*P(n))‘FdP(n)‘ for m > n,
and
||efb(p(m)*p(n))/[(m,n)QnH < De~ A Fa=b)(p(m)=p(m))telo(ml  for m < p.

This shows that if |a — b| < A, then b € R\ ¥. Hence, by Proposition 1, Sy(n) =
Sa(n) and Uy(n) = Uy (n) for n € Z. O

2.2. Structure of the spectrum. The following is our main result. It gives
a complete description of the nonuniform spectrum of a sequence of matrices.
We write I; = [a;,b;] for i =2,...,k— 1.

Theorem 3. For a two-sided sequence (A, )mez of d X d matrices:
(1) either X =0, X =R or

E:Ilu[ag,bg]U~-~U[ak,1,bk,1}UIk, (14)

where Iy = [a1,b1] or I = (—o0,b1] and I, = [ag, by or I, = [ag,+o0), for
some constants

ar <bp <ag <by<---<ap<by, k<d;
(2) if ¥ is given by (14), then, taking numbers
Cie(bi,a“_l) fOTizl,...,k—l

and
4> 0, cog =1inf X — 4, cp =sup X + 9,

for each n € Z the subspaces W;(n) = U,,_,(n) N S, (n) satisty
A Win) CWi(n+1) fori=1,....k (15)
and

R = P Wi(n), (16)

=0
where Wy(n) = S¢,(n) and Wiy1(n) = U, (n);
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(3) the subspaces W;(n) are independent of the numbers §,cy,...,Cr_1;
(4) for eachie{l,...,k} with I; compact, n € Z and v € W;(n) \ {0}, we have

lim inf log||zm ]|, lim sup

lo c I, 17
it i sup -l (17)

where x,, = A(m,n)v, and there exists a sequence (T, )m<n C R? such that
Tp =V, Ty = Amp_1Tm_1 for m < n and

1
1 li —1 I;. 18
oo | imsup L togl || < 1 (19

{ lim inf

m— —oo p(m)
PRrROOF. We start with an auxiliary result.

Lemma 1. Take a;,as € R\ X such that a; < as. Then [a1,a2] Y # 0 if
and only if dim S,, < dim S,,.

PROOF OF THE LEMMA. Assume that [a1, a2]NY # . If dim S,, = dim S,,,
then
Sal (n) = Sﬂz (n) and Ual (n) = Uaz (n)

for n € Z. By Proposition 1, there exist projections P, for n € Z satisfying (2),
constants A1, Ay > 0, and for each € > 0 constants D; = D;(g), Dy = Da(e) > 0
such that for ¢ = 1,2 we have

||e—ai(p(m)—p(n))A(m7n)pn” < DyeNiletm)=pm)tele(l for iy >, (19)
and
||e_“’?(”(m)_p(”))fl(m, n)Qn| < D;eiletm)=—pm)teloMl for gy < . (20)
For each a € [a1, as], by (19),
|e=Pm)=r()) A (m, n) P, || < DyeMpm)=ptm)Feletl for m > n,
and similarly, by (20),
He—a(p(m)—p(n))‘A(,rn7 n)Qn” < D2€—>\2(P(n)—P(m))+€\P(n)| for m <n.

Thus, [a1, as] C R\ X, but this contradicts to the assumption that [a1,a] N3 # 0.
For the converse, let

b= inf{a €R\X:dimS, =dimS,,}.
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Since dim S,, < dimS,,, it follows from Proposition 2 that a1 < b < as. If
b ¢ X, then either dim S, = dim S,, or dim S}, # dim S,,. In the first case, by
Proposition 2 we have dim Sy = dim S,, and ' € R\ X, for all b’ € (b —¢,b] and
some € > 0. In the second case, by Proposition 2 we have dim Sy # dim S,, and
b e R\X, for all b/ € [b,b+¢) and some € > 0. Both properties contradict to the
definition of b. Hence, b € ¥, and so [a1,as] N3 # 0. |

Now, assume that 3 contains d+1 disjoint closed intervals, and take numbers
€1y...,¢q € R\ 3 such that all the intervals

(_007 Cl)7 (cla CQ), R (Cd, +OO)
intersect . By Lemma 1, we have
0 <dimS,, <dimS,, <:-- <dimS,, <d. (21)

If dim S., = 0, then S.,(n) = {0} for n € Z. Since ¢; € R\ X, there exist
a constant A\ > 0 and for each ¢ > 0 a constant D = D(e) > 0 such that

[e=cptm)=r(m) A (1, n)|| < De= AP =pmD+eloMI for < .
Hence, for b < ¢; we have
|~ m)=p(M) 4(m, n)|| < De=Mem=pmD+elo@]  for 1 < .

Thus, (—00,c1) C R\ X, which is impossible since (—o0,¢1) intersects 3. This
shows that dim S., > 0. Now we assume that dimS., = d. Then S.,(n) = R?
for n € Z. Since ¢q € R\ X, there exist a constant A > 0 and for each € > 0
a constant D = D(g) > 0 such that

|e=calpm)=p(m) A (m, n)|| < De= et =prD)+ele(l for iy > .
Hence, for b > ¢4 we have
||e_b(p(m)_p(n))ﬂ(m,n)|| < De—Me(m)=p(n)+elp(m)l for m >n.

Thus, (cq,+00) C R\ X, which is impossible since (cg4, +00) intersects ¥. This

shows that dim S., < d. Therefore, (21) cannot hold, and so 3 is composed of at

most d disjoint closed intervals. This establishes the first property in the theorem.
Property (15) follows readily from (12). Moreover, by (13), we have

Wi(n) "N W;(n) = {0} fori+# j and n € Z.
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Indeed, for ¢ < j we have
Wi(n) C S¢,(n) C S;_,(n) and Wj(n) C Ue,_,(n).
Finally, since
(A+B)NnC=A+(BnC)

for any subspaces A, B and C' with A C C, taking A = S,,_,(n), B =U,,_,(n)
and C = S, (n), it follows from (11) that

Rd = Sck (n) @ Wk+1(n) = ((Sck—l(n) D Uck—l(n)) N SCk: (n)> D Wk+1 (n)
= Sei_1 () & (Se, (n) NUe,_, (n)) & Wiga(n) = Se,._, (n) & Wi(n) & Wiy (n)

for each n € Z. Identity (16) can now be obtained in finitely many steps. The
independence of the spaces W;(n) on the choice of constants d, ¢y, ..., cx—1 follows
readily from Lemma 1.

For the last statement in the theorem, we note that since ¢; ¢ X, the sequence
e—cilptmt+1)=p(m)) A admits a p-dichotomy, and so there exist projections P, for
n € Z satisfying (2), a constant A > 0, and for each € > 0 a constant D = D(g) > 0
such that

[ A(m,n)P,| < Delei=Mptm)=p(n))+elo(ml - for myy > n, (22)

and
[A(m, n)Qy|| < De~AFeilpm=plm)tele(ml for ymy < .

It follows from Proposition 1 that Im P, = S, (n) for n € Z. Hence, W;(n) C
Im P,, and it follows from (22) that

lim sup logl|A(m, n)v|| < ¢ — A < ¢;. (23)

m——+o0o p(m)

Letting ¢; N\ b;, we obtain

1
lim sup —— log||A(m, n)v|| < b; 24
i sup L log]| Ao, )] en
for i € {1,...,k — 1} and ¢ = k unless ¢, = 4oo. Similarly, since ¢;_; ¢ X,

the sequence e~ ¢i-1(p(m+1)=p(m)) 4 admits a p-dichotomy, and so there exist
projections P/ for n € Z satisfying (2), a constant g > 0, and for each ¢ > 0 a
constant D = D(e) > 0 such that

|A(m, n)P.| < Delcimi=mp(m)=p(n)+elp(m)] for m > p,
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and
A (m, n)Q|| < De~Fei-Dpm=pm)+eleMI  for < p, (25)

where Q! = Id — P/,. Tt follows from Proposition 1 that ImQ), = U,,_,(n) for
n € Z. Hence, W;(n) C Im @}, and it follows from (22) that

o] < De~(wtei-n)ptm)=p(m)telotml|| A(m, n)o||  for m > n,

and thus,

1
lim inf log||A(m,n)v|| > g+ ci—1 — & > ¢i—1,
m—+oo p(m)

taking ¢ sufficiently small. Letting ¢;_1 " a;, we obtain

1

for i € {2,...,k} and ¢ = 1 unless ¢y = —oo. Property (17) follows from (24)
and (26).

Now, take v € W;(n) \ {0}, and let (z,,)m<n be a sequence such that x, €
Im @), and v = A(n, m)z,, for m <n. By (25), we have

1
limsup —— log||zm || < —p —cim1 < —¢i—1,
m——oco |p(M)]

and thus,

lim inf

log||zm]| > ci—1-
m——o0 p(m)

Letting ¢;_1 " a;, we obtain

1
lim inf log||xm|| > as, 27
liminf - log], | (21)
fori e {2,...,k} and i = 1 unless ¢y = —oo. Moreover, since v € S, (n) = Im P,

we have v = A(n, m)Pyx,, for m <n. By (22), we obtain

1
liminf ———log||n| > A —¢; —e > —¢;,
m—=oc |p(m)]

taking e sufficiently small. Hence,

lim sup
m——00 p(m)

and letting ¢; \, b;, we find that

log|am| < ¢,

lim sup log||zm|| < b; (28)

m——occ P(M)
forie{l,...,k—1} and ¢ = k unless ¢;, = +oo. Property (18) follows from (27)
and (28). O
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3. Examples
In this section, we give some examples of sequences of matrices and of their
nonuniform spectra.

Ezxample 1. Take w > b > 0. For each n € Z, let

e(—w+b)(2n+l)+(n+l) cos(n+1)—ncosn
A, =

if n >0,
e~ (w+b)2n+1)+(|n[+1) cos(n+1)—|nlcosn  if 4 (.
We have
o~ (w=b)(m?—n?)+m cos m—ncosn if m,n>0
9 = Yy
‘A(m7n) e_w(,rn2_n2)+b(m2+n2)+mCos'rrL—|’n‘COSn if m > 0’ n < O7
e~ (w+b)(m® —n®)+|m| cos m—|n| cosn if m,n <0,

for m > n. First, we show that ¥ C [e"% %, e~%*?]. Take a > —w + b. Then

efa(m27”2)fl(m, n) < e~ (arw=b)(m*—n®)+Iml+inl o, > n.

(29)

Given § > 0, take D = D(4) > 0 such that

elnl < D™ forn e Z. (30)
It follows from (29) that

e—a(mz—nz)ﬂ(m TL) < 1)26—((1—i-w—b)(mz—nz)—i-(5m2+6n2

< D2€—(a+w—b—6)(m2—n2)+25n2

for m > n. Since a +w — b > 0 and § is arbitrary, this shows that (e~%A.,)mez
admits a p-dichotomy with p(n) = n? and P, = Id.

Similarly, for a < —w — b the sequence (e

%A )mez admits a p-dichotomy
with p(n) = n? and P,, = 0. Indeed, by (30), for m < n we obtain

~a(n®=m*) 4 ) > e (@Hwb) (0 =m?)—|m|=In|

> D—2€—(a+w+5)(n2—m2)—26n2 ]

Since a +w+b < 0 and 4§ is arbitrary, we obtain the desired property. Therefore,
e [e—w—b’e—w+b].
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For the reverse inclusion, assume that the sequence (e"”_bAm)meZ admits
a p-dichotomy with p(n) = n? and P,, = Id. Then there exists A > 0, and for
each € > 0 there exists D = D(e) > 0 such that

e(w*b)(m27"2)A(m,n) < De Mm*=n*)ten® o >,
For n = (2l — 1) and m = 2lx with [ € N, we obtain

e(wfb)(mzan)‘A(m,n) _ em2+n2 < D@,)\(m2,n2)+5n2.

But this is impossible for ¢ sufficiently small. One can also show that the se-
quence (e“"°A,,)mez does not admit a p-dichotomy with p(n) = n? and P, = 0.
Therefore, —w 4+ b € X. One can show in a similar manner that —w — b € X.

Since ¥ # () and ¥ # R, it follows from Theorem 3 that ¥ is a closed interval.
Therefore, ¥ = [e7W ™0, 7w H?],

Example 2. Take w > b > 0. For each n € Z, let
A {e(—w+b)(2n+1)+(n+1)cos(n+1)—ncosn if n> 0,

0 if n<O0.

We have

e—(w—b)(mz—nQ)—i—m cosm—ncosn  if m,n >0,

A(m,n) = {

0 otherwise,

for m > n. First, we show that ¥ C (—oo,e~**?]. Take a > —w + b. Then

2

e=am*=1%) f(m, n) < e~ (atw=b)(m®—n®)+|ml+inl (31)

for m > n > 0. By (30), it follows from (31) that
e—a(mz—nz)ﬂ(m’ n) < 1)26—(a+w—b)(7n2—712)+6m,2+6n2
< D2€7(a+w7b75)(m27n2)+25n2
for m > n. Since a +w — b > 0 and 0 is arbitrary, this shows that (e™%A,,)mez
admits a p-dichotomy with p(n) = n? and P,, = Id. Hence, ¥ C (—o0, —w + b].
For the reverse inclusion, take a < —w + b, and assume that (e*A,,)mez

admits a p-dichotomy with p(n) = n? and P,, = Id. Then there exists A > 0, and
for each € > 0 there exists D = D(e) > 0 such that

e“(mz_"z)./l(m, n) < De=Mm*—n®)ten® g > n.
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For n = (21 — 1)m and m = 2lx with [ € N, we obtain

e—a(m2—n2)ﬂ(m n) _ e—(a+w—b)(7rL2—n2)6|m\+|n| < De—k(mz—n2)+5n2
s < .

But this is impossible for e sufficiently small since a + w — b < 0. On the other
hand, (e=%A,,)mez does not admit a p-dichotomy with p(n) = n? and P, = 0
since A,, vanishes for m < 0. Therefore, a € ¥ for any a < —w + b, and so
Y = (—o0, —w + b].

4. Dichotomies on the half-line

In this section, we obtain corresponding results for a nonautonomous dynam-
ics on the half-line. Let (A, )men be a one-sided sequence of d x d matrices. We
continue to define A(m,n) by (1). Let p: N — R be an increasing function such
that

nll}riloo p(n) = +oo.

We say that the sequence (A, )men admits a p-dichotomy if there exist projections
P, for m € N; satisfying (2) for m € N such that each map in (3) is invertible,
a constant A > 0, and for each € > 0 a constant D = D(e) > 0 such that (4)
and (5) hold.

The following result can be obtained repeating arguments in the proof of
Proposition 1.

Proposition 4. For each n € N, we have

ImP, = {v e R? : limsup

log||A(m,n)v| <0 3.
i sup — L g A(m. )| }

In the one-sided case, the images of the projections @Q,, = Id — P,, need not
be uniquely determined.

Proposition 5. Assume that the sequence (A, )men admits a p-dichotomy
with respect to projections P,,. Moreover, let P! , for m € N, be projections such
that:

(1) ImP,,, =Im P}, and P), A, = Ay, P, form e N;
(2) the map Ap,|ker P}, : ker P}, — ker P}, is invertible for m € N;
(3) for each € > 0 there exists C = C(e) such that

P < CeflPtmI - m e N, (32)
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Then (A )men admits a p-dichotomy with respect to the projections P),.

PRrROOF. It follows from the assumptions that
P,(P,—P,)=P,— P, formeN.
Hence, by (4) and (32), we have

A G, n) Pl < [[A(m, n) Pzl + [|A(m, n) (P = Pl
< DeMem)=pm)+ele@l || A(m,n)P, (P, — P.)|
= De Metm)=pm)telp(m)] . pe=Alp(m)=p(m)+elotml) p, — P! |
< DeMem)=pm)telpm)l . pe=Alp(m)=p(n)t+elom)l(p 4 ¢)elo(m]

< (D + D? + CD)e Mem)=p(m)+2¢]p(n)|
for m > mn. Similarly, since
P, — P, = (P, — P,)(1d - P,),
it follows from (32) that

10d = P )oll < [[(Id = Po)vll + |(Pn — Py)oll
< [[(Ad = Po)oll + (1P = Pyl - |(Td = Po)o]|
< (A4 1Py = Poll) - (1 = Po)o]|
< (L || Py — Py |)e M=t +eletml A (m, n) (Id — Py o]

for m > n. Using again (32), we conclude that
|(1d = P))o|| < K'eMNetm)=p)+2elotm)l|| 4(m, n)(Id — P,)v|| (33)
for m > n and some constant K’ = K’(¢) > 0. On the other hand,

lA(m, n)(Id = Po)o|| < [A(m, n)(Id = Pyl + [A(m, n) (P — Pp)v|
= [|A(m, n)(Id = Pp)v|| + [|(Pm — Pp,)A(m,n)(Id — P, )v|
< (L [[Pm = P DIA(m, n)(1d = PY)o]|.

Using (32), we conclude that

1A (m, ) (1d = Py )o|| < K"es P A(m, n)(1d — P)ol| (34)
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for m > n and some constant K" = K" (g) > 0. Inequalities (33) and (34) imply
that

1(1d = Pv]| < K'K"e=Metm=eel+3eletmll|iA(m, n)(1d — P, )oll,
and thus,

A (n,m)(Id = Pp)v]| < K'K"e~Metm=em)s3clotml)(1q — Py jol|
< (1+ C)K/K//e—A(p(m)—p(n))+36|p(m)\ ]|

for m > n. This completes the proof of the lemma. O

The nonuniform spectrum of a sequence (A, )men of d X d matrices is the
set X of all a € R such that the sequence (B, )men, where

B,, = e*a(p(mﬂ)*p(m))Am’

does not admit a p-dichotomy. For each a € R and n € N, we continue to define
Sa(n) as in (10). For a < b, the first inclusion in (13) holds. Moreover, repeating
the proof of Proposition 2, one can show that the set ¥ C R is closed, and that
for each a € R\ ¥ we have S,(n) = Sp(n) for all n € N and all b in some open
neighborhood of a.

The following result is a version of Theorem 3 for exponential dichotomies
on the half-line. The main difference is that the direct sum in (16) is replaced by
a filtration of subspaces. We write I; = [a;,b;] for i =2,... k — 1.

Theorem 6. For a one-sided sequence (A, )men of d X d matrices:
(1) statement 1 in Theorem 3 holds;

(2) when (14) holds, taking numbers as in Theorem 3, we have
Seo(n) C Sey(n) C--- C S, (n);

(3) for eachi e {1,...,k} with I; compact, n € N and v € S,,(n) \ S¢,_,(n), we
have

1
lim sup —— log||A(m, 1)v]|| < b;.

m—+oo P(M)

PROOF. We first show that Lemma 1 holds in the present setting. Indeed,
assume that [a1,a2]NY # @ and dim S,, = dim S,,. It follows from Propositions 4
and 5 that the sequences

B,, = e~ @ptm+l)=p(m)) o and O, = e~ wlmt)—p(m)) 4
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admit p-dichotomies with respect to the same sequence of projections P,,. Pro-
ceeding as in the proof of Lemma 1, we obtain a contradiction. The converse can
also be obtained as in the proof of Lemma 1.

Proceeding as in the proof of Theorem 3, one can show that 3 consists of at
most d disjoint closed intervals. Since ¢; ¢ ¥, the sequence e—cilptmt1)=p(m)) 4
admits a p-dichotomy, and so there exist projections P, for n € N satisfying (2),
a constant A > 0, and for each € > 0 a constant D = D(e) > 0 such that

[ A(m,n) P, || < Delei=Npm)=p(r))+ep(n)  for 1 >, (35)

and
[A(m, n)Qn || < De~ A Fei)(p(n)—p(m))tep(n)  for 1 < .

It follows from Proposition 4 that Im P,, = S, (n) for n € N. Hence, S, (1) C
Im P, and it follows from (35) that (23) and (24) hold. O

5. The case of continuous time

In this section, we describe briefly versions of our results for continuous time.
We first consider exponential dichotomies on the whole line. Let T'(¢,s) be an
evolution family for ¢,s € R with t > s, and let p: R — R be an increasing
function such that

lim p(t) =—o0 and lim p(t) = +oo.

t——o0 t——+oo

We say that T'(t,s) admits a p-nonuniform exponential dichotomy with an arbi-
trarily small nonuniform part or simply a p-dichotomy if:

(1) there exist projections P(t) for t € R satisfying
P(t)T(t,s) =T(t,s)P(s) (36)
for ¢t > s such that each map
T(t,s)| Ker P(s): Ker P(s) — Ker P(t) (37)

is invertible;
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(2) there exist a constant A > 0 and for each € > 0 a constant D = D(eg) > 0
such that

|T(t, s)P(s)|| < De MNe@=plsDtelol)l for ¢ > 5, (38)

and
1T(t, s)Q(s)|| < Det ) =pl))telp(s)l for ¢ < g (39)

where Q(t) = Id — P(t), and where
T(t,s) = (T(s,t)| Ker P(t))flz Ker P(s) — Ker P(t) fort<s

The nonuniform spectrum of T(t,s) is the set ¥ of all numbers a € R for
which the evolution family

Ta(t,s) = e—a(p(t)—p(S))T(t, s)

does not admit a p-dichotomy.
The following result is a version of Theorem 3 for continuous time. The proof
is analogous, and so we omit it. We write I; = [a;,b;] fori =2,... k— 1.

Theorem 7. For an evolution family T(t,s) for t,s € R with t > s, the
following properties hold:

(1) statement 1 in Theorem 3 holds;

(2) when (14) holds, taking numbers as in Theorem 3, for each t € R the sub-
spaces W;(t) = U.,_, (t) N Se, (t) satisty

T(t,s)Wi(s) C Wi(t) fori=1,...,k, t>s,

and R* = @1 W;(t), where Wo(t) = S, (t) and W11 (t) = U, (1);
(3) the subspaces W;(t) are independent of the numbers 0, c1, ..., ck_1;
(4) for eachi € {1,...,k} with I; compact, s € R and v € W;(s) \ {0}, we have

1
{liminflogﬂx( B hmsup log||z(t )||] C I,

t—+o0 p(t) oo p( )

T(t,s)v, and there exists a function x(t) such that x(s) = v,

where x(t) =
t,r)x(r) forr <t <s and

a(t) =T(t,

log||l=(?)], hm sup —

{hmmf o

- log (¢ >||] c 1.
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Now, we consider exponential dichotomies on the half-line. Let T'(¢, s) be an
evolution family for ¢ > s > 0, and let p: R(J{ — R be an increasing function such
that

lim p(t) = +o0.

t——+oo

We say that T'(¢, s) admits a p-dichotomy if there exist projections P(t) for t € R
satisfying (36) such that each map in (37) is invertible, a constant A > 0, and
for each & > 0 a constant D = D(g) > 0 such that (38) and (39) hold. The
nonuniform spectrum of T(t, s) is the set 3 of all numbers a € R for which the
evolution family T, (¢, s) does not admit a p-dichotomy.

The following result is a version of Theorem 6 for continuous time.

Theorem 8. For an evolution family T(t,s) for t > s > 0 the following
properties hold:

(1) statement 1 of Theorem 3 holds;

(2) when (14) holds, taking numbers as in Theorem 3, we have
Seo(t) C Se,(t) C -+ C Se,(t)s

(3) for each i € {1,...,k} with I, compact, s € R and v € S,,(s) \ Se¢,_,(s), we

have )
lim sup —= log||T'(¢, s)v|| < b;.
msup o log] T (1 )|
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