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Conformal vector fields on submanifolds of a Euclidean space

By HANAN ALOHALI (Riyadh), HAILA ALODAN (Riyadh)
and SHARIEF DESHMUKH (Riyadh)

Abstract. In this paper, we investigate n-dimensional immersed compact sub-
manifold M of a Euclidean space R""?, with the immersion 1) : M — R™ P, where the
tangential component T of ¢ is a conformal vector field. A characterization of n-sphere
in the Euclidean space R™*? is obtained. Also conditions under which 47 is a conformal
vector field in the general case and those in the special case where the submanifold has
flat normal connection and p = 2 are obtained as well.

1. Introduction

Given an immersed n-dimensional submanifold M of a Euclidean space
(R™?,{(,)), where (,) is the Euclidean metric, one of the important questions
is to find conditions under which the submanifold M lies on the hypersphere
S™P=1(c) of the Euclidean space R™P. This question has been studied in [ALO07],
[ALOO02], [ALODO02]. Recall that a smooth vector field £ on a Riemannian mani-
fold (M, g) is said to be a conformal vector field if its flow consists of conformal
transformations of the Riemannian manifold (M, g) and it is equivalent to the
requirement that the vector field £ satisfies

£eg = 2py,
where £¢ is the Lie derivative with respect to the vector field £, and p is a
smooth function on M, called the potential function of the conformal vector
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field ¢£. Conformal vector fields have been used to characterize spheres among
compact Riemannian manifolds (cf. [DES12], [DES08], [DES10]). If M is an
n-dimensional immersed submanifold of the Euclidean space R"*P with the im-
mersion 9 : M — R™P_ then treating 1 as the position vector field of points
of M, we can express it as
¥ =y" + ot

where ¥ is the tangential component of 1/ to M, and ¥ is the normal compo-
nent of 1. Thus, we get a globally defined vector field 17 on the submanifold
M, which might be either a Killing vector field or a conformal vector field. How-
ever, the covariant derivative of 97 being symmetric (see Section 2), asking /7 be
a Killing vector field, will not yield interesting geometry. Therefore, it is a natural
question to find conditions under which the vector field ¢7 is a conformal vector
field on M, as well as to study the geometry of the submanifold for which the
vector field ¢7T is a conformal vector field. In this paper, we address these ques-
tions. It is interesting to note that in the case when 17 is a nonzero conformal
vector field on the compact submanifold M, under suitable restrictions on the
Ricci curvatures, the submanifold is shown to be isometric to the sphere S™(c) of
constant curvature ¢ (cf. Theorem 3.1). We also find conditions under which the
vector field 17T is a conformal vector field on the submanifold M (cf. Theorems 3.2
and 4.1). Finally, we use the conformal vector field associated to the normal com-
ponent ¥ on the submanifold M to find a necessary and sufficient condition for
the submanifold to lie on the hypersphere S"*P~1(c) (cf. Theorem 3.3).

2. Preliminaries

Let M be an n-dimensional submanifold of the Euclidean space R"*P with
immersion ¢ : M — R""P. We denote by (,) and V the Euclidean metric and
the Euclidean connection, respectively, on R"*P, we also denote by g and V the
induced metric and the Riemannian connection on the submanifold M. Then, we
have the following equations for the submanifold M (cf. [CHES3]):

VxY =VxY +h(X,Y), VxN=-AyX+VxN (2.1)

X, Y € X(M), N €T (A), where X (M) is the Lie algebra of smooth vector fields
on M, T' (A) is the space of smooth sections of the normal bundle A of M, h is the
second fundamental form, Ay is the Weingarten map with respect to the normal
N € T'(A) which is related to the second fundamental form h by

g(ANX,Y) =g (R (X,Y),N), X, Y eX(M),
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and V< is the connection in the normal bundle A. We also have the Gauss
equation

R(X,Y)Z = Apy,yX — Anx.p)Y, X,Y,Z € X(M), (2.2)

where R(X,Y) Z, X,Y,Z € X(M) is the curvature tensor field of the submani-
fold M. The Ricci tensor field of M is given by
Ric(X,Y) =ng (h(X,Y), H) =Y _g(h(X,e1) h (V,er)),  (2:3)

i=1
where {ey, ..., e, } is a local orthonormal frame on M, and

n

H = th(ei,ei)

n -
=1

is the mean curvature vector field.
The Ricci operator @ is the symmetric operator defined by

Ric (X,Y) = ¢(Q(X),Y), X,Y €X(M).

If we express ¢ = T + ¢+, where 7 € X (M) is the tangential component
and ¢+ € T'(A) is the normal component of 9, and if we denote by B = Ay the
Weingarten map with respect to the normal vector field ¢, then using equation
(2.1), we get

V.l =X +BX, Vxyt=-h(X,9"), XY ex(M). (2.4)

We use the mean curvature vector field H to define a smooth function F' :
M — R on the submanifold M by F' = <H, wl>. Now, for an n-dimensional
submanifold ¢ : M — R"*P_and a local orthonormal frame {ey, ...,e,} on M, we

have
diV?/)T = Z <V611/1T, €i> = Z <€i + A,/,Lei, €i>
i=1 i=1
:n+z<h(ei7ei),dﬂ‘> :n+n<H,1/)J‘> =n(l+F),
i=1
that is,

divyT =n(1+F). (2.5)

We have the following Lemmas:
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Lemma 2.1 (Hsiung—Minkowski formula). Let M be an n-dimensional com-
pact submanifold of the Euclidean space R™*P. Then

/(1+F)dv 0.

M

Lemma 2.2 ([ALOO07]). Let M be an n-dimensional submanifold of R"*?.
Then the tensor field B satisfies

(i) TrB=nF;
(i) (VB)(X,Y) = (VB)(Y,X) = R(X,Y)yT;
(iii) Y-, (VB) (e5,€;) = nVEF +Q (v7);
where (VB) (X,Y) = VxBY — BVxY X,Y € X (M).
Lemma 2.3 ([ALO07]). Let ¢ : M — R™P be an n-dimensional compact

submanifold. Then a necessary and sufficient condition for ¢ (M) C S"*P=1(c) is
that T =0 and F = —1.

Definition 2.1. A smooth vector field £ on a Riemannian manifold (M, g)
is said to be a conformal vector field if there exists a smooth function p on M
that satisfies £¢g = 2pg, p called a potential function, where £¢g is the Lie
derivative of g with respect to £&. We say that £ is a non-trivial conformal vector
field if the potential function p is not a constant. A conformal vector field £ is said
to be a gradient conformal vector field if £ = V f, for a smooth function f on M.

Using Koszul’s formula, we immediately obtain the following for a vector
field € on M:

29(Vx&,Y) = (£eg) (X, Y) +dn(X,Y), XY € X(M),
where 7 is the 1-form dual to &, that is, n(X) = g(X,&), X € X (M). Define
a skew-symmetric tensor field ¢ of type (1,1) on M by dn(X,Y) = 29 (¢X,Y),
and a symmetric tensor filed C of type (1,1) by
£eg(X,Y) =29(CX,Y), XY eX(M),
then, for a smooth vector field £ on M, we have

Vxé=CX+¢X, XY eX(M). (2.6)

Using the definition of a conformal vector field and equation (2.6), we have
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Lemma 2.4 ([DES12)). Let & be a conformal vector field on an n-dimensional
Riemannian manifold (M.g), with potential function p. Then

Vxé=pX+¢pX, XeX(M) and divE=mnp.

Remark 2.1 ([DES08]). Let & be a conformal gradient vector field on a com-
pact Riemannian manifold (M, g). Then, for p = n=1div¢,

/pdv =0.

M

Let A1 be the nonzero eigenvalue of the Laplacian operator A acting on the
smooth functions of a compact Riemannian manifold (M, g), where we adopt the
sign convention of the Laplacian operator as Af = divVf. Then, for a smooth

function f on M satisfying
/ fdv =0,

M

by minimum principle we have
/ V£ do > A\ /f2dv, (2.7)
M M

and the equality holds if and only if Af = —X;f. Moreover, for a smooth func-
tion f, the Hessian operator Hy is given by

HiX =VxVf, XeX(M),

and on a compact Riemannian manifold, we have the following Bochner formula:

/{Ric(Vf, V) + P (A7} dv =0 (2.8)

M

3. Submanifolds with 9T as conformal vector field

Let M be an n-dimensional submanifold of the Euclidean space R"**P, with
immersion 1 : M — R™P. In this section, we study the geometry of the sub-
manifold M for which the vector field ¥ is a conformal vector field. First, we
prove the following Lemmas.
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Lemma 3.1. Let M be an n-dimensional submanifold of the Euclidean space
R™P, with immersion ¢ : M — R"™P and f = 1 HQZJLHQ. If the gradient V f of the
smooth function f is a conformal vector field, then

Ric (¢",9") +ny™ (F) +np+nF + | B|* =0,
where p is the potential function of V f.

ProoOF. As Vf is a conformal vector field with potential function say p,
we have
Lvrg =2pg.
Since the 1-form dual to the conformal vector field Vf is closed, we have
¢ =0, and Lemma 2.4 takes the form

Vx (Vf)=pX and Af=np, (3.1)
where A is the Laplacian operator. Now, for X € X (M), we have
9(VFX) = X (=X (G [6]) =g (Tacwt v =g (~Aue X+ T o)
=g (Vxv™v7) = =g (h (X,07) ") = —g (Ayv", X)),
which gives Vf = —A, .97 = —ByT. Putting £ = ¢, we get Vf = —B¢, and
consequently,
Vx (Vf) = -VxB¢ = - [(VB) (X,§) + BVx{],
which, using equation (2.4), gives
Vx (V) == (VB)(X,§) - B(X + BX)
= —(VB)(X,¢) — BX — B*X. (3.2)
Now, using Lemma 2.2 and the fact that B is a symmetric operator, we have

S g((VB) (e1€) ) = g (Z (VB) (ei,e:) ,f>

i=1 i=1

=g(VF+Q(£),8) =ng (F) +Ric(§,§).  (3.3)

Also, using equations (3.1) and (3.2), we get

n n

Zg ((VB) (e:,€) ,ei) = Zg (—pe; — Be; — B?e;, e;)

=1 =1
=—np—TrB—|B|*. (3.4)
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Then, using Tr B = nF and equations (3.3) and (3.4), we arrive at
Ric (&,€) +n& (F) +np+nF + | B|* =0,

which proves the Lemma. O

Lemma 3.2. Let ¢ : M — R"*P be an n-dimensional compact submanifold.
Then

/ {Ric (W7, 97) —n? (14 F)* + | B|* - n} dv = 0.

M

ProOF. Taking & = 97, we have
div(F¢§) =g(VF,§) + FdivE=g(VFE{ +nF(1+ F).
Consider a local orthonormal frame {ey, ..., e, }, then using Lemma 2.2 and equa-

tion (2.5) to compute div (BE), we get

n

g (veiB§7 6,’) = Zg ((VB) (ei7§) + Bvei§7ei)

i=1

9 ((VB) (ei,e:),&) + g (Ve,§, Bej)]

I

«
Il
-

div (B¢)

-

©
I
—

=g(nVF+Q(€),6) + Z g (e;, Be;) + g (Bei, Be;)]

=ng (VF,€) + Ric (£,€) + Tr B+ || B||?
= ng (VF,€) + Ric (£,€) +nF +||B|>,

and
g(VFE,§) = div (F¢) — nF? — nF,

which gives
ng (VF,€) = ndiv (F¢) — n*F? — n’F.

Consequently,
div (B¢) = ndiv (F€) —n*F? — n®F + Ric (¢,€) + nF + || B||?,
and we have

div (B¢ — nF¢) = Ric (£,€) — n?F? —n®F + nF + ||B|?,
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which after integration gives
/{Ric (6,:€) =n? (F2 = 1) +||B|* = n} dv = 0. (3.5)
M
Also using Lemma 2.1, we have
/(1+F)2dU:/(F2 —1) dv,
M M
which, together with equation (3.5), gives
/{Ric (€,6) — n? (1+F)2+\|B||27n} dv = 0. O
M

Theorem 3.1. Let v : M — R™"P be an n-dimensional compact subman-
ifold with the tangential component ¥T, a nonzero conformal vector field with
potential function p, and A1 be the first nonzero eigenvalue of the Laplacian op-
erator on the submanifold M. If ¢ = n~'\; and the Ricci tensor on M satisfies

(i) Ric (Vp + et Vp+ ch) >0,
(ii) Ric(Vp,Vp) < (n—1)c||Vlf?,

then M is isometric to a sphere S™ (c).

PROOF. Let & = 9T be a conformal vector field with potential function p.
If we define f = % ||1/)||2, then it is easy to show that £ = V f. Thus £ is a gradient
conformal vector field, and consequently, as the 1-form 7 dual to £ being n = df
is closed, we get that ¢ = 0. Then, by Lemma 2.4, we have

Vx§=pX,
and using equation (2.4) in the above equation, we have
BX + X = pX,

which gives B = (p — 1) I and div& = np. However, as £ = V f, we have Af = np.
Now,

(VB)(X,)Y)=VxBY —BVxY =Vx(p—-1)Y—-(p—1)VxY =X (p)Y,
which, together with Lemma 2.2, gives

X(pY =Y (p) X =R(X,Y)E. (3.6)
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The above equation immediately gives
n
Ric (g,X) = ZR(617X755 ei) = g(X? Vp) - nX(p)a
i=1

and consequently, we have

QE)=—(n-1)Vp. (3.7)

The above equation gives

Ric(§,§) = = (n—1)&(p) = — (n — 1) [div (p§) — pdiv],
that is,
Ric (£,€) = — (n — 1) div (p€) +n (n — 1) p*. (3.8)

Also, equation (3.7) gives
Ric (&, Vp) = g(= (n=1)Vp,Vp) = = (n = 1) [ Vol (3.9)

Let A1 be the first nonzero eigenvalue of the Laplacian operator on M. Then
Remark 2.1, together with equation (2.7), gives

/||Vp||2dv > Al/,ﬂdv, (3.10)
M M

with equality holding if and only if Ap = —Aqp.
Using ¢ = n~'\; and equations (3.8), (3.9) and (3.10), we arrive at

/Ric (Vp+c€,Vp+c€)dv
M

B / {Ric (Vp,Vp) +n(n—1)c*p? —2(n—1)c ||VP||2} dv
M

< [ {Ric(¥.9p) = (0= 1)< |Vo| } o
M

Using the conditions in the statement, and the above inequality, we conclude
that

Ric(Vp+¢&,Vp+c€) =0 and Ric(Vp,Vp) — (n—1)¢||Vp|> =0. (3.11)
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Thus we have
Ric(Vp, Vp) + 2cRic(Vp, €) 4+ ¢® Ric(€,€) = 0,
which, together with equation (3.9) and the second equation in (3.11), gives
Ric(¢,€) = (n — e [V, (3.12)

Now, using Vf = &, that is, H¢(X) = pX and Af = np in the Bochner
Formula (2.8), we arrive at

/ {Ric(&, &) +np* —n?p*} dv =0,

M

which, together with equation (3.12), gives

/HVp||2dv:nc/p2dU: Al/pzdfu.
M

M M

This equality in (3.10) gives Ap = —A1p, which, together with Af = np,
gives A(p+ A\n~1f) =0, and on compact M, we have p + A\jn~!f = constant.
This last equation, together with H;(X) = pX, gives Vp = —cV f, that is,

VxVp = —cpX. (3.13)

If p is a constant, then we have —cV f = 0, that is, £ = 0, which is a contra-
diction, as £ is a nonzero conformal vector field. Hence the nonconstant function p
satisfies the OBATA’s differential equation (3.13) (cf. [OBA62]), and therefore is
isometric to the sphere S™(c). (]

In the following result, we consider the tangential component 7 and find
conditions under which it becomes a conformal vector field on the submanifold M.

Theorem 3.2. Let b : M — R™"P be an n-dimensional compact submani-
fold, with A = inf ﬁ Ric > 0. IfH@ZJTH2 >nA7t(1+ F)2, then 7 is a conformal
vector field on M.

PROOF. Taking & = 47T in Lemma 3.2, we get

/{Ric (6.6 —n® (14 F) + | BJ* ~n}dv =0,

M
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which gives

/ (Ric (6, =X (n=1) €1 ) + (1B =nF2)+ (n=1) (A J¢IP =n (14 F)?) ) =0,
M

Using Ric (€,€) > (n— 1) A||€])°, the Schwarz inequality ||B||* > nF? and
the condition in the statement A||€]|* > n (1 + F)? in the above equation, we get
the equality ||B||> = nF?2, which holds if and only if B = FI. Thus

Vx{=BX+X=FX+X=(01+F)X =pX,
where p = (1 + F'), that is,
Leg = 2pg,

which proves that £ = 17 is a conformal vector field. (|

In the next result, we consider a conformal vector field on the submanifold M
associated with the normal component ¢, and it is interesting to note that in
this case we get the criterion for the submanifold to lie on the hypersphere in the
Euclidean space, that is, we get a criterion for a spherical submanifold.

Theorem 3.3. Let ¢ : M — R""P be an n-dimensional compact subman-
ifold with mean curvature H. Suppose that the smooth function f = % ’|1/)LH2
gives the conformal vector field V f on M, and that V-, H= 0. Then h (d)T, 1/1T) =
0 if and only if ¢ (M) C S™*P~1 (¢) for some constant ¢ > 0.

PROOF. Suppose that h (’(/)T,’(/JT) = 0. Then, for £ =T, we have
§(F)=g(VeH ) +9(H Vipt) = —g(H, k() =0,
that is, £ (F') = 0, which, together with Lemma 3.1, gives
Ric (£,&) +né (F) +np+nF + |B|* = 0.
Integrating the above equation, we get
/{Ric (6,€) +nF + || B} dv = / [Ric (6.€) + B ~n} dv =0,
M M
where we used Lemma 2.1.
Now, using Lemma 3.2 in the above equation, we get
/—n2 (14 F)*dv =0,
M
that is, F' = —1, which, by virtue of Lemma 2.3, gives ¢ (M) C S"P~1 (c) for
some constant ¢ > 0.

Conversely, if ¥ (M) C S"*P~1 (¢), ¢ > 0, then by Lemma 2.3 F = —1 and
T =0, and this proves h (&, &) = 0. O
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4. Submanifolds with flat normal connection

In this section, we study codimension-two submanifolds in the Euclidean
space R™1? with flat normal connection, and find conditions under which the
tangential component of the position vector field is a conformal vector field. Let
Y : M — R"? be an immersion of a compact manifold with a flat normal
connection and a mean curvature vector field H. We assume that the mean
curvature vector field H is nowhere zero, and choose a local orthonormal frame
{N1, Na} of normals such that H = aNj, where « = ||H||. Then, using the
definition of the smooth function F = (y*, H), in this case we have

Yt = TNy Ny, = (N ). (4.1)

Define a smooth 1-form w by w (X) = g (Vx Ny, Na), X € X(M), and let v
be the smooth vector field on M dual to w.

Lemma 4.1. Let 1) : M — R"*? be an immersion of a smooth manifold
with a local orthonormal frame {Ny, No} of normals such that H = aNy. Then,
the normal connection on M is flat if and only if w is closed.

PROOF. Using w (X) =g (V% N1, N2), we have V% N1 = w (X) N and that
V% Ny = —w (X) N;. We compute R+ (X,Y) N; to get
RYE(X,)Y)N; = X (w(Y)) Ny =Y (w (X)) Ny —w ([X,Y]) Ny = dw (X, Y) Na,
and similarly we have

RY (X,Y)Ny = —dw(X,Y)N;, X,Y €X(M),

which proves the normal connection is flat if an only if dw = 0, that is, w is
closed. 0

Let M be a submanifold of R"*? with flat normal connection. Then as
the smooth 1-form w, which is dual to smooth vector field v, is closed using
equation (2.6), we have a symmetric tensor field C' that is given by Vxv = CX,
for X € X (M).

Lemma 4.2. Let v : M — R"*2 be an immersion of a smooth manifold
with a local orthonormal frame {Ny, Na} of normals such that H = aN; and
shape operators Ay = Ay, and Ay = Ap,. Then

(i) é (VA1) (ei,e;) =nVa+ Ay,
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(ii) 2::1 (VAs) (ei,e;) = nav — Ayv,

where {e1, ...,e,} Is a local orthonormal frame on M.

ProOOF. Using the expression
(Dh) (X,Y,Z) =Vxh(Y,Z)=h(VxY,Z) - h(VxZY),
and the Codazzi equation of the submanifold
(Dh) (X,Y,Z)=(Dh)(Y,Z,X), XY, ZecX(M),

we get
(VA (X,)Y) = (VA (Y, X) = AV)L(NIY - AV¢N1X7 (4.2)

and that
(VAs) (X,Y) = (VA2) (V. X) = A p, Y — Agsy, X. (4.3)

Also we have
TrA; =na and TrAy; =0, (4.4)

and consequently, we get

n n

Zg((VAl) (X,e;),€;) = Zg(VXA16i7ei) —g(A1Vxei,e;) =ng(X,Va).

i=1 i=1

Using equations (4.2) and (4.3) in the above equation, we arrive at the desired
result in (i).
Similarly, using equations (4.3) and (4.4), we get

n

> g((VA) (X,ei),e0) =D g(VxAgei ;) — g (A Ve e;) = X (Tr Ay) =0,

i=1 i=1
and arrive at the desired result in (ii). O

In the following main result of this section, we find necessary conditions for
the vector field £ = 17 on the submanifold M of the Euclidean space R"*? with
flat normal connection to be a conformal vector field. Let ¢ : M — R"t2 be
a compact submanifold with flat normal connection, and v be the vector field
dual to the closed 1-form w given in Lemma 4.1, and h = TrC, C being the
symmetric tensor field given by CX = V xwv.
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Theorem 4.1. Let ¢ : M — R"2 be an immersion of a compact manifold
with a flat normal connection, and { N1, Ny} a local orthonormal frame of normals
such that H = aNy, H(p) # 0, p € M. If there is a constant ¢ and the following
conditions hold:

(i) Ric(v,v) > 2=1h2,
(ii) Ric (& —cv,& —cv) >0,
(ili) |ch —nF| <n,

where € = 97, then ¢ is a conformal vector field.

PRrROOF. Using the definition of the curvature tensor field and
Vxv=CX, (4.5)

we get
R(X,Y)v=(VC)(X,Y)— (VC) (Y, X). (4.6)

Since h = Tr C, the above equation gives
Ric(X.w) =g ( (VO) (ei,e;) — Vh,X) ,

i=1

that is,

v

=1

Now, using equation (4.7) in computing div Cv, we get
div Cv = Ric (v,v) + v () + [|C|1*. (4.8)
Also, equation (4.5) gives divv = h, and thus we have

div hv = v (k) + h?,

/M v (h)dv = — /M h2dv.

Now, integrating equation (4.8) and using the above equation, we get

which on integration gives

/ {Ric (v, ) + €I ~ 12} dv =0,
M
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/M { (Ric (0,0) = ") + (| - ;h> } v = 0.

Thus the condition (i) in the statement, together with Schwarz inequality
IC|1> > Lh2, gives

that is,

-1
Ric (v,v) = n

1

h? and ||C|> = =n>. (4.9)
n

The second equation in (4.9) gives

C= ﬁI and Vxv= ﬁX. (4.10)
n n

Now, using equation (4.7), we get

meﬂo=—<”_1>vm%

n

which, together with equation (4.9), gives v (h) = —h%. Also, the first equation
in (4.10) and Tr B = F give TrCB = hF.
Using equation (4.1) in (2.4), we get

F F
X <a> N1+EV)L(N1 + X () Na + pVx No = —h (X, €), (4.11)
which, taking inner product with Ny, gives

F
\Y <a> = pv — A€, (4.12)
similarly, taking inner product with Ny gives
F
Vi =—A — pol (4.13)

Now, we compute the divergence of the vector field B,

n

- F
div Bv = Zg (Ve;Bv,e;) = Zg <Ve7-, <aAlv + ,uAgv) ,ei) ,
i=1

i=1

which, using equations (4.4), (4.12), (4.13) and Lemma 4.1, gives

F
div Bv = —g (Afv + A3v, &) + n—v (a) + nap|jv||* + Fh. (4.14)
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On using equation (4.12), we get
F
v(F)=—v(a)+ap lv]l* = ag (A1v,€), (4.15)
and
. . F 2
divFv=Fdivo+v(F)=hF 4+ —v(a)+ aulv|” — ag (41v,§),
@
and consequently, that
F
ndiv Fv 4+ nag (410, €) = n—uv (@) + nap ||v||> + nhF. (4.16)
a

Now, using the expression for the Ricci tensor of submanifold, we have

n

Ric(X,v) =ng(h(v,X),H) —Zg(h(X,ei),h(v,ei)),

i=1

which gives
Q (v) = nadv — A2y — Av. (4.17)

Using equations (4.16) and (4.17) in equation (4.14), we get
div Bv = Ric (§,v) + ndiv Fv — (n — 1) hF,

and integrating the above equation we have
/M {Ric(£,v) — (n— 1) hF} dv = 0. (4.18)
Finally, using equations (4.9) and (4.18) and Lemma 3.2, we get
/ Ric (§ — v, €& — cv) dv:/ {(nF2 — ||BH2) + n; ! {(ch —nF)? — n2]} dv,
M M

which, together with the conditions in the statement and the Schwarz inequality
IBI? > nF?, gives

||B||2 =nF? ¢=cw and |ch—nF|=n.
The second equation, together with equation (4.10), gives
VxE=ShX, X €X(M).

This proves that
¢
(.ffg) (Xa Y) = 2Ehg (X7Y) )

that is, &€ = 97 is a conformal vector field. O
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