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A note on (—3)-shifts with the specification property

By HUI HU (Nanchang), ZHIHUI LI (Wuhan) and YUELI YU (Wuhan)

Abstract. We consider expansions with negative real bases and associated dy-
namical systems. It is proved that the set of 8 for which the associated (—[)-shift has
the specification property is of full Hausdorff dimension.

1. Introduction

The B-expansions of real numbers induced by the S-transformation 73 were
introduced by RENYT [15]. Many combinatorial properties of 3-expansions were
subsequently obtained by PARRY [14]. Since then, the link between the 3-expan-
sion of 1 and the associated (-shift Sz has been well investigated. PARRY [14]
proved that Sg is a subshift of finite type if and only if the S-expansion of 1
is finite. BERTRAND-MATHIS [2] obtained the necessary and sufficient conditions
under which Sp is sofic and has the specification property, respectively (see [3] for
more details on the classification of S-shifts). The size of the set of § for which
the (-shift belongs to some classes was determined by SCHMELING [16].

In this note, we consider expansions with negative real bases and associ-
ated dynamical systems, i.e., (—f)-expansions and (—f)-transformations, § > 1.
The expansions with negative non-integer bases were first introduced by ITO and
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SADAHIRO [12], with the map f_z defined on the interval [—%, ﬁ) as follows:

p
_glx) =—px— |—pr+ "],
Fple) =~ — | ~pa+ 50
where |£]| denotes the largest integer no more than £. For the sake of comparing
with the g-transformation, we define the (—f)-transformation 7_4 on (0, 1] by

T_p(x) = =Bz + [Bz] +1, (1.1)

following [13]. It was pointed out in [13] that T_g is conjugate to f_g by a
linear map. Similar to the g-shift for S-expansions, the (—3)-shift was defined
in [12] (see details in Section 2 below). FROUGNY and LAI in [10], and ITO and
SADAHIRO in [12] obtained the necessary and sufficient conditions under which the
(—0)-shift is a subshift of finite type and sofic, respectively. By [5, Theorem 1.5],
the set of 3 for which the (—f3)-shift has the specification property is of Lebesgue
measure 0. SCHMELING [16] obtained the Hausdorff dimension of the set of § for
which the S-shift has the specification property (see Section 2 for the definition
of the specification property). A natural question is to determine the Hausdorff
dimension of the similar set of § for the (—3)-shift. It was proved by Liao and
STEINER [13] that the (—f)-shift is not transitive, and hence does not have the
specification property for any 1 < 8 < \/5+1, which is different from the S-shift.

2
The main result of this note is the following.

Theorem 1.1. The set of 8 > 1 for which the (—3)-shift has the specification
property is of full Hausdorff dimension.

For more dynamical properties of the (—3)-shift, the reader is referred to [10],
[11], [12], [13] and the references therein. For more results on the classification
of B-shifts and the size of related sets, see [3] and [16], respectively. See [1], [17]
for combinatorial properties of the (—f)-expansions of the critical point. See
[6], [7], [8] for other kinds of dynamical systems about expansions with negative
bases. The paper is organized as follows. We shall introduce some definitions
and properties of (—f)-expansions and (—f)-shifts in the next section. The main
theorem will be proved by constructing a suitable Cantor set in the last section.

2. Preliminary

Let us recall the definitions and some properties of (—f)-expansions and
(—p)-shifts. Let 8 > 1 be a real number, and T_g be the (—f)-transformation
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defined on (0, 1] by (1.1). Then each x € (0, 1] can be expressed as the following
series induced by T_g:

= €l(x7_ﬁ) _ 52($7_ﬁ) NN (_1)n—l€n(x7 _ﬁ)

B p? B
where e, (z,—8) = L,BTfEl(x)J + 1 is called the n-th digit of x with base (—p3).
The infinite word

51(xa _6)52(x’_ﬂ) o '5n(xa _6) € {LQ,' SR LBJ + 1}N

is called the (—03)-expansion of x. Let

_|_...7

EN:{]-v?a"'vLﬂJ +1}N’

and let Eg be endowed with the usual product topology, and o be the shift on
ZIE, ie.,

0(6162"') :6263.0.
for any €1e5--- € Zg. Then the closure of the set of (—f3)-expansions of all
x € (0,1] is defined to be the (—/)-shift S_g, which is a subshift of Eg. The
alternating lexicographic order < on ZIE is defined as follows:

! ! /
6162"'6”""<€1€2"'€n"'

if there exists an integer k£ > 1 such that €; = e; forall 1 <j < kand (—1)%(ep, —
€,,) > 0. It was proved by ITO and SADAHIRO [12] that

S_pg={e1ez--- € Eg co™(e1€9 -+ ) Rer(1, =B)ex(1,—=8) - -+ for all n>0} (2.1)

if the (—p)-expansion of 1 is not periodic with odd period. The subshift S_g
was also characterized when the (—/)-expansion of 1 is periodic with odd period
n [12], but we shall not use it in this paper. By [12], when the (—f)-expansion
of 1 is not periodic with odd period, an infinite word €jeg--- € EIE is the (—05)-
expansion of some x € (0, 1] if and only if

le1(1,—B)ea(1,—B) - - < o™ (er1ea--+) < e1(1,—P)e2(1,=P) - - - (2.2)

for all n > 0.

Let F(S_g) be the set of factors of elements in S_g, i.e., the set of finite
words which appear in elements in S_g. The (—/)-shift S_g has the specification
property if there exists an integer k > 1 such that for any u,v € F(S_g), we have

uwv € F(S_g)
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for some word w € F(S_g) of length k, following [3]. For the definition of the
specification property on general dynamical systems, see BOWEN [4].

Let ¢ be the morphism of words with the alphabet set {1,2} defined by
#(2) = 211, ¢(1) = 2. For two finite words u and v, we denote by {u,v}> the
set of all infinite words which are composed by all the possible concatenations
of u and v. For a finite word u, we denote by = the infinite word uu---. The
characterization of the (—pf)-expansion of 1 was obtained by STEINER [17] as
follows.

Lemma 2.1 ([17, Theorem 2]). Let €1, €a,... be a sequence of non-negative
integers. Then ej€q - - is the (—f)-expansion of 1 for some (unique) 8 > 1 if and
only if the following hold:

(1) egepyr - S €r€ea--- forallk > 2;
(2) e1€g- - = wywg - -+ := lim ¢™(2) = 211222112112112221122- - - ;

n— oo
(3) ere2--- ¢ {e1---€x, €1 -€p_1(ex — 1)1} \ {e7-¢€x} for all k > 1 with
€1 € - WW2
(4) ere2--- ¢ {er---exl, €1 €x—1(ex+1)}> forallk > 1 withey - - - €x—1(€ex + 1)
= wiwsg - - .

Similar to [-expansions of 1, the following relation about the alternating
lexicographic order of words and the usual order of real numbers was obtained by
STEINER [17].

Lemma 2.2 ([17, Theorem 3]). Let 5,5 > 1 be two real numbers. Then
<C"1(17 _B)€2<17 _/6) e =< El(la _ﬁ/)EQ(la _6/) e

if and only if 8 < /3.

3. Proofs

In the rest part of this paper, we always let N be an integer with N > 4.
First, we shall show that a family of infinite words are (—f3)-expansions of 1.

Lemma 3.1. Let ejez--- € {1,2,..., N} be an infinite word with e, = N
and 1 <¢; < N —2 fori>2. Then €1e5--- is the (—f)-expansion of 1 for some
(unique) > 1.

PROOF. Since ¢4 = N >4 and ¢; < N — 2 for all i« > 2, the four conditions
in Lemma 2.1 are satisfied immediately. (]
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Let
Ey={8>1:e1(1,-B)=N, 1<¢g(1,-8) <N -2foralli>2}. (3.1)

Note that by the definition of the (—3)-expansion, the (—f3)-expansions of 1 for
B=N—-1and 8 =N are N and N + 1, respectively. Thus, by Lemma 2.2,
En C [N — 1, N]. Define the map ¢ : Ex — (0,1) by
e Ek+1(17 _ﬁ)
p(B) = k; — N
By Lemma 3.1, ¢(EN) consists of the points whose N-ary expansions contain
only the digits 1,2,..., N — 2. By [9, Theorem 9.3],

dimpg p(En) = log(N —2)/log N, (3.2)

where dimy denotes the Hausdorff dimension.

Next, we shall prove that for any 5 € Ey, the (—f)-shift has the specification
property. Buzzl [5, Proposition 2.1] established a criterion for the specification
property of a class of piecewise monotonic maps. By this criterion, one can deduce
the specification property of S_g for any 5 € En. However, we give a direct proof
here.

Lemma 3.2. Let § > 1 be a real number. If e1(1,—3) = N and 1 <
ei(1,—B) < N —2 for all i > 2, then the (—)-shift has the specification property.

PRrROOF. For any u,v € F(S_g), we shall prove that there exists w € F(S_g)
of length 2 such that wwv € F(S_g). Since S_g is a subshift and v € F(S_g),
there exist integers 01, 02, ... such that vd1d2 --- € S_g. By (2.1), it follows that

0" (v818y ) Zer(1, —B)ea(l, =) -+ (3.3)
for all k£ > 0. Now, we distinguish two cases.

Case 1. Any suffix of u is not a prefix of 1(1, —8)ea(1,—8) - --. Let w = 11.
Combing the facts that £1(1, —3) = N and (3.3), it follows that for all k£ > 0,

oF(ullvdydy - ) < e1(1, —f)ea(1, =) - -
in this case. Thus, uwvdids--- € S_g and uwv € F(S_p).

Case 2. There exists an integer m > 1 such that the suffix of u with
length m is a prefix of e1(1,—f)ea(1,—B)---. If m is even, then we let w =
Em+1(1, =B)(N — 1). Combing the facts 1(1,—5) = N, &;(1,—p) < N — 2 for
i > 2, we have uwvd 62 --- € S_g and vwv € F(S_g). If m is odd, then we let
w = (N — 1)1. Similarly, we have uvwv € F(S_g). O
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We should point out that in the proof of Lemma 3.2, w is defined independent
from v. As aresult, for any 8 € E, the subshift S_g actually has the specification
property defined by BOWEN [4].

In order to estimate the Hausdorff dimension of Ep, we shall prove that ¢ is
locally Lipschitz.

Lemma 3.3. There exists a constant Cn depending only on N such that

0(8) = (")) < Cn1B = F|

for any 3,3 € En.

Then, we can prove Theorem 1.1 immediately by the following lemma, and
we shall postpone the proof of Lemma 3.3 to the last part of the note.

Lemma 3.4 ([9, Proposition 2.3]). Let F C R™, and suppose that f: F —
R™ satisfies a Holder condition

[f(@) = [yl <clz—yl* (z,y € F).
Then dimy f(F) < 1/adimpg F.
PROOF OF THEOREM 1.1. By Lemmas 3.3, 3.4 and (3.2), we have

dimH EN Z dlmH QO(EN) = log(N — 2)/10gN

Since N > 4 is arbitrary, the conclusion follows. O

It remains to prove Lemma 3.3. From now on, we always let 3,5’ € Ey C
[N — 1, N]. Then, there exists an integer n > 1 such that

Ei(lv _/8) = Ei(la _/8/)7 1<i<n, 5n+1(17 _ﬂ) 7é 8n+1(17 _/B/)' (34)

Now, we give the following upper bound estimate of |p(8) — ¢(8’)|. In the rest
part of the note, the integer n is always defined by (3.4).

Lemma 3.5. Let 8,8’ € Ex and n be defined by (3.4). Then

0(B) = w(B)] < N7

PROOF. Since ;(1,—8) = ¢;(1,=0') for 1 < i < n and 1 < g(1,-75),
gi(1,—p") < N — 2 for all i > n, we have
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0(B) = (8]
En (17_ﬁ) En (1a_ﬂ) En (17_ﬁl) En (17_/6”)
:‘( e +...)_( = +)‘
<Y - N 0
k>n k>n

Now, we are in a position to prove Lemma 3.3.

PROOF OF LEMMA 3.3. Assume that 8,8 € Ey, 8 < ' and (3.4) holds.
Let €; = ¢;(1,—p) for 1 <i < n. We define the polynomials

Pi(z)=—x+ €, Pe(x) = —xPr_1(x) + e
for any 2 < k < n. Then
TF5(1) = P(B), TFs (1) = Pu(B)
for any 1 < k < n. It follows from [17, Remark 1] that

i = (143 2 )

(—z

and Pj(z) € [0,1] for any 1 <j <n—1and any = € (3,5). So,

xn+1

~-1)"P/
0< (—1)"Ph(e) < S

for any = € (8,8') C [N — 1, N]. Thus,

, Cn—i—l

I725(0) = T2 (0] < 15 - 15—

for some ¢ € (8, 5'), hence
” ” N2Z2 -1

18— 8] >T"s(1) — T—5I(1)|W (3.5)
for n > 1. Let
AN(xvy)

_ 2 <N-2 &1 1 &1 N -2
:mm{ (x_z 22k +Zx2k+l> - <y—zy%+z Y2+l |
k=1 k=1 k=1 k=1

N-2 & N-2 &1 N-3 &1 > N-2
- +y —— ] - -y — 4y —=
< y ; y2k Zy2k+1> < T ;x% $2k+1>}

k=1 k=1
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for x,y € [N — 1, N]. Since

1 N-3 L, N—3)>i(1 N—S)_ 1
- N N -2 N(N-2)

x zk x z—1

for z € [N — 1, N] and Ay is continuous, there exist C(N) > 0 and §(N) > 0
such that
An(B,8) = C(N) (3.6)

if 0 < |8 —p'| <4(N). By the definition of (—3)-transformation, we have

= n+1e 17_ n = n+1i 17_ !
1) =Y ﬂiiﬂ), (1) =3 M(ﬁﬁ)
i=1 i=1
Note that
ITZ5(1) = T2 (1) > An(B,8') (3.7)

for any 8,5’ € Enxy with 0 < 8/ — 8 < §(NN). By (3.5), (3.6) and (3.7), we have
8—p'1 > Ci(N)N~"

for a constant Cy(N) and any 3,5’ € Eyx with 0 < |8/ — 8] < 6(N). Together
with Lemma 3.5, this proves the lemma. O
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