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On products of cyclic and elementary abelian p-groups

By BRENDAN MCCANN (Waterford)

Abstract. We investigate the structure of a finite p-group G = AB that is the
product of a cyclic subgroup A and an elementary abelian subgroup B. Examples of
factorised groups are presented and information on the derived subgroup and exponent
of such products is also provided.

1. Introduction

The study of groups that are the product of a cyclic subgroup and an abelian
subgroup has been largely confined to products of two cyclic subgroups. Work
in this area goes back to REDEI [17], who investigated the derived subgroup of
a group G = AB that is the product of two cyclic subgroups A and B, at least
one of which is infinite. Rédei showed, in particular, that where A is infinite and
B is finite, then G’ can be generated by two elements. There followed WIELANDT
[18], who showed that if p is the largest prime divisor of |G|, where G is a finite
group that is the product of two cyclic subgroups, then G has a normal factorised
Sylow p-subgroup, while DoOUGLAS [7]-[10] examined conjugacy in products of
two finite cyclic groups. HUPPERT [12] investigated products of pairwise per-
mutable cyclic subgroups and showed, in particular, that if p is an odd prime
and G is the product of two cyclic p-groups, then G is metacyclic. Huppert also
showed that the derived subgroup of a product of two cyclic 2-groups is not always
cyclic. Following Douglas, YACOUB [19] determined permutation representations
for products of two finite cyclic groups, while IT6 [14] and IT6 and OHARA [15]-
[16] examined the structure of G and G/G’, where G is the product of two cyclic
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2-groups. BLACKBURN [4] built on this to determine the structure of G’ in the
case where G is non-cyclic and G is the product of two cyclic 2-groups. Rédei’s
result was extended by COHN [5] to products of two infinite cyclic subgroups, and
HEINEKEN and LENNOX [11] later showed that if G is the product of the infinite
cyclic subgroups (a) and (b), then there exists an integer m such that (a™,b™) is
a torsion-free abelian normal subgroup of G.

Given the extensive literature on factorised groups, it is perhaps surprising
that, apart from the above cases, the structure of products of finite cyclic and
abelian groups (not to mention products of finite abelian groups in general) has
remained largely unexplored. Of course, such groups will be metabelian by the
Theorem of ITO ([13, Satz 1] or [2, Theorem 3.1.7]). Aside from this, the only
general results applicable to products of finite cyclic and abelian groups are those
of CONDER and Isaacs [6], who showed, in particular, that if G = AB for
abelian subgroups A and B such that B is finite and either A or B is cyclic, then
G / (G/ N A) is isomorphic to a subgroup of B. As an initial attempt to provide
more detail on such products, the present paper investigates the structure of
finite p-groups that can be expressed as the product of a cyclic subgroup and
an elementary abelian subgroup. For the odd prime p, Lemma 2.5 shows that
the elementary abelian factor has index at most p in its normal closure. The
remainder of Section 2 consists of applications of Lemma 2.5 and some examples,
leading to Theorems 2.13, 2.14 and 2.15, which clarify how such factorised groups
can be constructed. For p = 2, the key results are Lemmas 3.3 and 3.7, which
ultimately lead to the classification given by Theorems 3.6, 3.15 and 3.16.

The following notation is used. For the subgroup U of a group G, Ug denotes
the core of U in G. Thus Ug = m UY. The normal closure of U in G is denoted

geG

by U%, so that UY = (U9 | g € G). The rank of the finite abelian group A, that
is the size of a minimal generating set of A, is denoted by 7(A). C,x denotes the
cyclic group of order p*, while o(g) denotes the order of the element g of a finite
group G. If G is a finite p-group, then Qi (G) = (g € G | g = 1) denotes
the characteristic subgroup of G generated by those elements of G whose order
is a divisor of p¥. In particular, if G is non-trivial, then ©;(G) is the subgroup
generated by all elements of order p in G. Moreover, if A is cyclic of order p*,
where k > 0, then for 0 < s < k, 4(A) is the unique subgroup of order p® in A.
Finally, exp(G) denotes the exponent of the finite group G.
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2. The case p odd

We first present some elementary results that will be used in the remainder
of this paper.

Lemma 2.1. Let A be an abelian subgroup of a finite group G. If A% is
abelian, then exp(A%) = exp(A). In particular, if A is elementary abelian and
AC is abelian, then A is elementary abelian.

Lemma 2.2. Let G be a finite p-group, and let N be a normal subgroup
of G such that G/N is a non-trivial cyclic factor group of G. Let U/N be the
unique subgroup of order p* in G/N, where k is such that p* < |G/N|. Then
Q(G) < U.

Lemma 2.3. Let G = AB be a finite p-group for subgroups A and B such
that A is cyclic of order p*, where k > 2. Then

(i) if B U < G, then U = Q4(A)B for a suitable value s such that 0 < s < k;
(11) if ANB = 1, then B = N0<IQ]_(A)B =M <IQQ<A)B = No<-- QQk(A)B =
N, = AB = G is the unique series of subgroups of G that contain B, and
which satisfy N;/N;—1 = C,, fori=1,...,k;
(iii) if B has exponent p and AN B # 1, then B = Q1(A)B = Ny <Q3(A4)B =
Ny<---<aQi(A)B = Ny—1 = AB = G is the unique series of subgroups of
G that contain B, and which satisfy N;/N,_1 = Cp, fori =1,...,k— L.

Lemma 2.4. Let p be a prime, and let G be a finite p-group such that

G = AB, where A and B are elementary abelian, normal subgroups of G. Then
G < Z(@G) (so G has class at most 2). If, in addition, p is odd, then exp(G) = p.
PrOOF. We have G/(ANB) = A/(AN B) x B/(AN B), which is abelian,
so @ < ANB < Z(AB) = Z(G). If p is odd, then, for g € G, we let g = ab,
where a € A and b € B. Since G has class at most 2, we have a® = az, where
z € ANB < Z(G). By induction, we have g = WaP 2T Buta? = P = 2P = 1

#57 — 1. We conclude that exp(G) = p. O

and p is odd, so z

We note that the dihedral group of order 8 provides an example of a finite
2-group that is the product of two elementary abelian, normal subgroups, but
which does not have exponent 2. Our next result provides some key information
concerning products of elementary abelian and cyclic p-groups in the case where
p is odd.
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Lemma 2.5. Let p be an odd prime, and let G = AB be a finite p-group
for subgroups A and B such that A is cyclic and B is elementary abelian. Then
2 (A)BCG.

PrOOF. We let |A| = p*, and let A = (x). If k = 2, then the result follows
from Lemma 2.3. We thus assume that k& > 3. We first consider the case where
ANB = Qy(A) = (2" ") (or, equivalently, where ANB # 1). Welet n = r(B) and
use induction on n. For n =1, we have B = ;(A)<A = G. For n > 1, B is non-
cyclic, so A # G. We let M be a maximal proper subgroup of G that contains A.
Then |G : M| =p and M < G. Since A < M, we have M = A(BN M). Now
|G| = ﬁflf; = pktn=1 50 |M| = pF¥t"=2. Since Q;(A) = ANB=ANBNM,
we see, by comparison of orders, that [BNM| = p"~t. We let B; = BN M. Then
By is elementary abelian of rank n—1 and M = AB;, where ANB; = Q;(A). By
induction, By IM. Since Bj is trivially normalised by B, we have B; IG = M B.
We let y € B\ B;. Then B = By(y) and G = ABy{y) = M(y). We note that
o(y) = p.

We have M/Bl = AB1/Bl S]G/Bl But ABl/Bl = A/(AﬂBl) = A/Ql(A)
Hence M /B, = Cpr-1. In addition, Q(A)B, /B is the unique subgroup of order p
in M/B;. Since p is odd and y is an element of order p that acts by conjugation
on M/By, we have [z,y] € Q2(A)B;. Hence [z,y] = ub;, where u € Qa(A) and
by € By. Now Q9(A)B;/B; is characteristic in M/B1, so Q3(A)B1/By < G/Bj.
Moreover, Q2(A)B1/By = Cp, so Q2(A)B1/B1 < Z(G/B1). Thus [u,y] = b,
where by € B;. Now y € B < Cq(B1) <G, so u = ubib;* = [z,y]b;* € Cq(By).
Hence b; and by are centralised by both w and y. Since o(y) = p, we see by

p(p—1)
induction that = = x¥" = zuPb¥b, > . Now W = 1, since B is elementary
p—1)
2

abelian. In addition, since p is odd, we have b;( = 1. Thus x = zu?, souP = 1.
Since u € Q2(A) and u? = 1, we have u € 1(A) < By. Therefore, [z,y] € By,
so B=Bi{y) =N (4)B<G.

If ANB =1, then ABg/Bg = A = Cp. In addition, B/Bg is elementary
abelian. Since B/Bg has a trivial core and G is a p-group, we see, by a result
of ITO ([13, Satz 2] or [1, Lemma 2.1.4]), that (ABg/Bg) N Z(G/Bg) # 1.
By minimality, we have 1 # Q;(A)Bg/Be < Z(G/Bg). Hence Q4(A)B/Bg is
elementary abelian and ABg/Bg N Q1 (A)B/Bg # 1g/p.- From the above, we
have Q4 (A)B/Bg <4 G/Bg, and it follows that Q4 (A)B < G. O

For the odd prime p, we use Lemma 2.5 to shed some light on the structure
of finite p-groups that are products of elementary abelian and cyclic subgroups.



Products of cyclic and elementary abelian p-groups 189

We first consider the case where the normal closure of the elementary abelian
factor is non-abelian.

Theorem 2.6. Let p be an odd prime, and let G = AB be a finite p-group
for subgroups A and B such that A is cyclic of order p* and B is elementary
abelian. If BY is not abelian, then

(i) Ag =1;
BG = Ql(A)B,
Bg = Z(BY) and |BY : Bg| = p%;

BE has class 2 and exponent p;

(V kZQandG/BGg<x7y|mpk:ypzl, "Ey:xl+pk71>;
(vi) BE = (G);
(vii) Q1(A)Bg 4G and Q1(A)Bg = Q1(A) x Bg, so, in particular, 1 (A)Bg is

an elementary abelian, normal subgroup of G;
(viii) G/Q4(A)Bg is abelian of type (p,p*~1);

(ix) if N is an elementary abelian, normal subgroup of G, then N < 1(A)Bg
(so Q1(A)Bg is the unique maximal elementary abelian, normal subgroup
in G, and, in particular, O, (A)Bg is characteristic in G);

(x) G has exponent p*;
(xi) G is elementary abelian and r(G') < r(B).

PROOF. If Ag # 1, then Q1(A) is the unique subgroup of order p in Ag,
so 21(A) € Z(G). By Lemma 2.5, Q;(A)B is then a normal elementary abelian
subgroup of G. It follows that B¢ is abelian. But this is ruled out, so Ag = 1
and (i) follows.

For (ii) we have ; (4) B<G by Lemma 2.5, so B¢ < ©Q;(A)B. By comparison
of orders, either BY = B or B = Q;(A)B. Hence, if B¢ is not abelian, we have
B¢ = Q,(A)B.

Since B¢ is non-abelian, we see for (iii), that B is a proper subgroup of BY.
Thus |BY : B| = [ (A)B : B| = |Q1(A4)] = p. Letting A = (z), we have
B® # B, as otherwise B < G. Hence, by comparison of orders, B¢ = BB® and
|B: BN B*|=|BY:B|=p,so |BY: BN B* =p? Since B is abelian, we have
BNB* < Z((B,B*)) = Z(BY), so |BY : Z(BY)| < p?. Then |B¢ : Z(B%)| = p?,
as otherwise B/Z(B%) is cyclic and B¢ is abelian. It follows that B N B =
Z(BY). Since Z(B®%) < G and Z(BY) < B, we have Z(B®) < Bg. But |B :
Z(B%)| = |B: BNB*| = p,so Z(B%) = Bg and |BY : Bg| = |BY : Z(B%)| = p*.
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From the preceding paragraph, we have B¢ = BB®, where |B® : B| = |B% :
B*| = p. Thus BY is the product of two elementary abelian, normal subgroups,
so (iv) follows from Lemma 2.4.

We observe that k& > 2, as otherwise B<G and B¢ is abelian. Letting y € B\
Bg, we note that B = Bg(y). Since ANB < Ag =1 and |G : ABg| = [(y)| = p,
we see that G/Bg is the extension of the normal subgroup ABg/Bg = Cpr
by B/Bg = C). In addition, G/Bg is non-abelian, as otherwise B/Bg < G/Bg,
which is excluded. Since Aut(C,r) possesses precisely one subgroup of order p,
we conclude that G/Bg = (z,y | 2P = y? = 1, 2¥ = 2'+?"") in accordance
with (v).

For (vi), we note, from (v), that Q;(G/Bg) = C, x C,. By comparison of
orders, we then have Q1 (G)/Bg < 1(G/Bg) = Q(A)Ba/Bg x (y)Bg/Bg =
01 (A)B/Bg < Q1(G)/Bg, so Q1(G) = Q,(A)B = BC.

Since (B/Bg)a/Bs = la/Bs, We see, by [13, Satz 2] (or [1, Lemma 2.1.4]),
that ABg/BcNZ(G/Bg) # 1G/Bs- Now Q1(A) £ B, as otherwise B = (0, (A)B<d
G, so Q1 (A)Bg/Bg is the unique subgroup of order p in ABg/Bg. Hence
01 (A)Be/Bg < Z(G/Bg). In particular, Q(A)Bg < G. We have Q;(A) <
BY < Cg(Bg), so Q1(A)Bg is elementary abelian. In addition, Q1(A4) N Bg <
ANB < Ag = 1. Hence Q1(A)Bg = Q1(A) X Bg, and (vii) follows.

For (viii), we have AN Q1 (A)Bg = Q1(A), so ABg/%(A)Bg = A/Q1(A) =
Cpi-1. Now |G : ABg| = |B : Bg| = p, so ABg<G. In addition, BY/Q;(A)Bg =
Cp. We further have ABG/Ql(A)BG N BG/Ql(A)BG = (AQBG)BG/Ql(A)BG
01 (A)Ba/Q(A)Bg = 1g/a,(a)Bs- Hence G/Q1(A)Bg is the direct product of
ABg/Ql(A)BG and BG/Ql<A)Bg, SO G/Ql(A)BG = Cp X Cpk—l. Therefore,
G /1 (A)Bg is abelian of type (p,p*~1).

Now, for (ix), if N is an elementary abelian, normal subgroup of G, then N <
M (G) = Q(A)B. If NBg = Q,(G), then, since Bg = Z(BY) = Z(4(G)) and
N is abelian, we see that B¢ = Q;(G) is abelian, which is excluded. Hence N B¢ is
a proper subgroup of Q1 (G). If N € Q1 (A)Bg, then NB¢/Bg and Q1 (A)Bg/Ba
are distinct proper subgroups of Q;(G)/Bg. From (v), Q1 (G)/Bg = Cp x C,,
SO Ql(G)/BG = NBG/BG X Ql(A)Bg/BG Since NBg/BG and Ql(A)Bg/BG
are normal subgroups of order p in G/ B¢, we then have Q1 (G)/Bg < Z(G/Bg).
It follows that G/Bg = (ABg/Bg) (€1 (G)/Bg) is abelian, in contradiction to (v).
We conclude that N < Q1(A)Bg.

Next, we recall that A = Cpx. From (vii) and (viii), we see that G/Q;(A)Bg
has exponent p*~! and that Q;(A)Bg is elementary abelian. Hence G has ex-

ponent p¥, in accordance with (x). Finally, by (viii), G < Q1(4)Bg, so G is
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elementary abelian. In addition, 7(G") < r(€(A)Bg) = 14+ r(B) — 1 = r(B), so
(xi) follows. O

In the case where the normal closure of the elementary abelian factor is non-
abelian, the decomposition G = AB, as in Theorem 2.6, displays some aspects of
uniqueness, as our next result shows.

Corollary 2.7. Let p be an odd prime, and let G = AB be a finite p-
group for subgroups A and B such that A is cyclic and B is elementary abelian.
If B® is not abelian and if G is also the product of the cyclic subgroup A and
the elementary abelian subgroup B , then

(i) B = (A)B =0(G) = BY;
(i) (B)g = Z(u(G)) = Bg;
(iii) A=~ A and B~ B.

PROOF. If BY is abelian (and hence elementary abelian), then B¢ < € (A)B
by Theorem 2.6 (ix). Now G/BC is isomorphic to a factor group of A, so G/BC is
cyclic. But G/ (A)Bg is isomorphic to a factor group of G/BY, so G/ (A)Bg
is also cyclic, in contradiction to Theorem 2.6 (viii). Hence B¢ is non-abelian, so
(i) and (ii) follow from Theorem 2.6 (vi) and (iii), respectively.

By Theorem 2.6 (x), we have exp(G) = |A| = |A], so A = A. Finally, both
B and B have non-abelian normal closures, so we apply Theorem 2.6 (iii) to see
that [BY : B| = |BS : B| = p. Since B¢ = B it follows that |B| = |B|, so
B = B and (iii) is established. O

We now develop an alternative characterisation of the groups in Theorem 2.6.
For this, we require some preparatory results and examples.

Lemma 2.8. Let G be a finite p-group, and let W and A be subgroups of G
such that W is elementary abelian and A = (x) = Cx, for k > 2. Suppose that
(i) [AW]<W;
(i) [ (A), W] =1;
(iii) Q(A)NW =1.

k—1 1

1 # 2P € Q(A4). Now [Qi(A), W] (A NW =1, so o(wa? ) = p.
It follows that o(zw) = pF. O

Then, if w € W, we have o(zw) = p*.
_ _ okl gl _
PROOF. We note that (a:w)plc Yot " 2P = wia?” | where
_ _ . k—1
w; = w? "oow™ . Since [A, W] < W, we have w; € W. We further have
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Ezample 2.9. Let p be an odd prime, and let k& > 2. Let W= (wy, ..., wyr-1)
be elementary abelian of rank p*~!. Let (z) 2 C,x, and let z act on W as follows:

k—l_l T

xr __ . J—
wy =Wwip1, t=1,...,p ;o Wpk—1 = Wi

Then z defines an automorphism of W such that C,, (W) = (xpkﬂ} =01 ((z)).
We let Hy be the semi-direct product of W by (x), and see that Hj can be
expressed as

WiyeooyWhk—1
Hk_< ) ) P

p_ N s - - E—1
wl_”'_wpk—l_xp _17 [wiawj}_la 7’7]_17-'~ap >

T k

. k e
wi = Wipr, 1=1,...,p"7 =15 who, =w

We let z = wy - -~ wpe-1. Then Z(Hy) = (z,2P" ") Cp x Ch.

Lemma 2.10. Let Hy, W, x and z be as in Example 2.9, and let w € W.
_ 7pk—1
Then w® -+ w® € (z).

k—1

PROOF. Since 2P centralises W, we can see that (w® ---w® = )% =
. _ph—14q . ph=14q . k1
ww® .- w® = wt et w=w" ---w’ . It then follows
that w® ---w® © € WNZ(H) = (z). 0

Ezxample 2.11. We let p be an odd prime, and let Hy be as in Example 2.9.
We define a mapping, y, of Hy as follows:

1

. _ k—1
w! =w;, fori=1,... p" ", ¥ =P .

Now 27" ' centralises W, so we see that z¥ acts on W in the same manner as x.
In addition, o(z¥) = p*¥ by Lemma 2.8. Hence y extends to an automorphism

k—1 k—1 k—1 k—1 _2k—2 .
of Hy. We have (2P )Y = (za? w1)? = (zwy)? 2P ~. Since k > 2,
2k—2
we have xP =1, so
PPy pFt ! xfpk_l pFt prt
(@ )Y = (zwy) =w] ---w] x =2 z

k—1 . 2 k—1 k—1 k—1

Then [zP" ,y]==z. In addition, we have z¥ = (zzP wq)Y=za? wizP zwi=
k—1 . .

(2P )2wiz, and we see inductively that

Since p is odd, it follows that z¥" = x, so y has order p in Aut(Hy). We then let
Gy, be the semi-direct product of Hy by (y), so that

P _ _ P b . 14 i k—1
W,y Wyt | W] = =Wy = 2P =P =1 [wi,w;]=1,i,j=1,...,p
_ _ S k—1_ 1. _
Gr= x wi =wigr, i =1 p" =1 wpe. = w
. _ P k—1
Y w?:wi,zzl,...,pk Logy =g+ gy,
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Letting A = (z) and B = (w1, ..., wpe-1,y), we see that G = AB, where A is
cyclic of order p¥ and B is elementary abelian. Since [z,y] = xpk_lwl, we see
that B = Q;(A)B. But [xpkil,y] = z # 1, so B% is non-abelian. Thus
Gy is a group that satisfies the hypotheses of Theorem 2.6. We note that Gy
further provides us with an example of a group that is the product of a cyclic
subgroup and an elementary abelian subgroup, but which is neither an extension
of an elementary abelian group by a cyclic group, nor an extension of a cyclic
group by an elementary abelian group. Our next result shows that certain groups
are isomorphic to Gy.

Lemma 2.12. Let p be an odd prime, and let k > 2. Let G = (Z)V (y) be
a finite p-group such that

(i) V is an elementary abelian, normal subgroup of G;
(i) (&) = Cp and () = Gy
(it) [V, 2 ((@)] = [V, ) = L |
(iv) there exists an element v € V such that V = (v* |i=1,...,p");
(v) (V())€ is non-abelian.
Then G is isomorphic to Gy, for Gy as in Example 2.11.

PROOF. Since Q;((z)) and (y) both centralise V, v has at most p*~! con-
jugates in G. Hence r(V) < pF¥~!. Now G is the product of the cyclic sub-
group (Z) and the elementary abelian subgroup V (), where (V(3))¢ is non-
abelian. We have V<G, so V < (V(¥))g. Then V = (V(§))q, as other-
wise V() < G and (V(y)) is abelian. Hence, by Theorem 2.6 (v), we have
GV = (z,y|a? =yP =1, 2v = 2" ). In addition, (V)¢ = Q1 (E)V (@)
by Theorem 2.6 (ii).

We have (z)NV < (2)NZ(G) < (T)g = 1 (by Theorem 2.6 (1)), so (2)V/V =
Cpr. Thus we may assume that = 30'1“’]%1111, where v; € V. Since k > 2 and

~pk—1

vy centralises Q1 ((Z)) = (TP ), we have

1~ _ . . _ . ~ ~_pk—1 —
(fpk 1)y:(§fpk 1U1)pk 1: (E’Ul)pk 1%1)21@ 2: (.E’Ul)pk 1:1}f 1”"016 P %pk 1

. ~pk—1,~ ~nk—1 ~—1 —pk—1 . .
Hence the relation (27 )V = 2P of ---of ©  is satisfied.
~ pk=1_ o N
We let Vi = (1}1,1191‘,..,,1){? ). Then V; = (v} |Z:17“.7pk>’ so T

normalises V;. Hence the mapping ¢ defined by

~pF—1_1 ~

¢(w1) =1, ¢(w2) = ’U157 R ¢(wpk71) = ’U% ) ¢($) =,
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extends to an epimorphism from Hy, as in Example 2.9, onto (Z)V;. We note that

¢(W) = Vi, and that ¢((z)) = (Z) = Cpr. Since (z) NV1 < (Z) NV =1, we have

ker(¢) < W. If ¢ is not an isomorphism, then, by minimality, (z) < ker(¢). Now
1 _pk—1

#(wy) = vy, and we can apply Lemma 2.10 to see that w] ---wy € (2),

k—

~ - 1 1~ —
so v o ¥ " = 1. Tt follows that (Epk 1)?” = 77", Hence §j centralises

91(35), ( (¥))E = Q1(z)V (y) is abelian, which is ruled out. We conclude that
¢ defines an isomorphism from Hj to (Z)Vi. In particular, »(Vi) = r(W), so

=V by comparison of orders. We further extend ¢ by letting ¢(y) = y. Since
G/V is non-abelian, we have (y) N (Z)V = 1. Hence ¢, thus extended, defines
an isomorphism from Gy to G. (]

Theorem 2.13. Let p be an odd prime, let k > 2 and let G be as in
Example 2.11. Then the following are equivalent for the finite p-group G:

(i) G = AB for subgroups A and B, where A is cyclic of order p*, B is elemen-
tary abelian and B® is non-abelian;

(i) G = AB for subgroups A and B, where A is cyclic of order p*, B is elemen-
tary abelian, |B : Bg| = p, and, for y € B\ Bg, (A,y) = Gi;

(iii) G is of the form G = AW (y), where
(a) W is an elementary abelian, normal subgroup of G;
(b) A=Cpr and (y) = Cp;

)
(©) [2:(A), W] =W, (y)] = 1;
(d) (A,y) = G-

Proor. To show that (i) implies (ii), we note first that |BY : Bg| = p?
by Theorem 2.6 (iii). Since BY is non-abelian, it follows that |B : Bg| = p.
Letting A = (z) and y € B\ Bg, we may assume, by Theorem 2.6 (v), that
2¥ = za?" v, where v € Bg. By Theorem 2.6 (i) and (iii), we have (27" ') =
01(A) < B < Ca(Bg). Welet V = (0,0,...,0"" ). Then V < Bg, so V
is elementary abelian and [V, Q1 (A4)] = [V, (y)] = 1. In addition, x normalises V,
50V (A, Vy) = (Ay) = (V).

Now, [(4,y)/V| = [()V{y)/V| < [(2)|[{y)] = p**". In addition, G = AB =
(A,y)B and B = (y)Bg, so G/Ba = (A,y)Bc/Ba = (A,y)/((4,y) N Be). But
V < (A,y) N Bg and |G/Bg| = p**1 (by Theorem 2.6 (v)), so, by comparison
of orders, we have V = (A,y) N Bg and (A,y)/V = G/Bg. Tt follows from The-
orem 2.6 (v) that (V(y))4% )V = Q(A)V {(y)/V, so (V{(y)){4¥) = Q(A)V (y).
But BY = Q1(A)B = Q1(A)Bg(y) and Bg = Z(B®) (by Theorem 2.6 (iii)).
In addition, B is non-abelian, so 1 # (BY) = [Q1(A), ()] = ((V{y))A¥))".
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Therefore, (V (y)){4¥ is non-abelian, so we may apply Lemma 2.12 to see that
<A, y> = Gy

Conversely, if |B : Bg| = p and (A,y) = Gy, for y € B\ Bg, then, letting y €
B\ B¢, we have B = B (y) and (A,y) = A((4,y)NB). Letting B= (A, y)NB, we
see that B is elementary abelian and that (A, y) = AB. Since (A, y) is isomorphic
to Gg, which is the product of a cyclic subgroup and an elementary abelian
subgroup whose normal closure is non-abelian, we apply Corollary 2.7 to see that
BAY) =~ Q) (Gy), which is non-abelian. But B¢ < B, so BE is non-abelian.
Hence (i) and (ii) are equivalent.

To show that (i) and (ii) imply (iii), we let y € B\ Bg. Then G = AB¢(y),
where B¢ is an elementary abelian, normal subgroup of G, A = Cx and (y) = C),.
Since B¢ is non-abelian, we have Q;(A) < BY < Cg(Bg), so [Q1(4), Bg] =
[Bg, (y)] = 1. In addition, we have (A4, y) = Gy, from (ii). Thus, letting W = Bg,
we have G = AW (y) and see that the conditions for (iii) are satisfied.

Finally, if (iii) holds, we let B = W{(y). Then G = AB, where A = Cpx
and B is elementary abelian. Since Gy = (A,y) = A((A,y) N B), we let B =
({A,y) N B) and again apply Corollary 2.7 to see that §<A’y>, and hence BY, is
non-abelian. We thus conclude that (iii) implies (i). O

For the odd prime, p, Theorem 2.13 shows that finite p-groups which fac-
torise as the product of a cyclic subgroup and an elementary abelian subgroup
whose normal closure is non-abelian can always be realised as an extension of
an elementary abelian group by a cyclic group, in turn extended by a suitable
group of automorphisms of order p. Our next two results deal with the case
where the normal closure of the elementary abelian factor is abelian (and hence
elementary abelian by Lemma 2.1). The first gives conditions under which certain
products can be realised as faithful split extensions of elementary abelian groups
by cyclic groups.

Theorem 2.14. Let p be an odd prime, and let G = AB be a finite p-group
for subgroups A and B such that A is cyclic and B is elementary abelian. Then
the following are equivalent:

(i) BY is abelian and Ag = 1;
(il) B4G and Ag = 1;
(ii) B G, ANB =1 and C4(B) =1 (so that G is a faithful split extension
of B by A).
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PROOF. To show that (i) implies (ii), we note that if B is not normal in G,
then BY = Q;(A)B by Lemma 2.5. But B is abelian, so B centralises Q;(A).
Hence 1 # ©1(A) < ANZ(G) < Ag, and a contradiction arises.

To show that (ii) implies (iii), we note that AN B < AN Z(G) < Ag = 1.
We similarly have C4(B) < AN Z(G) = 1. Therefore, G is a faithful split
extension of B by A.

Finally, if G is a faithful split extension of B by A, then B < G, so B® = B
and B¢ is elementary abelian. In addition, Ac N B < AN B =1, so [Ag, B] <
Ac N B =1. Hence Ag < Cx(B) =1, so (i) follows from (iii). O

For odd p, the final case we need to consider is where the elementary abelian
factor has an (elementary) abelian normal closure and the cyclic factor has a non-
trivial core. In fact, only the latter condition is required, as seen in the following
result.

Theorem 2.15. Let p be an odd prime, and let G = AB be a non-cyclic,
finite p-group for subgroups A and B such that A is cyclic of order p* and B is
elementary abelian. If Ag # 1, then

(i) Q1(A)B is an elementary abelian, normal subgroup of G;
(ii) if N is an elementary abelian, normal subgroup of G, then N < Q,(A4)B
(so Q1(A)B is the unique maximal elementary abelian, normal subgroup
in G, and, in particular, Q1 (A)B is characteristic in G);
(iii) BY is elementary abelian;
(iv) G has exponent p*;
(v) G has a normal subgroup, W, such that
(a) W is elementary abelian;
(b) W = Q4(A) x B, for a suitable subgroup B < B;
(c) G/W is abelian of type (p,p*~1);
(vi) G is elementary abelian and r(G') < r(B);
(vii) for B = Q4(A)B, we have G = AB, where B is an elementary abelian,
normal subgroup of G and AN B = Qq(A).

PROOF. Since Ag # 1, we have Ag N Z(G) # 1, so 1(A) < Z(G). Hence,
by Lemma 2.5, Q(A)B is an elementary abelian, normal subgroup of G, in ac-
cordance with (i).

For (ii), if N is an elementary abelian, normal subgroup of G such that
N &£ Q4(A)B, then, by Lemma 2.3 (iii), we have Q2(A) < Q1(A)BN. Hence
exp(Q1(A)BN) > p%. But Q1(A)BN is the product of two normal elementary
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abelian subgroups, so exp(2(4)BN) = p by Lemma 2.4, and a contradiction
ensues.

We observe that (iii) follows from Theorem 2.6 (i). For (iv), we note that
G/ (A)B = A/ (A) = Cpe—1 and exp(Q1(A)B) = p. Since A is cyclic of or-
der p*, we conclude that exp(G) = p*.

Since G is non-cyclic, 1(A) is a proper subgroup of Q;(A)B. Therefore,
since G is a finite p-group and Q;(A4) < Z(G), there exists a normal subgroup
W QG with Q1 (A) < W < Q4(A)B, and such that |Q(A)B : W| = p. It follows
that W = Qi(A)(W N B). If Q1(A) N (W N B) = 1, then we let B = W N B
and have W = Q(A) x B. If Q;(A) N (W N B) # 1, then O3(4) < W N B.
We let B be a complement for Q1(A) in W N B and see that W = Qy(A4) x B.
Now, Q1 (A)B/W = C, and Q(A)B/W < G/W, so & (A)B/W < Z(G/W).
In addition, AW/W = A/(ANW) = A/ (A) = Cpr-r. We further have
Q(A)BNAW = (1 (ABNAW = Q (AW =W, so QW (A)B/W N AW/W =
lg/w. Hence G/W = Q1 (A)B/W x AW/W = C) x Cpr-1, so G/W is abelian
of type (p,p*~1) and (v) is established.

For (vi), we see that G° < W, so G is elementary abelian and #(G') < r(W).
If Q9(A)NB =1, then | U (A)B : B| = p = [(A)B : W|, so r(W) = r(B).
If Q1(A) < B, then [Q1(A)B : W| = |B: W| = p, sor(W) =r(B) — 1. Hence
r(G') < r(B).

Finally, we note that (vii) follows directly from (i). O

Now suppose, as in the preceding theorem, that G = AB, where A is cyclic
of order p*, B is elementary abelian and Ag # 1. Let A = (), and let U =
Q1 (A)B. Then ANU = Q4(A) = (z¢" ). In addition, let uy = 27" ', and
let {ug,...,us} be a minimal generating set for a complement for (u;) in U.
In particular, we have r(U) = t. Let () be isomorphic to C,x. Since conjugation

k=1 on U, we may let (Z) act on U

by letting u¥ = u?, and see that, under this action, U is centralised by <5pk71>.

7

We let G be the semi-direct product of U by (Z), so that

é: ul,.;.,ut
X

We further observe that |G| = pt** = p|G|, and that (uy,7”" ) < Z(G). Since
the appropriate relations are satisfied, we have G = G/ <uf19?pk71>. Bearing

by x induces an automorphism of order at most p

~nk ..
ui:~~:uf:x1’ =1; [u;,u] =1, z,j—l,...,t>
: .
K3

Theorem 2.14 in mind, we then see that, for the odd prime p, finite p-groups
that factorise as the product of a cyclic subgroup and an elementary abelian
subgroup whose normal closure is abelian can either be realised as a faithful split
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extension of an elementary abelian group by a cyclic group, or as a split extension
of an elementary abelian group by a cyclic group, modulo a subgroup of order p
in its centre.

For the finite p-group G = AB, where A is cyclic, we observe that exp(G) >
exp(A) = |A|. Our next result gives an upper bound for exp(G) in such cases.

Lemma 2.16. Let G = AB be a finite p-group for subgroups A and B such
that A is cyclic. Then exp(G) < exp(A) exp(B) = |A| exp(B).

PrOOF. We let |A| = p* and suppose that exp(G) > exp(A)exp(B), say
exp(G) = p***exp(B), where s > 1. Since G is a finite p-group, G possesses
an element y whose order is equal to exp(G), so o(y) = p**+* exp(B). Now (y)N B
is cyclic, so |{(y) N B| is a divisor of exp(B). Hence

[WIIBI _ [W)IBl _ p***exp(B)|B| _

|G| > |<y>B| = |<y> ﬂB‘ - exp(B) eXP(B)

pk+s|B|.

But |G| < |A||B| = p*|B|, and a contradiction arises since s > 1. O

Combining Lemma 2.16 with Theorems 2.6 (x) and (xi), 2.14 and 2.15 (iv)
and (vi), we have the following bounds on exp(G) and |G'| for a finite p-group G
that is the product of a cyclic subgroup and an elementary abelian subgroup,
where p is an odd prime.

Corollary 2.17. Let p be an odd prime, and let G = AB be a finite p-group
for subgroups A and B such that A is cyclic of order p* and B is elementary
abelian. Then:

(i) p* < exp(G) < p™*Y;
(i) G is elementary abelian of rank at most r(B).

We finally present an example to show that there exist groups for which the
hypotheses of Theorems 2.14 and 2.15 are both satisfied. Thus, in contrast to
the case where the normal closure of the elementary abelian factor is non-abelian
(see Corollary 2.7), quite dissimilar factorisations can occur in the case where
a finite p-group (for p odd) is the product of a cyclic subgroup and an elementary
abelian subgroup whose normal closure is abelian. The example also shows that
the upper bounds on exp(G) and 7(G') can be attained.

Ezample 2.18. Let p be an odd prime, and let k& > 2. We let the wreath
product G = CpwrC,k-1 be presented as follows:

Wiy ewoyWpk—1
G: ) ) P
("

= 0P TS g, wy] = 1, i,jzl,...,p’“>
; .

k— . 0 —
:17"’7p _1a wpk:flfwl

g
RS R
Il
I
g
S|
>
Il
=)
S
I
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Then G = AB, where A = (0) = Cpr—1 and B = (w1, ..., wyr-1) is elementary
abelian of rank p*~!. In this case, the hypotheses of Theorem 2.14 are satisfied.
We let © = fw;. We can confirm that o(x) = p*. We let A = () = C,x and

P
k=1 _ 1, and we

B = (ws,...,wyk-1). Then B is elementary abelian of rank p
see that GG also factorises as G = EE, where the hypotheses of Theorem 2.15 are
satisfied.

Since exp(CpwrCpr-1) = p¥, we see that the upper bound on exp(G) is at-
tained by the factorisation G=AB. In addition, G = (wiwy ... 7wpk—1_1w;k171>,
so r(G") = p"~1 — 1. Hence the upper bound on r(G’) is attained by the factori-

sation G = AB.

3. The case p =2

Turning to the case where p = 2, we first examine some cases where the nor-
mal closure of the elementary abelian factor is also elementary abelian. The fol-
lowing two results will be used in the proofs of Lemmas 3.3 and 3.7, respectively.

Lemma 3.1. Let G = B1 By be a finite 2-group for subgroups By and Bs
such that B; is elementary abelian and |G : B;| = 2 for i = 1,2. Suppose that
there exists an element g € G such that o(g) = 2 and such that g ¢ By U Bs.
Then G is elementary abelian.

PROOF. We let Z = By N By. Since the B; are abelian, we have Z <
Z(B1B32) = Z(G). In addition, we have |G : Z| = 4 and see that |B; : Z| = 2 for
i =1,2. Letting b; € B; be such that B; = (b;)Z for i = 1,2, we then have G/Z =
B1/Z x Bo/Z = (01)Z]Z x {b3)Z]Z = Cy x Cs. Since g ¢ By U Bs, there exists
z € Z such that g = bybez. Now g2 = 22 = 1, 50 (b1b22)? = (b1h2)?22 = (b1b2)? =
1. But b; € B;, so O(bi) =2 for i = 1,2. Hence [bl,bg] = b1bob1by = (b1b2)2 =1.
Thus b; and by commute, so G = (by,b2)Z is abelian. Since G is generated by
elements of order 2, it follows that G is elementary abelian. O

Lemma 3.2. Let G be a finite 2-group, and let W < G and x € G be such
that
(i) W is elementary abelian of rank 3;
(i) [(z), W] < W;
(iii) [(z%), W] = 1.
Then |Cw (x)| > 4.
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PROOF. Let W = (wq, we, ws). Since G is a 2-group and z normalises W,
we have Cy (z) # 1. Hence we may assume that wy; € Cy (z). If |Cw(z)] < 4,
then Cy (z) = (w1) = Cy. Since x? centralises W, we have (wow$)* = wiwy =
wowd, 50 wow§ € Cy (z) = (w1). If wowd = 1, then w§ = wy ' = wa, 50 wy €
Cw(z) = (wy), which is a contradiction. Hence wowj = wy, and, similarly,
w3zwj = wy. Then wowjwswi = w% = 1, so wows(wews)® = 1. Hence wows €
Cw (z). Once more a contradiction arises, so we conclude that |Cy (z)] > 4. O

Lemma 3.3. Let G = AB be a finite 2-group for subgroups A and B such
that A is cyclic and B is elementary abelian. Then B is abelian (and thus
elementary abelian) if and only if BE < Q1(A)B.

PROOF. By Lemma 2.3, B¢ = Q,(A)B for a suitable s. If BE is abelian,
then, by Lemma 2.1, we have exp(Q,(4)) < 2, so s < 1. Hence BY < Q,(A)B.
Conversely, suppose that BY < Q;(A4)B. If B® = B <G, then BY is elementary
abelian. If B is not normal in G, then B is a proper subgroup of B, so B¢ =
Q1 (A)B and |BS : B| = [ (A)B : B| = 2. Letting A = (z) = Cy, we see
that B* < BY = Q;(A)B, but that B* # B (as otherwise Ng(B) = AB = G).
Then |©1(A)B : B*| = 2, and by comparison of orders, we have Q;(A)B = BB*.
Now 22" € 0, (A)B\ B, so 22 ' ¢ BUB®. Since o(z2" ') = 2, we may apply
Lemma 3.1 to conclude that B is elementary abelian. ([

Our next result gives a condition under which Lemma 3.3 can be applied.

Lemma 3.4. Let G = AB be a finite p-group for subgroups A and B such
that A is cyclic and B is elementary abelian. If B < Cg(Q2(A)), then O (G) =
21(A)B.

ProoF. We let A = Cx, and note that the result is trivial for & = 1. For
k > 2, we use induction on k. For & = 2, B centralises A, so G is abelian. Let
g € G be such that g = 1. Then g = ab, where a € A and b € B. Since B is
elementary abelian, we have a? = aPb? = g? = 1. Hence ;(G) < ©Q41(A)B. Since
the reverse inclusion is evident, it follows that Q4 (G) = Q1(A)B.

We now assume that the result holds for some k > 2 and consider the case
G = AB, where A = Cpr+1, B is elementary abelian and B < Cg(Q2(A)). By
Lemma 2.3, Q. (A)B is the unique maximal subgroup of G that contains B. Now
O (A)=Cpr and Qp(Q(A)) =Q2(A) centralises B. By induction, Q;(Qx(A)B)=
01 (Q(A))B = Q1 (A)B. In particular, Q;(A)B is characteristic in Q;(A)B and
is thus normal in G. Then

G/ (A)B = AQ (A)B/Q(A)B = A/(ANQ(A)B) = A/Q1(A) = O

p
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Now k > 2, so Q1 (A)B is a proper subgroup of Q4 (A)B. Thus Q;(A4)B/Q1(A)B
contains the unique subgroup of order p in G/ (A)B. By Lemma 2.2, we have
01 (G) < Qx(A)B. Hence 1(G) < Q1(Q(A)B) = Q1(A)B, and we conclude

Corollary 3.5. Let G = AB be a finite 2-group for subgroups A and B

such that A is cyclic and B is elementary abelian. If B < Cg(Q2(A)), then B
is elementary abelian.

PROOF. By Lemma 3.4, we have Q;(A)B = Q1(G). Hence Q;(A)B is char-
acteristic in G, so B¢ < Q;(A)B. By Lemma 3.3 it follows that B is elementary
abelian. 0

We apply Lemma 3.3 to provide a partial analogue to Theorem 2.15 in the
case where p = 2.

Theorem 3.6. Let G = AB be a non-cyclic, finite 2-group for subgroups A
and B such that A is cyclic of order 2* and B is elementary abelian. If BC is
abelian and Ag # 1, then

(i) Q1(A)B is an elementary abelian, normal subgroup of G;
(ii) B¢ is elementary abelian;
(iii) G has exponent 2;
(iv) G has a normal subgroup, W, such that
(a) W is elementary abelian;
(b) W =Q;(A) x B, for a suitable subgroup B < B;
(c) G/W is abelian of type (2,2F~1);
(v) G is elementary abelian and r(G') < r(B);
(vi) for B = Q1(A)B, we have G = AB, where B is an elementary abelian,
normal subgroup of G and AN B = Q;(4).

PROOF. Since Ag # 1, we have Q1(A) < Z(G), so Q1(A)B is elementary
abelian. Moreover, BY < Q;(A)B, by Lemma 3.3. Since G/B% = A/(A N BY),
which is cyclic, we then have Q4(A)B < G, so (i) follows. We further observe
that (ii) follows immediately from Lemma 2.1. Substituting p = 2, the remainder
of the proof now follows that of Theorem 2.15 (iv)—(vii), respectively. O

We come to the main result used to describe the structure of a finite 2-group
that is the product of an elementary abelian subgroup and a cyclic subgroup
in the case where the normal closure of the elementary abelian factor is non-
abelian.
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Lemma 3.7. Let G = AB be a finite 2-group for subgroups A and B
such that A is cyclic and B is elementary abelian. If B¢ £ Q,(A)B, then
|G : Ca(22(4))] = 2.

PROOF. Let |A| = 2¥. We note first that k > 3, as otherwise BY < Q,(A4)B
by Lemma 2.3. We let A = (z), and let A; = Q;(A) (= 2 ), i =1,... k.
We further let C = Cg(Az2) (= Ca(Q2(A))), and let By = Cp(Az). Thus By =
BNC and C = AB;. If C = G, then B < Cg(A3), so, by Lemma 3.4, B¢ <
Q1 (A)B, which is excluded. Hence |G : C| > 2.

Now BY ¢ AiB, so A;B is not normal in G. By Lemma 2.3, A, B is
a proper normal subgroup of A, B, so, again by Lemma 2.3, we have Ng(A1B) =
AsB, where 2 < s < k. Since s < k, we have |As411B : AsB| = 2, so0 22
normalises A, B, but does not normalise A;B. We let 21 = 227" Then AB
and (A;B)™ = A; B** are distinct normal subgroups of A;B.

Since A;B/A1B = Ag/(AsNA1B) = Ag/A; = Cos—1, we see that A;B/A1 B
is the unique subgroup of order 2 in A;B/A;B. In addition, A;B and A;B** are
generated by elements of order 2. Hence, by Lemma 2.2, we have A BA;B** =
A1BB** € Q1(AsB) < A2B. Since A1 B and A; B*! are then distinct subgroups
of index 2 in A3 B, we have A;BB** = A;B. But A} = ®(43) < ®(A2B), so
AsB = (B, B*™). Since B is abelian, we have BN B™ < Z((B, B™)) = Z(A2B).
In particular, BN B** < Cg(A2) = C, so BN B* < By.

Now A; = Cy, so either Ay < Bor AyNB=1. If A; < B, then A; < B™.
Applying Lemma 2.3, we further have |A3B : B| = |A2B : B*| = 2. Thus
AsB = BB*™ and |B : BN B™| = 2. Since |B : By| < |B: BN B*|, we have

|BIICl _ |BIC|
= = < 2|C|. It then follows that |G : C| = 2. We may thus
61 = il = 2 < 21y tepyel y
assume that Ay N B =1 (= AN B). Then |A3B : B| = |A3B : B™| = 4, so
A||B G
|B : BN B*| < 4. Hence |C| = |A||B1| > |A||B N B*| > % = %’ SO

|G : C| < 4. Tt follows that either |G : C| = 2 or |G : C| = 4. Thus, we may
now further assume that |G : C| = 4. Then |B : B;| = 4. Since B is elementary
abelian, there exist y; and yo € B such that B = By(y1, y2). Hence G = C{y1,y2).
Since G is a 2-group, we may assume, without loss of generality, that

C =AB; QC(y1) = AB1(y1) <G = AB1{y1,92)-

We show that A; By is normal in G. By Lemma 3.4, we have A1 By = Q,(C).
Hence A; B; is characteristic in C, so A1 B; <C(y1). Then C/A1By = AB,/A1 B,
is a cyclic normal subgroup of order 2°=! in C(y;)/A1B;. But AyB;/A; By is
characteristic in C'/A1 By, so A2 By <C(y1). Since A3 By is an abelian 2-group, we
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have ®(A2B;) = ®(A2)P(B1) = A;. Hence 41 < C(y1). Since Ay =2 Cq, we then
have A1 < Z(C(y1)). But Z(C{y1)) < C, as otherwise the contradiction C{y;) =
CZ(C{y1)) < Cg(Az2) = C would result. In addition, if Z(C(y1)) € A1 By, then,
by mlmmahty, AgBl/AlBl g Z(C’<y1>)141B1/AlBl7 SO A2 < Z(C<y1>)AlBl
But y; centralises both Z(C(y1)) and A; B, so y; centralises Ag, and once more
a contradiction ensues. Therefore, Z(C(y1)) < A1B;. Now A; < Z(C(y1)), so
A1By = B1Z(C{y1)). But Z(C(y1)) is characteristic in C(y), and hence normal
in G. In addition, B is abelian, so y, centralises By. Therefore, yo normalises
A1By = B1Z(C{y1)). But we already have A1 By < C(y1). Since G = C{y1,y2),
we conclude that A1 B; <G.

Next, we show that A; < Z(G) and that BY < Cg(A1B;). We note that
Ak:—lBl/AlBl = q)(ABl/AlBl) g @(C<y1>/AlBl) In addition, Ak—lBl/AlBl
is characteristic in AB; /A1 By, so Ap—1B1<4C(y1). We further have |C(y;)/A1 B :
Ag_1B1/A1By| = |AB1{y1) : Ax—1B1| = 4. But y1 Ax,_1B; and (by Lemma 2.3)
xAg_1B; are distinct elements of order 2 in C(y1)/Ak—1B1, so C{y1)/Ax_1B is
elementary abelian. Hence Ay_1B1/A1B1 = ®(C(y1)/A1B1), 80 Ap_1B1/A1B1 <
G/A;1B;. In addition, A3B;/A; By is characteristic in Ag_1By/A1B1, so AsB; <
G. Now, from the above, A; = ®(A2B1), so Ay IG. Since A1 = Cs, we conclude
that A; < Z(G). Then A;Bj is a normal subgroup of G that is centralised by B,
so it follows that B¢ < Cg (A1 By).

By Lemma 2.3, we have B = A B, where s > 0. Since B¢ £ A, B, we
again apply Lemma 2.3 to see that AsB < B®. We suppose first that B¢ =
AsB. From the preceding paragraph, we have AsB; < G. But A3B1/A1By
CQ, SO AgBl/AlBl < Z(G/AlBl) Now AlB/AlBl = <y1,y2>AlBl/A1B1
02 X CQ and AlB/AlBl N AgBl/AlBl = AlBl/AlBl = 1G/AlBl' Therefore,
BY /A, By is the direct product of A;B/A,B; and A;B; /A, By, so B¢/A\B; is
elementary abelian of rank 3. Since Ay_1B1/A1 B is normal in G/A; By, we have
[(y1,y2), Ax—1]A1B1/A1B1 < B¢ /A1 By N Ap_1B1 /A1 By = A3By/A; By. Hence,
by minimality, we see that either [(y1, y2), Ax—1]A1B1 = AaBy or [{y1,y2), Ax—1] <
A1 B;.

If [((y1,y2), Ax—1]A1 B1 = A2 By, then Ay < [(y1,ys), Ap—1]A1 By < BY-18 4.
It follows that A; = ®(Ay) < ®(BA*1PA)). Then BA*1BA; = BA418 50 we
have A2 < BAk*lB. Since <y1,y2> = 02 X 02 and [<yl;y2>aAk:71]AlBl/AlBl =
AsB1/A1 By = (5, there exists a non-trivial element 1 # y € (y1,y2) such that
conjugation by y induces the identity automorphism on Ay_1B;/A;1B; (which
is cyclic of order 2¥=2). Then [Aj_1, (y)] < A1 By, so (y)A;B; < A,_1B. Now
(y)B; < B and A; < Z(G), so B centralises (y)A;B;. Thus Ay < BA4»18
Ca,_,B({y)A1By). But then y centralises Ag, which is a contradiction.

1R
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We may thus assume that [(y1,y2), Ax—1] < A1B;. Recalling that A =
(x), so that Ap_; = (x2), we then have [(y1, ), (z?)] < A1 B;. It follows that
[(x?), BY] < A1B;. Since BY/A; By is elementary abelian of rank 3, we may
apply Lemma 3.2 to see that |Cpc 4, p, (A1 B1)| > 4. Hence, by comparison
of OI‘dQI'S, AlB/AlBl n OBG/AlBl (I’AlBl) 7é 1G/AlBl' Since B = <y1,y2>B1,
it follows that there exists 1 # y € (y1,y2) such that [y,2] € A;B;. Then
(y)A1B; 4 G. Since A; < Z(G), we see that B centralises both (y)B; and A;.
Hence B¢ < Co({y)A1B1). But Ay < B so y centralises Ay, and once more
a contradiction ensues.

We now have B¢ £ Ay B. If k = 3, then, by Lemma 2.3, we have B¢ < A,B
which is excluded. Thus & > 3. Again by Lemma 2.3, we have A3B < B¢ <
CG(AlBl). From the above we have Ak—lBl/AlBl = @(C<y1>/AlBl) S]G/AIBI
Since A3Bj/A1 By is characteristic in Ag_1B1/A1B1, we have A3B; < G. But
Az < BY < Cg(A1By), so A3B; is abelian. Then Ay = ®(A3) = ®(A3B;), so
A3 <dG. But Ay = Cy and Aut(Cy) =2 Cs. Since (y1,y2) = Co x Cy, we have a final
contradiction 1 # Cy, ,.y(A2). We thus conclude that |G : Cq(Q2(A))] =2. O

We apply Lemma 3.7 to establish some properties of products of elementary
abelian and cyclic 2-groups in the case where the normal closure of the elementary
abelian factor is non-abelian.

Theorem 3.8. Let G = AB be a finite 2-group for subgroups A and B such
that A is cyclic of order 2¥ and B is elementary abelian. Let By = Cp(Q2(A)).
If B is not abelian, then

(i
(it Ql(A)Bl is an elementary abelian, normal subgroup of G;
Ql(A) Z(@G) (so, in particular, Ag # 1);
< Ca(Q1(A)B);
L(Z(G/(A)BL)) = Qa(A) By /9 (A) By
if N is an elementary abelian, normal subgroup of G, then N < Q1(A4)B;

)
)
iii)
iv) B
) @
i)

(so 1 (A)By is the unique maximal elementary abelian, normal subgroup
in G, and, in particular, Q1 (A)By is characteristic in G);
(vii) G has exponent 2¥;
(viii) if k = 3, then G/Q1(A)By = (z,y | 2* = y? =1, 2¥ = 2~ !) (the dihedral
group of order 8);
(ix) if k > 4, then G/Q1(A)B; is isomorphic to one of the following groups
(a) (z,y | 227 = y? =1, ¥ = 2~ 1) (the dihedral group of order 2*);
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(b) (z,y | ¥ =42 =1, a¥ = 271427} (the quasi-dihedral, or semi-
dihedral, group of order 2%);
(© (wyla® " =y2=1, av =),
(x) if G/Q1(A)B is dihedral or quasi-dihedral of order 2¥, then
(a) G is abelian of rank at most r(B);
(b) exp(G) = 267,
(€) D(G) = 5(4) = Cpis;
(d) there exists an element 1 € G and a subgroup B < By such that
o(x1) =281 and G’ = B x (x1);
(xi) if G/ (A)By is isomorphic to the group (z,y | =2 =1, a¥ =
2142°7%)  then
(a) G is abelian of rank at most r(B);
(b) exp(C) = 4;
(c) ®(G) = Qu(A4) = Cy;
(d) there exists an element x; € G and a subgroup B < By such that
o(x1) =4 and G' = B x (x1).

PROOF. As in the proof of Lemma 3.7, we let A; = Q,;(A) (fori =1,...,k),
and let C = Cg(Az) (= Cq(Q2(A))), so that C = AB;. If k < 3, then BE <
A1 B <G by Lemma 2.3. Hence BY is abelian by Lemma 3.3, which is excluded,
so (i) follows.

For (ii) we see, by Lemma 3.7, that |G : C| = 2, so C < G. By Lemma 3.4,
A1B; = Q1(C), so Ay By is characteristic in C, and hence normal in G. Now A;
has order 2 and is centralised by B;. Since B is elementary abelian, we see that
A1 B is an elementary abelian, normal subgroup of G.

For (iii), we note that Ay = Cj since k > 3. In addition, C/A1B; =
AB1 /A1 By is a cyclic normal subgroup of G/A;By. Hence AsB; /A1 By is char-
acteristic in C/A;1 B, and is thus normal in G/A;B;. It follows that A;By is
normal in G. But A3 By is abelian, so ®(A3B;) = ®(A2)P(B;) = A;. Thus A; is
a normal subgroup of order 2 in G, so A; < Z(G).

Now B; < B, which is abelian, and B centralises A; by (iii). Therefore,
B centralises the normal subgroup A;Bj, so (iv) follows by the normality of
Ca(A1By).

For (v), we observe that G/A; B; is non-abelian, as otherwise 41 B/A1B; <
G/A1B; and B¢ < A, B. Tt follows that Z(G/A,B,) < AB,/A, B, as otherwise
G/A1By = Z(G/A1B1)(AB1/A1 By), which is abelian. By comparison of orders,
we then see that Q4 (Z(G/A1B1)) = QU (AB1/A1By) = AsB1 /A1 B;.
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Now, if N is an elementary abelian, normal subgroup of G, we see that
if N € Ay By, then there exists a subgroup Ny < N with Ny A1 B /A1 B; = C5 and
such that NlAlBl/AlBl ﬂ G/AlBl Then NlAlBl/AlBl g Z(G/AlBl), SO, by
comparison of orders, we have Ny A1 B /A1 B1 = Q1(Z(G/A1B1)) = A3B1 /A1 Bs.
Hence N1 A1 By = AsB;. Since A3 B is abelian, and N, and Aq B are elementary
abelian, we see that exp(42B1) = 2. But As = C4, and a contradiction ensues.
Thus N < A; By, in accordance with (vi).

From the above, G/A;B; is non-abelian and |G/A1B;| = 2|AB1/A1By| =
2% so exp(G/A1B;) < 2871, Since A;B; is elementary abelian and A 2 Ca,
it follows that exp(G) = 2¥, so (vii) holds.

For (viii) and (ix), we note that, since 41 B is elementary abelian by (ii), we
have AN A1B1 = A1~ It follows that C/AlBl = ABl/AlBl = A/(A N AlBl) =
A/A; 2 Cyr-1. Since BY is non-abelian, we have B¢ € A; B; by Lemma 3.3, so,
in particular, B € Ay By. In addition, |G : C|=2,s0 |B: BNA1B1|<|B: By|<2.
Therefore, |B : BN A;By| = 2. Hence, letting y € B\ BN A1 By, we have
AlB/AlBl = B/(B n AlBl) = <y>Bl/B1 = CQ. Since AlB/AlBl N C/AlBl =
(A1BNABy)/A1B1 = 1g/a, B, , it follows that G//A; By is a group of order 2% that
is the semi-direct product of C'/A;B; = Cor—1, by A1B/A1 By = Cy. Moreover,
G /A1 By is non-abelian. Thus, if kK = 3, then G/A; By is isomorphic to the dihedral
group of order 8, whereas if k > 4, we see, by, say, [3, Theorem 1.2], that G/A; B
is isomorphic to either the dihedral group of order 2*, the quasi-dihedral group
of order 2* or the group (z,y | 22 =y2 =1, a¥v = 172" 7).

To see that (x) holds, we let y € B\ (BNA1By), and let A = (z). If G/A1 By
is either dihedral or quasi-dihedral, then GlAlBl/AlBl = {([z,y])A1B1/A1 B, =
Ap_1B1/A1B;. By (iv), we have y € B¢ < Cg(A1B;1)<G. Since A; By is abelian,
we see, by normality, that GlAlBl = <[$,y]>A1B1 = Ak—lBl < CG(AlBl). But
A1 is cyclic and By is abelian, so G/Al Bj is abelian. In particular, G’ is abelian
and 7(G') < r(By)+1 < r(B)—1+1 = r(B). We further see that exp(A,_,B;) =
o(x?) = 2¥=1. Therefore, since exp(A;B;) = 2, we have exp(G') = 21, In ad-
dition, we have (P(Aklel) = q)(Akfl) = Ak,Q = (I)(G/AlBl) = @(G/), SO
B(G') = Ap_y = (). Now, since G has exponent 281, we let 1 be an element
of order 2F~1 in G'. Since Bj is elementary abelian, we have ;(Ax_1B1) =
A1B;. Hence, by comparison of orders, we see that Ay_1B; = A1 B1(z1). But
O(A1By(z1)) = <I>(<a}:cl>2) = (22), so (z2) = (x*). Thus, since k > 3, it follows that

A = <x2k71) = (277), s0 Ap_1B; = A1By(21) = By(z1). Since 21 € G, we

then have G’ = (G/ NBy)(x1). If BiN{x1) =1, then we let B=¢ N B; and have
2k—2

G' = Bx (z1). I ByN(x1) # 1, then By N (1) = G NBy N {z1) = (22 ) = Cy.
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Letting B be a complement for (22" °) in G' N By, we then see, by comparison of
orders, that G’ = B x (z1). Thus (x) has been established.

For (xi), we again let y € B\ (BN A;By). Since G/A;Bj is isomorphic to
the group (z,y | 22 =92 =1, 2¥ = 212" "), we see that G' A1 B, /A B, =
([, y])A1B1/A1B; = AaB1 /A1 By. We can then repeat the proof of part (x), with
minor adjustments, to show that (xi) holds. O

We apply Theorem 3.8 to provide a partial analogue to Corollary 2.7 in the
case where p = 2.

Corollary 3.9. Let G = AB be a finite 2-group for subgroups A and B such
that A is cyclic and B is elementary abelian. If BS is not abelian and if G is also
the product of the cyclic subgroup A and the elementary abelian subgroup B,
then

(i) BS is non-abelian;

(i) Q1(A)C5(R(A)) = 2 (A)Cr(2(A));
(i) A= A;
(iv) Qu(A) = 2 (A).
PRrROOF. Let W = Q4(A)Cp(Q2(A)). Then, by Theorem 3.8 (vi), W is the
unique maximal elementary abelian, normal subgroup in G. If B is abelian (and
hence elementary abelian), then B¢ < W. It follows that G/W is isomorphic
to a factor group of G/B®, which in turn is isomorphic to a factor group of
A. But A is cyclic and G/W is non-abelian by Theorem 3.8 (viii) and (ix), so
a contradiction arises. Hence B is non-abelian, in accordance with (i), and
(ii) then follows by Theorem 3.8 (vi). We further have exp(G) = |A| = |A| by
Theorem 3.8 (vii), so A = A. Finally, by Theorem 3.8 (x)(c) and (xi)(c), we have
0(4) = 2 (@(G) = N (A). 0
We present some examples of factorised 2-groups. They will be used to pro-
vide a characterisation of the groups that satisfy the hypotheses of Theorem 3.8,

similar to that given by Theorem 2.13 for p odd.

Ezample 3.10. Let k > 3, and let G = (z,y | 2 =2 =1, 2¥ = x~1). Thus
@G is isomorphic to the dihedral group of order 2. We have G = AB, where A =
(z) = Cor and B = (y) = Cy. We note that BY = (22,y), which is isomorphic to
the dihedral group of order 2¥. Hence B¢ is non-abelian. We observe that G also
admits the factorisation G = EE, where A = A and B = <x2k_1 yxy) =2 Cy x Co.
In this case, B % B. In addition, B¢ = (22, 2y) # BE.
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Ezample 3.11. Letting k > 3, we present the quasi-dihedral (or semi-dihedral)
group of order 28+ as follows: G = (z,y | 22" =y% =1, 2¥ = 272" "), Then
G = AB, where A = (z) = Cyx and B = (y) = (. As in Example 3.10, we have
B% = (22%,y), which is isomorphic to the dihedral group of order 2*, and is thus
non-abelian.

Example 3.12. Let G = (w,x,y | w? = 22" = y? = 1Lw® = ww’ =w,z¥ =
x~1w), where k > 3. G is the split extension of (w,z) =2 Cy x Cox by (y) = Cs.
We have G = AB, where A = (x) = Cyr and B = (w,y) = Cy x Ca. In this case,
BY = (w,2?%,y) = (w) x (x2,y). Thus B is isomorphic to the direct product of
a cyclic group of order 2 and a dihedral group of order 2¥, so B¢ is non-abelian.

Example 3.13. Let k > 4, and let G = (w,z,y | w? =22 =y’ =1,w" =

wr? " w¥=w, g¥ =g 112" w). We can confirm that (w,z) = (z)(w) is a non-
abelian group of order 2M1 with Z((w,x)) = (z?). We can further confirm
2 —1,.2% —1,.2%72 —1,m—1,0..2% —2,.2F 1
that (a¥)? = 7'z ‘w2 Cw = rlwrlwr = wPw® r 2 =
wz? w222 = w2 222" = 272 Hence o(z¥) = o(z) = 2% and we
see that (z¥)2" " = (2722 " =2"2""=22""". It now follows that (w¥)*’ =
- k—2 v T . . .
e = 2 :wy(xy)Qk ', Since the relevant relations are satis-

fied, we see that y defines an automorphism of (w,z). It further follows that

2 _ k—2 _ok—2 _ok—2 _ _ok—1 k—1
2V = (z72? Tw)Y = wrr™? 27 Tw = zx lwrwzr™? T = zwwr? =

swr? wr? " = zw?s?" = 2. This confirms that conjugation by y induces an
automorphism of order 2 on (w,z). Hence G is the split extension of (w,z)
by (y), where (y) = Cs. We have G = AB, where A = (z) = Cy and
B = (w,y) = Cy x Cy. In this case, B = (w,2%,y) = (w) x (22,y), which
is isomorphic to the direct product of a cyclic group of order 2 and a dihedral
group of order 2¢. Thus B¢ is once more non-abelian.

We describe our final example in more detail and show that it satisfies the
hypotheses of Theorem 3.8.

Ezample 3.14. We let k > 4, and let W = (wy, ..., wyr—2) be an elementary
abelian 2-group of rank 272, Let (x) = Cy, and let = act on W as follows:

: . k-2
wi =wiy1, =1,...,2 -1, wi-2=wi.

We note that Cy (W) = <x2k72> >~ (O4. We let Ex be the semi-direct product of
W by (z), so that

Wiy .,Wok—2
Ek: ) 2
xT

2 _ .2 1o k—2
wy = ka 2—1’ —1 [wiawj]_lalmj_la"'aQ
w§ = wit1, t=1,. 2’C 2— 15 Wi = w1



Products of cyclic and elementary abelian p-groups 209

We let z = wy - - - wor—2 and observe that Z(Ej) = (z,:ch_Q) = Cy x Cy. Thus
222"" is an element of order 2 in Z(Ey). We let Fy, be the factor group Fj, =

Ek/<zx2k71>. Then Fj, can be presented as follows:

Fk= Wi,y...,Wok-2
x

2 a2 2h g, _ A k—2
wi == wh_. =2 =1 [wh,w] =1, i,j=1,...,2
T __ =1 2k72 1: w® _ L2kt

Wi = Wiy, t = 1,..., — L Wok—2 = W15 T = W1 - Wok-2

We again let z = w; - - - wqr—2 and identify W with the corresponding subgroup
of Fj,. We observe that (W) = 2¢=2 and that W N Z(F},) = (2) = (22 ). Since
F}, is the product of the abelian subgroups (z) and W, we have

2k,72 2k,72

Z(Fy) = (Z(Fy) N {x))(Z(F) N W) = (z

M=) = @) 2 G

We define a mapping, y, by

14ok—2

k=2 Y =x wy.

Y _ -
w; = Wi, 1=1,...,

We show that y extends to an automorphism, of order 2, of Fj. Since Fj is

generated by w?,... ,wgk,z and x¥, we need only confirm that the appropriate
relations are satisfied. We observe first that (w})? = - = (w},_,)* = 1 and
that [w},w{] =1, for i,j = 1,...25=2. Since W is abelian and 22~ € Z(Fy),
we further see that (w?)*’ = w;y; = w! , for i = 1,...,2"72 — 1, and that
(WY, )™ = w; = w{. For the remaining relations, we note that (z¥)? =
212 T 2, = xw1xw1(x2k72)2 = xguﬁcwlgczkf1 — 22wow 22 . Then

z 2’6*1)2 _

(x¥)* = (2¥)%(av)? = Pwowiz?  2Pwowiz? | = x* (wowy) ngwl(x

k
zrwawswewz® . Hence (xy)4 = ztw wowsw,. More generally, for & > 5 and

3 < s <k—2, we see inductively that

(z¥)? = (asy)2s_1($y)2s_l =22 - wzsflx?g_lwl T W

2S5—1

=% (wy - wae1)® Wy Woe

s
= 1'2 Wos—141 """ W2s—1492s-1W71 ** - Wys—1.

Hence (gcy)2 = £E2S’IU1-"’U}2$, for 3 < s < k — 2. In particular, we see that
(my)Qk 2 _ :E2k72w1 ...wzk_2 _ '1:2}972'1:2}671' Thus (xy)2k—2_( 2k72)3:( 2k}72)71’
so (z9)2" = ()2 )t = (22" )" = 1. In addition, we have (2¥)%" ' =
(29)2" ()2 =2 )M @? )= =22 But 22 = wy - wgee=
w .- ~w§k,27 so the relation (acy)Qk_1 = wi-- -U/gk,Q is satisfied. This confirms

that y defines an automorphism of Fj.
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To show that y has order 2, we note that 2" = (222" "w1)¥ = 2¥(2¥)2" w!.

Now 22"~ centralises W, and, from the above, (z¢)2" ~ = (22" *)~1. Hence
2 = 2 (22 = 2 (02 7) w? = 2. Since w! = wi, i =
1,...,28"2 we see that y has order 2 in Aut(F},).
We now let Ji be the semi-direct product of Fy by (y), so that
Wi, wgeee | wWE = =0, =¥ =P =1 [wi,w] =1, 4,5 =1,...,262
Ji= z W =wiyr, i=1,...,2"2 =15 wi_, = wy; 227 = - - Wok—2
Yy w! =w;, i=1,...,282 g¥ = 2142y,

We have [z,y] = 22wy ¢ W, so Jp/W is non-abelian. Hence Z(J;) < Fy,
as otherwise Ji/W = (Fj,/W)(Z(J,)W/W), which is abelian. Thus Z(J;) <
(z2*77). But, from the above, (22" )Y = (z2" *)~1 # 22" . It follows that:

Z(Jy) = (z

We see that J, = AB, where A = (z) is cyclic of order 2%, and B = W {y) is
2k=2_ Since [2,y] = 22° wy, we have (B)’t £
Q1 (A)B. Hence (B)”’* is non-abelian by Lemma 3.3. Since y does not centralise
2277 we have y ¢ C, (Q(A)). It follows that Cy (Qa(A)) = A(wy, . .., war—2) =
Fy, so |Jg : Cy, (Q2(A))| = 2, in accordance with Lemma 3.7. We observe that
QA =@ Y<K W=BnF = Cp(Q2(A)). We have AW/W = A/ (A4) =
Cor-1, and (y)W/W = Cy. Since [z,y] = Jc2 “*wy, we further have ([, y|\W/W =
Q(A)W/W = Cy. Now |Jp/W| = 2%, where k > 4. It follows, by, say,

[3, Theorem 1.2], that Ji/W is isomorphic to the non-abelian group of order 2*
2k—2>

2k71

) = Cy.

elementary abelian of rank 1 +

given by (z,y | 22 =y2 =1,2¥ = 2!+
Our next result uses Examples 3.10-3.14 to provide an alternative description
of the groups that satisfy the hypotheses of Theorem 3.8.

Theorem 3.15. The following are equivalent for the finite 2-group G':

(i) G = AB for subgroups A and B such that A is cyclic, B is elementary
abelian and B€ is non-abelian;

(ii) G is of the form G = AW (y), where
(a) A= Cayr, for k> 3;

(b) W is an elementary abelian, normal subgroup of G;
(¢) (y) = Co;

(d) W, ()] =1;

(e) 2u(4) <W;
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(f) (A,y) is isomorphic to one of the following:

(i) (z,y | 22 =2 =129 = x71) (the dihedral group of order
26+);

(i) (z,y | 22" = y* = L,a¥ = 2= 42"") (the quasi-dihedral, or
semi-dihedral, group of order 28+1);

2k:

1

22 _ T __ _ — .
=y’ =1Lw" =w,w’ =w,z¥ =2 w);

(iv) (w,z,y | w? = 22 =2 = Lu® = wr
=270 (with k > 4);

(v) Ji, as in Example 3.14 (with k > 4).

(iii) (w,z,y | w? ==
P = w,a¥ =

PRrROOF. To show that (i) implies (ii), we let A = (z). By Theorem 3.8 (i),
A = Cyr, where k > 3. As in Theorem 3.8, we let By = Cp(Q22(A)). Then
|B : Bi| = 2 by Lemmas 3.3 and 3.7. Moreover, by Theorem 3.8 (vi), Q1(A4)B;
is the unique maximal elementary abelian, normal subgroup of G. We let W =
01 (A)By. Since |B : By| = 2, we have BN'W = Bj, as otherwise B < W
and BY is elementary abelian. Letting ¥ € B\ B, we have B = B;(y), so
G = AB = AQ,(A)B1(y) = AW (y). Since Q;(A) < Z(G), by Theorem 3.8 (iii),
and B is abelian, we have [W, (g)] = 1. Thus G satisfies (ii)(a)—(e).

For (ii) (f), we note that G/W is the product of the normal subgroup
AW/W =2 A/Qq(A) = Cyr—1, and (§)W/W = Cy. By Theorem 3.8 (viii) and (ix),
G/W is isomorphic either to the dihedral group of order 2%, the quasi-dihedral
group of order 2¥, or the group (z,y | 22 = y?2 = 1,29 = x1+2k_2>. In the
latter two cases, we may assume that & > 4 by Theorem 3.8 (viii). Since G/W is
non-abelian in each case, we note further that y ¢ AW. We deal with these three
cases in turn.

If G/W is dihedral of order 2*, we may assume that 79 = Z~'@w, where
w € W. Since y centralises W and o(y) = 2, we have

F=3" =@ o)l = @) o' = o' Fa.

Thus @ commutes with Z, so w € Z((4,y)) and (A,y) = A(w)(y). If w = 1, then

¥ = 771, so (A,7) is dihedral of order 2¥*1. If 1 # @ € A, then @ = 72

Hence 7V = 5_1“‘2#1, so (A, 7) is isomorphic to the quasi-dihedral group of order

2F+1 Finally, if w ¢ A, then (A, w) = A x (W) = Cyr x Cy. Since (A,7) is the
split extension of (A, w) by (y), we see that (A,y) is isomorphic to the group
(w,z,y | w? = 22 = y? =1, w" =w,w’ =w,z¥ = w).

If G/W is quasi-dihedral of order 2¥, we may assume that k > 4, and that

o~ ~ k—2 ~ . ~ k—2 ~ ~
7Y = 7172 ", where w € W. By normality, we have 2272~ = [Z,7]w €
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Ce(W). Since k > 4, it follows that 22 € Cg(W), so (z?)W is abelian. Now
(@

7 normalises (Z2)W, so ¢ also normalises ®((z2)W) = ®((z2)) = (z*). Hence
y normalises Qo ((T >) = <~2k ) = Qy(A). Since § ¢ By = Cp(Q(A ))7 we
have (72 °)7 = @ )1 = 727, Now 0 (4) < Z(G), so & = 3V =
( _l4ok—2 )y . (xy) 1(~2k 2)yw . w 1~~72k 2E ok— Qw — & 155721@ 1{17 _
o Fwz2""". Hence 7 = @ 1%@52 , 80 T oz = oz Equivalently,
we have @° = wi? . Slnce 72 # 1, we see, in particular, that w # 1

and w ¢ () = A. In addition, (A,w) = A{w). Thus (A,y) is the split

extension of A(w) by (y). It follows that (A,y) is isomorphic to the group

k k—1 k—2
(w,r,y |w? =22 =9y? =1L, w® =wa® | w¥=w,2Y=1c"1T2 "w).

For our third case, we have G/W = (z,y | 22" =¢2 = 1,2¥v = 2

Here we may assume that k > 4, and that 29 = E’*zk_Qﬁ, where w € W. Since
. . gk2_

W < Ca((A)), we see that (@® | i = 1,...,28) = (@,a°,...,0%

_ k=3 _
Letting Wy = (w,w?,... ,ﬁIQ 1>, we have W7 < W, so Wj is elementary

k—2
1+2 >

abelian and is centralised by 3. In addition, Wj is normalised by Z, so (4,y) =
AW (7). Since 72 and §j commute with @, we have

%:;?772:(%1““2{5)77 Ey(iQk 2)yw iEQIC 21,5(§2k 2)yw %%Qk 2(i2k 2)y{52

22k 4

~ ~~k—2  __ok—2  ~ ~ok—2~ ~_ok—
Hence 7=772 (2% )Y so (2% ")V=2"2 . Since k>4, we have T =1,
~ok—2~
so we can also evaluate (72 )Y as
ok—2 ~ o ok—2 . k—2 _ ok—2 k=2 __o2k—4 k=2
@ P =@"r =@ e =@e)? 7 =(@w)
BUt k—2 k—2
— k=2 1 m—2FTe k-2 2T ~F ~~k—2
(zw)* = 0" Z  =a etz
~ 2k=2 4 k2 k-2 . o 2k=20 k-1
so ww® - - - w” 72 =7"% 7, and it follows that ww® - - - w° =772 =
—ok—1 . . .
22" . Therefore, since the relevant relations are satisfied, we see that the map-

ping ¢ defined by

N2k21

¢(w1) = {Da ¢(w2) = {Dga B} ¢(w2k*2) =w" a¢(x) = 57 and ¢(y) = ga

extends to an epimorphism from Jk (as in Example 3.14) to (A, 7). Since Z(J;) =
(#2712 Cy and ¢(22" ") = 7277 #£ 1, we see that ker(¢) = 1. Thus ¢ defines
an isomorphism, and so we conclude that (i) implies (ii).

Conversely, if G is of the form given by (ii), then G is the product of the cyclic
subgroup, A, and the elementary abelian subgroup B = W (). If B is abelian,
then, by (ii)(e) and Lemma 3.3, we have Q;(A4) < W(y) = B < G. In partic-
ular, G/B =2 A/Q4(A), so G/B is cyclic. Letting N = (A,y) N B, it follows
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that N is an elementary abelian, normal subgroup of (A,y) such that (A,y)/N
is cyclic. But, as noted in Examples 3.10-3.14, (A, y) satisfies the hypotheses of
Theorem 3.8, so by Theorem 3.8 (vi), (viii) and (ix), (A4, %) has a unique maxi-
mal elementary abelian, normal subgroup, whose quotient is non-abelian. Thus
a contradiction arises, so we conclude that B¢ is non-abelian and (i) follows. [

Noting that the cyclic factor will have a non-trivial core whenever the el-
ementary abelian factor has a non-abelian normal closure, the following partial
analogue to Theorem 2.14 covers the remaining case for p = 2, in which namely
the cyclic factor has a trivial core and the normal closure of the elementary abelian
factor is abelian.

Theorem 3.16. Let G = AB be a finite 2-group for subgroups A and B such
that A is cyclic and B is elementary abelian. Then the following are equivalent:
(i) Ag =1;
(i) BAG, AnB =1 and C4(B) =1 (so that G is a faithful split extension of
B by A).

ProOF. If Ag = 1, then AN Z(G) = 1, so, by Theorem 3.8 (iii), B is
abelian. If B is not normal in G, then B¢ = Q;(A)B by Lemma 3.3, so ;(A)
is centralised by B. Then 1 # Q1(A) < AN Z(G) < Ag, and a contradiction
arises. Hence B < G. We further see that AN B < ANZ(G) =1 and Cy(B) <
ANZ(G)=1. Thus G is a faithful split extension of B by A. Since (i) clearly
follows from (ii), the proof is complete. a

We conclude this section with a result analogous to Corollary 2.17 that is
a consequence of Lemma 2.16 and Theorems 3.6 (iii) and (v), 3.8 (vii), (x)(a) and
(xi)(a), and 3.16.

Corollary 3.17. Let G = AB be a finite 2-group for subgroups A and B
such that A is cyclic of order 2F and B is elementary abelian. Then

(i) 2% < exp(G) < 2k+1;
(ii) G' is abelian of rank at most r(B).

4. Groups of exponent p**! and concluding remarks

We recall from Lemma 2.16 that if the finite p-group G = AB is the product
of a cyclic subgroup A, of order p¥, and an elementary abelian subgroup B, then
pF < exp(G) < pFt1. As a consequence of Theorems 2.6 (x), 2.15 (iv), 3.6 (iii)
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and 3.8 (vii), we see that if exp(G) = p**!, then either Theorem 2.14 (iii) or
Theorem 3.16 applies, so that G is a faithful split extension of B by A. We provide
more information on the structure of GG in this particular case.

Theorem 4.1. Let G = AB be a finite p-group for subgroups A and B such
that A is cyclic of order p* and B is elementary abelian. Then the following are
equivalent:

(i) G has a subgroup isomorphic to the wreath product CpwrC;

(ii) G has exponent p*+1.

Proor. It is well-known that the wreath product C,wrC,x has exponent
pF*l. Hence (ii) follows from (i) by Lemma 2.16. Conversely, if G' has exponent
pk*t1 then we let g € G be such that o(g) = pF*!. We let A = (x) and observe
that, since G = AB, we have g = z'w, for a suitable positive integer ¢ and a suit-
able element w € B. By Lemma 2.16, we have exp((z?)B) < p'*F=1 = p*/ so,
without loss of generality, we may further assume that ¢ = zw. Since G has ex-
ponent p**1, we see, by Theorem 2.6 (x) or Theorem 3.8 (vii), that B is abelian,

w,x) zP =

and hence elementary abelian. Thus (w)¢ = (w,w”, ..., w 1) is an elemen-

tary abelian, normal subgroup of (w, z) such that (w, z) = (w,w?®, ..., w*" _1><x>.

We let H = CpwrC,s. Since the requisite relations are satisfied by w,w®,...,

ke
w " and x, we see that (w,x) is isomorphic to a factor group of H. Thus

(w,z) = H/N, for a suitable subgroup N <H. But Z(H) = C, and H/Z(H) has
exponent p*. Hence, if N is non-trivial, then Z(H) < N and (w,x) = H/N has
exponent p¥, which is a contradiction. We conclude that N = 1, so (w,z) = H =
CpwrCi, as desired. O

Our final result provides bounds for the rank of a maximal normal elementary
abelian subgroup in a finite p-group that factorises as the product of a cyclic
subgroup and an elementary abelian subgroup.

Theorem 4.2. Let G = AB be a finite p-group for subgroups A and B such
that A is cyclic and B is elementary abelian. Let N be an elementary abelian,
normal subgroup of maximal order in G. Then r(B) —1 < r(N) <r(B)+ 1.

|AJ[NV] Al Bl |ANN||B|

PROOF. Wehave|AN|:|AﬂN|<|G‘:\AQB|’ WS
|[AN N||B|. But A is cyclic and N is elementary abelian, so |[A N N| < p. Thus
IN| < p|B|, so 7(N) < r(B) 4+ 1. On the other hand, letting A = Cpx, we
see, by Theorems 2.6 (viii), 2.14 (iii), 2.15 (v)(c), 3.6 (iv)(c), 3.8 (viii) and (ix),
and 3.16 (ii), that G has a elementary abelian, normal subgroup of index p*, so

so |[N| <
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G A||B B
|G : N| < pF. Hence |N| > |pk| = |A|ﬂ||B|pk = |A|ﬂB|' As above, we have
B
|[ANB| <p,so |N|> |; It follows that »(N) > r(B) — 1. O

The results in this paper indicate that it may be possible to provide a de-
tailed account of the structure of finite groups that are the product of an abelian
subgroup and a cyclic subgroup. However, the variety of examples presented,
particularly in the case p = 2, suggests that a comprehensive understanding
of the structure of groups that are the product of two abelian subgroups in gen-
eral may be difficult to achieve.
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