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Ordinal sums of binary conjunctive operations
based on the product

By SUSANNE SAMINGER-PLATZ (Linz), MICHAL DIBALA (Bratislava),
ERICH PETER KLEMENT (Linz) and RADKO MESIAR (Bratislava)

Abstract. We discuss several types of ordinal sums for conjunctive operations for
an infinite set of truth values (modeled by the real unit interval). In some cases, they
can be seen as both a construction method and a representation (for example, when
considering copulas), this is no more true for the product-based ordinal sums when con-
sidering quasi-copulas or semicopulas. For each of the three product-based ordinal sums
discussed here, we characterize the smallest set of conjunctive operations containing all
quasi-copulas and for which the considered ordinal sum is both a construction method
and a representation. In particular, the set of all Lipschitz conjunctive operations is the
smallest superclass of the set of quasi-copulas for which all three product-based ordinal
sums under consideration are a construction method and a representation.

1. Introduction

The classical Boolean conjunction A1y : {0,1}> — {0,1} acting on the
two truth values 1 (= true) and 0 (= false) is given by Ag13(1,1) = 1, and
Ngo,1}(z,y) = 0 otherwise. When we consider a more general set of truth values
such as the graded scale [0,1] as in many-valued and fuzzy logics [16], [35], we
have to find appropriate axioms for an operation B: [0,1]? — [0, 1] modeling the

Mathematics Subject Classification: Primary: 26B25, 62E10; Secondary: 26B35, 60E05, 62H10.
Key words and phrases: conjunctive operation, Lipschitz conjunctive operation, semicopula,

quasi-copula, copula, ordinal sum.
This paper is supported by the “Technologie—Transfer—Forderung” Wi-2013-168051/WWin/Kai

of the Upper Austrian Government, as well as by the grants APVV-14-0013 and
VEGA 1/0420/15.



64 S. Saminger-Platz, M. Dibala, E. P. Klement and R. Mesiar

conjunction on [0, 1]. Obviously, in any case, B should be an extension of N{o,1}
ie., B f{o,1}2= No,1}-

We shall use the symbol A for the infix form of the function M: [0, 1] — [0, 1]
given by M (xz,y) = min(z,y) = x Ay (which, obviously, is an extension of A 1)
and, similarly, we also shall write x V y = max(x, y).

Definition 1.1. Let us fix several sets of specific extensions of the Boolean
conjunction Arg 1y to the unit square [0, 1)? for the rest of the paper:

(i) Denote by B the set of all functions B: [0,1]? — R satisfying the following
boundary conditions (implying that each B € B is an extension of A 13):
1 is a neutral element of B, i.e., B(x,y) = x Ay whenever zVy = 1, and 0 is
an annihilator of B, i.e., B(x,y) = 0 whenever x Ay = 0.
(ii) Each operation B € B with Ran(B) C [0, 1] is called a conjunctive operation
(on [0,1]), and the set of all conjunctive operations will be denoted by B..
(iii) Adding additional properties, particular subsets of 9B, are obtained. Some
of them are:
[S] Monotone conjunctive operations are called semicopulas [3], [12], and
the set of semicopulas will be denoted by &.
[C] Supermodular conjunctive operations are called copulas [13], [27], [34],
and the set of copulas will be denoted by €. Recall that a function
f:10,1]% = [0,1] is supermodular if, for all (z1, x2), (y1,92) € [0,1]?,

flxy Ay, xo ANy2) + fr Vy, 22 V) > f(o,22) + f(y1,y2)-

[L] Lipschitz conjunctive operations; the set of Lipschitz conjunctive oper-
ations will be denoted by £. A function f: [0,1]*> — [0,1] is Lipschitz
(with respect to the Lj-norm) if there is a constant K € ]0, 00| such
that for all (z1,x2), (y1,y2) € [0,1]?

|f(z1,22) = f(y1,y2)| < K- (|21 — y1] + |22 — 92l)-

[L1] 1-Lipschitz conjunctive operations [19], [21], [22], [23], i.e., Lipschitz
conjunctive operations with K = 1; the set of 1-Lipschitz conjunctive
operations will be denoted by £;.

[Q] 1-Lipschitz semicopulas are called quasi-copulas [2], [15], and the set of
quasi-copulas will be denoted by 9 (observe that Q = &N £;).

[T] Symmetric associative semicopulas are called triangular norms (t-norms

for short) [1], [20], [29], [30], [31], [32], and the set of triangular norms
will be denoted by ¥. Note that we have TNQ =T NC.
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Obviously, we have the following strict inequalities: € C Q C £, C £ C B,
CCcNCB6CB, aswellas T C S C B.. Neither £ nor £; is comparable
with & with respect to set inclusion.

For each function F': [0,1]> — R it is possible to define the F-volume of a
rectangle [a,b] X [¢,d] C [0,1]? by

Vi (la,b] X [¢,d]) = F(b,d) — F(b,c) — F(a,d) + F(a,c). (1.1)

Then we get immediately the following relationships of the sets £, &, Q
and € with the nonnegativity of the volume of (some) rectangles:

(i) If a function L € B is 1-Lipschitz, then Vi, ([a, b] X [¢, d]) > 0 for each rectangle
[a,b] x [c,d] C [0,1]? with 1 € {b,d}.

(ii) A function S: [0,1]2 — [0,1] is a semicopula if and only if S € B., and
if Vs([a,b] x [e,d]) > 0 for each rectangle [a,b] X [c,d] C [0,1]? satisfying
0 € {a,c}.

(iii) A function Q: [0,1]> — [0,1] is a quasi-copula if and only if Q@ € B., and
if Vo([a,b] x [e,d]) > 0 for each rectangle [a,b] x [c,d] C [0,1]? satisfying
{0,1} n{a,b,c,d} # 0.

(iv) A function C: [0,1]2 — [0,1] is a copula if and only if C € B, and if
Ve ([a, b] % [e,d]) > 0 for each rectangle [a,b] x [¢,d] C [0, 1]2.

Observe that for a function L € B to be 1-Lipschitz, the nonnegativity of the

volume of the rectangles mentioned in (i) is only necessary but not sufficient.
An important tool for the construction of conjunctive operations are the so-

called ordinal sums. Based on earlier results in the context of partially ordered

sets [4] and of abstract semigroups [5], [6], [7], [8], the ordinal sum of t-norms [14],

[24], [31] was introduced as follows (compare also [1], [20], [32]):

Definition 1.2. Let (Ja;, b;[)icr be a family of non-empty, pairwise disjoint
open subintervals of [0,1], and let (7});e; be a family of t-norms. Then, the
function T: [0,1]2 — [0, 1] given by

a; + (b —a;) - T; (f:‘fw f:‘;) if (,9) € [ai, bi],

T(z,y) = .
M(z,y) otherwise,

is well-defined, and we have T' € T. The t-norm T is called the M -ordinal sum of
the summands (Ja;, b;[,T;)icr, and we often shall write T' = M-({a;, b;, T3))ic1-

An M-ordinal sum T = M-({a;, b;, T3))ier will be called non-trivial if the
family (Ja;, bi[)ier does not consist of 10,1 only, i.e., if {]Ja;, b;[ | ¢ € I} # {]0, 1[}.
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The concept of M-ordinal sums as a construction method can be carried
over in a straightforward way to the set 8, and to the other sets of conjunctive
operations B., 6, £, £1, € and Q considered in Definition 1.1.

Observe that the M-ordinal sum given in Definition 1.2 is not only a con-
struction method, but also a representation of t-norms in the following sense:

Proposition 1.3. T € ¥ if and only if there is an index set I such that
T = M-({a;, b;, T;))ier for some family (Ja;, b;[)icr of non-empty, pairwise disjoint
open subintervals of [0, 1] and for some subfamily (T;);e; of T.

PrOOF. Fix an arbitrary T' € T. If there is an a € ]0, 1] such that we have
T(xz,y) = M(z,y) whenever a € {z,y}, then T = M-((0,a,T1),{a,1,T5)), where
Ty, T, € ¥ are given by

T(a+(lfa)~x,a+(1—a)'y)fa'

Tl(l‘vy): 1—a

and Ty(x,y) =
If there is no a € ]0, 1] such that T'(x,y) = M (z,y) whenever a € {z,y}, then the
only M-ordinal sum representation of T is the trivial one, i.e., T = M-({(0,1,T)).

This shows that each T" € ¥ is an M-ordinal sum of t-norms, the converse
being an immediate consequence of Definition 1.2. O

Note that, for an M-ordinal sum of t-norms T' = M-({a;, b;, T;)):c1, repeating
the procedure in the proof of Proposition 1.3 at most two times allows us to
reconstruct each summand T; € T from T via

T(a; + (bi — ai) - @, a; + (b — ai) - y) — a;
bi—ai '

Tl(‘r>y) =

Remark 1.4. Tt is not difficult to show that Proposition 1.3 remains valid if
we replace the set T by one of the sets B, &, £, £1, € or Q.

On the set B, however, the M-ordinal sum is not a representation, in general
(it is a representation only for conjunctive operations B € B, satisfying, for some
a €10,1], B(z,y) = M(z,y) whenever a € {x,y}, if we have B(x,y) < z Ay
whenever z Ay < a, and if B(z,y) > x Ay A a whenever x V y > a).

There are also generalizations of Definition 1.2, dealing with more general
binary operations on [0, 1] (the so-called t-subnorms [17], [18]) and still leading
to a t-norm. Since these t-subnorms are not conjunctive operations, we shall not
consider these constructions here.

Another type of ordinal sums for copulas, based on the smallest copula W
defined by W(z,y) = max(z +y — 1,0), was introduced in [26]:
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Definition 1.5. Let (Ja;, b;[)icr be a family of non-empty, pairwise disjoint
open subintervals of [0,1], and let (C;);c; be a family of copulas. Then, the
function C': [0,1]? — [0, 1] given by

bi—ai ’ bi—ai

(bi —a;)- C; (m_ai’ M) if (z,y) € lai, bi] x [1 = b, 1 —as],
C(zr,y) = _
W(z,y) otherwise,

is well-defined, and we have C € €. The copula C is called the W-ordinal sum of
the summands (]a;, b;[, C;)icr, and we often shall write C = W-({a;, b;, C;))iecr-

The concept of W-ordinal sums as a construction method can be carried over
in a straightforward way to the set 8, and to the sets of conjunctive operations
B., 6, £, £ and 9 considered in Definition 1.1 (but not to T: the W-ordinal
sum preserves neither the associativity nor the symmetry of the summands).

Observe that the W-ordinal sum given in Definition 1.5 is not only a con-
struction method, but also a representation of copulas in the following sense:

Proposition 1.6. C € € if and only if there is an index set I such that
C = W-({a;, b;, C;))ier for some family (Ja;, b;[)icr of non-empty, pairwise disjoint
open subintervals of [0, 1] and for some subfamily (C;);cy of €.

ProoF. Consider, for C' € €, the flipping C~€ € (see, e.g., [27]) defined by
C(z,y) = x — C(z,1 — y), and observe that the flipping of a W-ordinal sum
of copulas C; equals the M-ordinal sum of the flipped copulas C;". Then the
assertion follows immediately from Remark 1.4. (]

Remark 1.7. Tt is not difficult to show that Proposition 1.6 remains valid if
we replace the set € by one of the sets B, &, £, £1 or Q. On the set B, however,
the W-ordinal sum is not a representation, in general.

The copulas M and W are the two extremal copulas (sometimes called the
Fréchet-Hoeffding bounds) since we have W < C' < M for each C € €. A third
distinguished copula is the product copula II € € given by Il(z,y) = = - y.

These three copulas have nice interpretations in the context of statistical de-
pendence: II models the independence of random variables, M their comonotone
dependence, and W their countermonotone dependence (for more information,
see, e.g., [27]).

Recently, II-vertical and II-horizontal ordinal sums of copulas were intro-
duced in [25] (the details will be given in Section 2), based on some patchwork
techniques [9], [10], [11] and methods for gluing copulas [33].
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A third type of ordinal sum of copulas related to the product II, here called
II-diagonal ordinal sums, was introduced in [22] (the details will be given in
Section 4), which, in a particular case (when there is only one summand) can be
obtained via consecutive application of II-vertical and II-horizontal ordinal sums.

The construction of all three types of II-ordinal sums can be carried over
in a straightforward way to the other sets mentioned in Definition 1.1, with the
exception of . However, when thinking about them as a representation, this
works only for the sets B and £, but neither for the set of all conjunctive opera-
tions nor for quasi-copulas or semicopulas.

This fact was the main motivation for this paper, which was written with the
intention to provide a better understanding of conjunctive operations on [0, 1] at
large, and in particular, of their relationship with the different types of ordinal
sums related to the product II.

The paper is organized as follows: in Section 2, we recall the II-vertical and
II-horizontal ordinal sums of copulas and present some first properties and re-
sults. When extending these concepts to other sets given in Definition 1.1, we see
that they are no representation for (1-Lipschitz) conjunctive operations nor for
semicopulas or quasi-copulas.

In Section 3, we show that there is a smallest set £, satisfying Q C Q, C B,
(i.e., a set of conjunctive operations containing all quasi-copulas) such that the
II-vertical ordinal sum is both a construction method and a representation on £,,.
The corresponding result for the II-horizontal ordinal sum is also given.

Finally, we study the II-diagonal ordinal sum of copulas, which is again
no representation for (1-Lipschitz) conjunctive operations, nor for semicopulas or
quasi-copulas. However, the set £ of all Lipschitz conjunction operators turns out
to be the smallest set of conjunction operators which contains all quasi-copulas
and for which the II-diagonal ordinal sum is both a construction method and
a representation (Section 4).

2. II-vertical and II-horizontal ordinal sums

When looking at ordinal sums of copulas related to the product II, we first
mention the concept introduced in [25], compare also [9], [11], [33]. Such an ordinal
sum of copulas is different from IT only on vertical or horizontal stripes in the unit
interval. That is why we speak about a II-vertical or a Il-horizontal ordinal sum,
respectively. In a natural way, the relationship of these two concepts is based on
the switching of the order of the coordinates of the points in the domain. Consider,
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therefore, for an arbitrary function F': R? — R, the function F©: R? — R given
by FO(z,y) = F(y, ).
Definition 2.1. Let (Ja;, b;[)icr be a family of non-empty, pairwise disjoint
open subintervals of [0, 1], and let (C;);cr be a family of copulas.
(i) The function C: [0,1]*> — [0,1] given by

ai'y""(bi_ai)'ci((i:(zvy) ifxE[CLi,bi],

Clz,y) = .
II(z,y) otherwise,

is well-defined, and we have C € €. The copula C is called the II-vertical
ordinal sum of the summands (Ja;,b;[,C;)icr, and as an abbreviation, we
often shall use C' = I1,-({a;, b;, C;))icr-

(i) The function C: [0,1]> — [0,1] given by

C = (Wo-((as, bis (C)))ier)”

is also a copula, and it is called the II-horizontal ordinal sum of the summands
(Jai, bi[, Ci)ier, briefly C' = Ily-({ai, bi, Ci))icr-

The concepts of II-vertical and II-horizontal ordinal sums as a construction
method can be carried over in a straightforward way to the set 8, and to the sets
of conjunctive operations B., &, £, £; and Q considered in Definition 1.1 (but
not to ).

Observe that both the Il-vertical and the II-horizontal ordinal sum given
in Definition 2.1 are not only construction methods, but also representations of
copulas in the following sense:

Proposition 2.2. The following are equivalent:

(i) C ec;

(ii) there is an index set I such that C' = I,-({a;,b;, C;))icr for some family
(Jai, bi[)ier of non-empty, pairwise disjoint open subintervals of [0, 1] and for
some subfamily (C;);er of €;

(iii) there is an index set J such that C' = II-({a;,b;,C;))jes for some family
(laj,b;[)jes of non-empty, pairwise disjoint open subintervals of [0, 1] and for
some subfamily (C;)jey of €.

ProoF. Fix C € €. If there is an a € |0, 1] such that C(a,y) = II(a,y) for
each y € [0, 1], then we have C = II,-((0, a, C4), {(a, 1,C3)), where Cy,Cy € € are
given by
Cla+(1—-a) - z,y)—a-y

1—a ’

C(a ) fl',y)
a

Cl(zvy) = and CQ(I7y) =
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If there is no a € )0, 1] such that C(a,y) = (a,y) for each y € [0, 1], then C = II,-
({(0,1,C)), showing that (i) implies (ii). The converse is an immediate consequence
of Definition 2.1, and from the one-to-one correspondence between II-vertical and
TI-horizontal ordinal sums, we obtain the equivalence of (ii) and (iii). d

Remark 2.3. Tt is not difficult to show that Proposition 2.2 remains valid
if we replace the set € by the sets 6 or £. On the sets B., S, £; and Q neither
the Il-vertical nor the II-horizontal ordinal sum is a representation, in general.
Indeed, neither the monotonicity nor the 1-Lipschitz property of the summands
is preserved, in general (see Example 2.4 for the sets Q and &).

-~
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Figure 1. The semicopula B (left) with its vertical section B (%, )
which is not 1-Lipschitz, and the conjunctive operation By (right) with
its non-monotone horizontal section By (-, %) in Example 2.4.

Ezample 2.4. Consider the quasi-copula @ given by (using “med” as a short-
cut for the median)

Q(z,y) = med <z~y,y7 %,:c)
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Then, for each y € [0, 1], we have Q (%,y) =1I (%,y), and thus we can repre-
sent @Q as a Il-vertical ordinal sum as follows: @ = IL,-({0,%, By), (1,1, By)) with
Bi, By € B, being given by Bi(z,y) = med(z-y,2y—1,z) and By = II. Then B
is a semicopula, but obviously not 1-Lipschitz and, therefore, not a quasi-copula
(for instance, the vertical section By (%, ) is not 1-Lipschitz, see Figure 1 bottom
left).

Because of By (x, %) =1I (x, %) for all € [0,1], we can write B; as a II-
horizontal sum of conjunctive operations: By = Hh—(<0, %, Bg> , <%, 1, B4>), where
Bs, By € B, are given by Bz = II and By(z,y) = med(x - y,2y — z,x). Clearly,
By is not monotone and, therefore, not a semicopula (for instance, the horizontal
section By (~7 %) is not monotone, see Figure 1 bottom right).

3. IlI-vertical and II-horizontal ordinal sums as representation tools

Motivated by Example 2.4, we are looking now for the smallest set 9, sat-
isfying Q C Q, C B. (i.e., a set of conjunctive operations containing all quasi-
copulas) such that the IT-vertical ordinal sum given in Definition 2.1 is both
a construction method and a representation on £,. From Example 2.4, we al-
ready know that £, is a proper superset of 9, i.e., Q C Q,.

Example 3.1. Here are two examples showing that Q, is a proper subset
of B..

(i) Consider the conjunctive operator B € ‘B, given by

(z,y) if (z,9) €[0,12\]0,1[° orz = 1,
B(z,y) =141 if (z,y) € ]0,3[ x]0,1[,

0 otherwise.

Then we may write B = IT,-((0, 3, B1), (3,1, B2)), where the two functions

Bi,By: [0,1]? — R are given by
M(z,y) if (z,y) € [0, \]0, 17,

2 otherwise,

Bl('xvy) = {

M(z,y) if (z,y) € [0,12\]0,1[%,

—y otherwise,

Bs(x,y) = {

i.e., By, By € B, but neither By nor Bs is a conjunctive operation, and, as
a consequence, we have B € B, \ Q,.
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(ii) However, if (B.), is the set of all B € B, satisfying the statement

if B(a,y) =a -y for some a € |0,1[ and all y € [0,1],

[0,a~y] ifacga,
[a-y,1—a+a-y] ifz>a,

then B(x,y) € {

then the II-vertical ordinal sum is both a construction method and a rep-
resentation on (B.),. Note that £; and & (and, as a consequence, also €
and ) are subsets of (B.),, and, therefore, also Q, C (B.),. Moreover,
for B considered in (i), we even have B € B, \ (B.)..

Lemma 3.2. Let Q: [0,1]%> — [0,1] be given by Q = I1,-({a, b, B)) for some
[a,b] C [0,1] and for some B € B.. Then the following are equivalent:
(i) @ is a quasi-copula;

(ii) B is monotone non-decreasing and 1-Lipschitz in the first coordinate, i.e., for
all (x,y) € [0,1] x [0,1] and for all € € ]0,1 — x] we have

0< B(z+¢,y)— B(z,y) <e,

and, concerning the second coordinate of B, for all (x,y) € [0,1] x [0, 1] and
for all e € 10,1 — y] we have

bfa‘ESB(fE,y—FE)_B(QJ,y)S Z:Z

PROOF. Recall first that (see Definition 2.1) @ = II,-({a, b, B)) implies that
for all (z,y) € [0,1]? we have B(z,y) = Qlat(b—a)zy)—ay

b—a

If @ is a quasi-copula, then the monotonicity and the 1-Lipschitz property
of @ imply, for the first coordinate of B,

0 < B(x+e,y) — Blx,y)
Qlat(b—a)-z+(b—a) ey —Qla+(b—a) z,y)

= SE

b—a

for all (x,y) € [0,1[x [0, 1] and for all ¢ € ]0, 1 — ], and, for the second coordinate
of B,

Qa+(b—a) z,y+e)—Qla+(b—a) -z,y)—a-c
b—a ’

B($5y+5) _B(I’y) =

the latter expression being an element of [ — aaa] = [ et & I—Z } for

‘€
all (z,y) € [0,1] x [0,1] and for all € € ]0,1 — y], thus proving that (i) = (i1).
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To show (ii) = (i), suppose that B satisfies the conditions in (ii). Clearly, B is
a Lipschitz function implying that @ is also Lipschitz and, therefore, continuous.
The monotonicity and the 1-Lipschitz property of @ on the rectangles [0, a] x [0, 1]
and [b,1] x [0,1] follow from the validity of these properties for the product II
On the set [a, b] x [0, 1] the monotonicity and the 1-Lipschitz property of @ in the
first coordinate are an immediate consequence of the validity of the respective
properties for B. In the second coordinate, for each (z,y) € [a,b] x [0, 1] and for
each ¢ € 10,1 — y] we have

Qz,y+¢e) - Qz,y)
—a-(y+e)+b-0a)B(5y+e) = (ay+b—a) B(52y))

:a-6+(b—a)-(3 (ijj,ere) —B(ijg,y) )

the latter being an element of

1—a

b—a

{a-a—(b—a)-

bia~e,a-5+(b—a)- '6}2[076].
This shows that ) is monotone non-decreasing and 1-Lipschitz on [a, b] x [0, 1] in
the second coordinate. (]

Based on Lemma 3.2, we obtain the following characterization of the set 9,,.

Theorem 3.3. Let Q, C (*B.), be a set of conjunctive operations. Then
the following are equivalent:

(i) Q, is the smallest set containing all quasi-copulas such that we have B € 9,
if and only if there is an index set I such that B = IL,-({a;,b;, B;))iecs for
some family (Ja;,b;[)icr of non-empty, pairwise disjoint open subintervals of
[0, 1] and for some subfamily (B;);cr of Qy;

(ii) each element B € 9, is a Lipschitz function, and, in its first coordinate, B is
monotone non-decreasing and 1-Lipschitz.

ProoF. Evidently, we have Q C 9, C (B.),, where the elements of Q,
are characterized by (ii). Fix an arbitrary element B € £Q,. Since B is, in
its first coordinate, monotone non-decreasing and 1-Lipschitz, and, in its second
coordinate, a Lipschitz function, there are constants «, 8 € [0, 00[ such that for
all (z,y) € [0,1] x [0,1] and for all £ € ]0,1 — y] we have

—a-e < B(z,y+¢e)— B(z,y) <5 -e. (3.1)
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Evaluating (3.1) for = 1, we obtain —a-e < e < f-¢, ie., § > 1. Putting
O%ﬂ and b = ;*T%, we get 0 < a < b < 1, and it is easy to see that the
function @ = II,-({a,b, B)) is a quasi-copula. Therefore, each set § satisfying

a =

9 C H C B, for which the II-vertical ordinal sum is a representation necessarily
satisfies 9, C 9.

The II-vertical ordinal sum preserves both the monotonicity and the
1-Lipschitz property of the summands in the first coordinate, as well as the Lip-
schitz property of the summands in the second coordinate, i.e., it is a construction
method on ,. Moreover, using similar arguments as in the proof of Lemma 3.2,
one can show that the II-vertical ordinal sum is also a representation on Q..

Summarizing, £, is the smallest set containing all quasi-copulas for which the
II,-vertical ordinal sum is both a construction method and a representation. [l

Remark 3.4. Because of the one-to-one correspondence between Il-vertical
and Il-horizontal ordinal sums, we have an analogous characterization of the
smallest subset £;, of 9B, containing all quasi-copulas for which the II-horizontal
ordinal sum is both a construction method and a representation. To be precise,
£;, consists of all Lipschitz conjunction operations which are monotone non-
decreasing and 1-Lipschitz in the second coordinate.

Using similar arguments as in the proof of Theorem 3.3, we obtain the fol-
lowing result.

Corollary 3.5. The set £ of all Lipschitz conjunctive operations is the small-
est set which contains all quasi-copulas and for which both the II-vertical and the
II-horizontal ordinal sum are construction methods and representations.

Remark 3.6. Observe that the sets 9, and 9j, can be characterized as follows:

(i) Q, consists of all elements B € £, satistying Vg([a,b] X [¢,d]) > 0 for each
rectangle [a,b] X [¢,d] C[0,1] withc=0o0rd=1;

(ii) 9y, consists of all elements B € £; satisfying Vg([a,b] x [¢,d]) > 0 for each
rectangle [a,b] x [¢,d] C [0,1] witha =0 or b= 1.

As an immediate consequence, we obtain Q, N Q) = Q.
Coming back to Example 2.4, note that for the semicopula B; and for the
conjunctive operation B, considered there, we have

B4 EQU\Q and By 621\(QUUQ}L).
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4. Il-diagonal ordinal sums

A third type of ordinal sum of copulas related to the product IT was proposed
in [22] and relates to patchwork approaches also discussed in [9], [11]. Such an
ordinal sum differs from II only on squares along the main diagonal of the unit
square [0, 1]?, and we therefore speak about II-diagonal ordinal sums.

Definition 4.1. Let (Ja;, b;[)icr be a family of non-empty, pairwise disjoint

open subintervals of [0, 1], and let (C;);ecr be a family of copulas. Then the function
C: [0,1)2 — [0,1] given by

€L yi(xial)(yial)+(biia1)2 Ci ([iil;iia Z’;li—_i;i) if (I7y) € [aia bz]2 )

C(z,y)= .
II(z,y) otherwise,

is well-defined, and we have C' € €. The copula C is called the II-diagonal ordinal
sum of the summands (Ja;, b;[, C;)icr, and we shall write C' = g-({a;, b;, C;))icr-

The concept of Il-diagonal ordinal sums as a construction method can be
carried over in a straightforward way to the set B, and to the sets of conjunctive
operations B., &, £, £; and 9 considered in Definition 1.1 (but not to T).

Observe that the II-diagonal ordinal sum given in Definition 4.1 is not only a
construction method, but also a representation of copulas in the following sense:

Proposition 4.2. C' € € if and only if there is an index set I such that
C =T114-({ai, bi, C;))ier for some family (Ja;, b;[)ier of non-empty, pairwise disjoint
open subintervals of [0, 1] and for some subfamily (C;);ecr of €.

ProoOF. Fix C € €. If thereis an a € ]0, 1[ such that C(x,y) = II(z, y) when-
ever a € {x,y}, then we have C = I14-((0,a,C1), (a,1,Cs)), where C1,Cs € €
are given by

Cl(x,y)zw,
02(%?/):C((H_(l_a)'x’a"’_(l_a)'y)—a'(l—a)-(x+y)—a2.

(1-a)?

If there is no a € ]0,1[ such that C(z,y) = II(x,y) whenever a € {z,y}, then
C =T14-((0,1,C)). O

Remark 4.3. Tt is not difficult to show that Proposition 4.2 remains valid if we
replace the set € by the sets B or £. On the sets B., &, £; and Q, the [1-diagonal
ordinal sum is not a representation, in general. Again, neither the monotonicity
nor the 1-Lipschitz property of the summands is preserved, in general.
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The Il-diagonal ordinal sum of copulas is closely related to the II-vertical
and the II-horizontal ordinal sum of copulas:

Lemma 4.4. For each copula C' € € and for each interval [a,b] C [0, 1], we
have

Hd'(<a7 b, C>) = Hh'(<av b, Hv_(<a7 b, C>)>) = H'U'(<a’ b, Hh'(<a7 b, C>)>)

PrOOF. Fix an arbitrary C' € € and an interval [a,b] C [0,1]. For the sake
of brevity, let us use the following shortcuts in this proof: Cy = II4-({(a,b,C)),
Cy =1,-({(a,b,CY), and C, j, = II,-({a, b, I1,-({a, b, C}))).

For all x € [a,b] and y € [0,1] we have, according to Definition 2.1(i),

Culzy)=a-y+b-a)-C($2y),

and, because of Definition 2.1(ii), for all (z,y) € [a, b]?

Con(z,y)=a-z+(b—a) - C, (x, %ZZ)

wat -0 (o L0+ 0-0)-0 (522058

—a

x-y—(x—a)-(y—a)—l—(b—a)Q-C(i:“,z:Z) = Cy(z,y),

S|

where the latter equality holds because of Definition 4.1.
It is not difficult to check that for each (z,y) € [0,1]\ [a,b]> we obtain
Cyn(z,y) = II(x,y), thus showing that I1;-({a, b, C)) = II,-((a, b, IL,-({a, b, C)))).
The remaining equality in the claim of the lemma is shown in complete
analogy. O

As an immediate consequence of Corollary 3.5 and Lemma 4.4, we obtain
the following characterization:

Theorem 4.5. The set £ of all Lipschitz conjunction operators is the small-
est set of conjunction operators which contains all quasi-copulas such that we
have: L € £ if and only if there is an index set I where L = I4-({a;,b;, L;))icr
for some family (]a;, b;|);er of non-empty, pairwise disjoint open subintervals of
[0,1] and for some subfamily (L;);ecs of £.

Theorems 3.3 and 4.5 provide us with a construction method for proper
quasi-copulas by means of II-vertical, II-horizontal or II-diagonal ordinal sums if
not all the summands are elements of €.
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[SRIN]

in region A the function
B:[0,1]*> = [0,1] is
defined by

w =

Xy B('T/y):y_%

w |=
w N

Figure 2. The function B in Example 4.6 is a proper quasi-copula.

Ezample 4.6. Consider the conjunctive operation By € £1 \ & from Exam-
ple 2.4, given by By(x,y) = med(z - y,2y — z,z), and put B = Hd—(%, %7B4>),
ie.,

II(z,y) otherwise.

Then B € Q\ €, i.e., B is a quasi-copula but not a copula (for instance, we have
15 4 17 _ 2
Vs ([3,5] x [5.3] =& <0).

Concluding remarks

We have recalled several sets of conjunctive functions and operations which
can be seen as extensions of the classical Boolean conjunction. We have recalled
M- and W-ordinal sums, as well as three types of ordinal sums based on II. Note
that all of them were introduced first of all as construction methods, and they can
be applied to construct new t-norms (only in the case of M-ordinal sums), copulas,
quasi-copulas, semicopulas, etc. On the other hand, M- and W-ordinal sums can
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be seen also as representation methods on these sets of conjunction operations.
However, this is no more the case for the II-vertical, the II-horizontal and the II-
diagonal ordinal sum when considering quasi-copulas or semicopulas (in the case
of copulas, all these three product-based ordinal sums are also representations).

Due to an increasing interest in quasi-copulas, we have focused on this class
and have looked for the smallest set £, of conjunctive operations containing
all quasi-copulas and such that the II-vertical ordinal sums can be seen both as
a construction method and a representation on £,,. We have shown the prominent
role of Lipschitz conjunctive operations. Denote this set as £, and the set of
conjunctive operations which are 1-Lipschitz and monotone non-decreasing in
the first coordinate by QM) (i.e., they satisfy the conditions of a quasi-copula in
their first coordinate), and similarly, by Q) the set of conjunctive operations
satisfying the conditions of a quasi-copula in the second coordinate. Then, it is
obvious that Q = QM NOP and O, = £NAQW . If we denote by Qj, and Qg the
smallest sets of conjunctive operations containing all quasi-copulas and such that
the II-horizontal and the II-diagonal ordinal sum, respectively, can be seen both
as a construction method and a representation, then we also have ), = £NQ®
and Qg4 = £.
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